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Abstract

In this paper we describe an algorithm to approximately solve semidefinite packing programs. This

class includes many semidefinite programs that arise in the context of developing approximation algo-

rithms for difficult combinatorial optimization problems. Our algorithm exploits the structural similarity

between semidefinite packing programs and linear packing programs.

1 Introduction

Semidefinite programming (SDP) is an optimization problem of the form

max 〈C,X〉
subject to 〈Ai,X〉 ≤ bi, i = 1, . . . , p,

X � 0,
(1)

where bi ∈ R, i = 1, . . . , p, C ∈ R
n×n and Ai ∈ R

n×n, i = 1, . . . , p are all given non-zero scalers and matrices,
and X ∈ R

n×n are the decision variables. We use 〈., .〉 to denote the Frobenius inner product defined as
follows:

〈A,B〉 = Tr(A⊤B) =

n∑

j=1

n∑

i=1

aijbij . (2)

Also, we define

r := number of non-zeros in |C|+
p∑

i=1

|Ai|, (3)

where |C| is the component-wise absolute value of the matrix C. Thus, r is a measure of the sparsity in
(1). The constraint X � 0 indicates that the matrix X is positive semidefinite, i.e., X is symmetric and
has nonnegative eigenvalues, or, equivalently, v⊤Xv ≥ 0 for all v ∈ R

n. We similarly write X ≻ 0 when
X is positive definite, i.e., X is symmetric and has positive eigenvalues, or, equivalently, v⊤Xv > 0 for all
v ∈ R

n. We also write that A � B (A ≻ B) when A −B � 0 (A −B ≻ 0). Note that ≻ and � induce a
partial ordering on symmetric matrices (see, e.g., Horn and Johnson [16]).

For general SDPs, violated inequalities can be determined in polynomial time, so the ellipsoid method of
Yudin and Nemirovsky [38, 26], and Shor [32] can approximately solve an SDP in polynomial time. However,
the ellipsoid method is only useful as a theoretical tool, since practical implementations have not proven
efficient. Fortunately, a computable self-concordant barrier exists for SDP, and so interior point methods can
also compute an approximately optimal solution in polynomial time. All known interior point methods share
the property that they can solve for a solution within an additive constant ǫ of optimality in time proportional
to log(1

ǫ ), but they typically do not exploit any sparsity in the matrices C and Ai, i = 1, . . . , p. For example,
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on the general SDP described in (1), the complexity of the barrier method is O(log(ǫ−1)n1/2(pn3 +p2n2 +p3)
(see Nesterov and Nemirovsky [28]). Practical implementations of interior point algorithms exist, and SDP
has been used in a variety of fields to help model and solve different problems (see, e.g., Vandenberghe and
Boyd [35]). We are interested in solving SDPs that arise in the context of approximation algorithms for hard
combinatorial optimization problems.

Using SDP in combinatorial optimization is an idea that started in the early 1970s. Donath and Hoffman
[8] and Cullum, Donath, and Wolfe [7] examined the connection between eigenvalue optimization and some
hard graph-partitioning problems. Lovász [22] used SDP to compute the Shannon-capacity of a graph,
which, with the work of Grötschel, Lovász, and Schrijver [14], led to the first polynomial-time algorithm
for finding the largest stable set in a perfect graph. Beginning with the work of Goemans and Williamson
[10], SDP has been used as a tool for approximating NP-hard optimization problems. In this case, an SDP
relaxation of the original problem is formulated and solved, and then a rounding step is used to output
a feasible and approximately optimal solution to the original problem. Karger, Motwani, and Sudan [18]
use an SDP relaxation and rounding strategy to approximate graph coloring, Skutella [33] uses an SDP
to approximately solve a scheduling problem, and recently, Arora, Rao and V. Vazirani [2] use SDP to
approximate graph partitioning problems. In all of these problems, using the SDP relaxation yields better
approximation bounds than using a linear programming relaxation or combinatorial techniques. However,
solving the SDP relaxations is the key bottleneck in the computational complexity of these algorithms.

Since the SDPs used in algorithms for combinatorial optimization possess considerable structure, special-
ized algorithms to solve specific SDPs have been developed. The dual interior point method of Benson et
al [3] was designed to take advantage of sparsity and improved the running time to O(log(1

ǫn
1/2(p3 + np2 +

n2p+n3))) (see also Burer and Monteiro [6]). However, for Maxcut, both the dual and the standard barrier
interior point method has a worst case running time of O(log(ǫ−1)n3.5) when used to solve the Maxcut SDP
of a graph with n nodes and m edges [28]. Note that the number of constraints in the Maxcut SDP is n,
i.e., p = n, and that the barrier interior point method does not take advantage of the sparsity of the graph,
i.e., how large the number of edges, m, is relative to n.

In order to improve the worst-case complexity, Klein and Lu [19] developed algorithms to solve SDPs for
Maxcut and coloring that have a better running time dependence on n and m. Their methods build on
approximation algorithms for vector packing and covering programs (see Plotkin et al [30] and Grigoriadis
and Khachiyan [13]) to solve the Maxcut [10] and graph coloring SDPs [18]. The Klein-Lu algorithm can
be described as a Lagrangian penalty method where, at each iteration, an improving direction is found
by computing the optimal solution to the eigenvalue problem, min{C⊤X : X � 0 : diag(X) ≤ 1}. The
Klein-Lu algorithm computes a solution to the Maxcut SDP to within a (1− ǫ) multiplicative factor of the
true optimum in O(ǫ−2 log(ǫ−1)nm) time. Compared to the interior point method, the Klein-Lu algorithm
significantly improves running time dependence on n and m at a cost of increased dependence on the ap-
proximation constant, ǫ. In particular, the Klein-Lu algorithm is able to employ linear algebraic methods
that take advantage of sparsity in the underlying graph. Using their algorithm for the Maxcut SDP as a
subroutine, Klein and Lu also describe an algorithm to solve the SDP relaxation for the graph coloring prob-
lem. Recently, Arora and Kale [1] have described algorithms that approximately solve the SDP relaxations
of the Sparsest Cut, Balanced Seperator and Minimum UnCut problems to within a (1 + ǫ) multiplicative
factor of optimality. The Arora-Kale algorithms use a similar Lagrangian penalty method as Klein and Lu
and have a similar running time of O(ǫ−2p(n,m)) where p(n,m) is a problem dependent polynomial in n and
m. We emphasize that both of these algorithms attain much of their improvement by shifting the running
time dependence from requiring fully dense matrices, n2, to the number of edges, m (i.e., sparsity).

The dependence on ǫ of both the Klein-Lu and the Arora-Kale algorithms is O(ǫ−2). In fact, their
algorithms are lower bounded by Ω(ǫ−2) via a simple extension (see Phillips [29]) of the Klein-Young lower
bound [20]. The Klein-Young lower bound applies to algorithms which require an oracle that returns extreme
point solutions to the problem min{c⊤x : x ∈ P} where P is a fixed polyhedron and c changes in each
iteration. The extension in [29] shows how this result also applies to algorithms that replace P with a fixed
spectrahedra such as the feasible region of the eigenvalue problem used in the Klein-Lu algorithm.

The difference between the worst case running times of interior point methods and the Lagrangian
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approaches of Klein and Lu [19] and Arora and Kale [1] is the tradeoff between accuracy and dependence
on n, p and r (see (3)). In particular, the Lagrangian approaches generally have a better dependence on
n by leveraging sparsity, as can be seen in Figure 1 for Maxcut and coloring. However, the Lagrangian
approaches have a dependence on ǫ of O(ǫ−2) as opposed to the O(log(ǫ−1)) of interior point. As shown
in Figure 1, our algorithm, SDP-Pack, fills the accuracy-to-sparsity tradeoff “gap” in the sense that it
leverages sparsity to have a better running time dependence on n, p and r than interior point, but has a
dependence on ǫ of O(ǫ−1). However, the running time dependence on n, p and r of our method is not as
good as Klein-Lu, and the dependence on ǫ is not as good as interior point. SDP-Pack is also a Lagrangian
penalty approach, but the Klein-Young lower bound does not apply to it.

We avoid the conditions of the Klein-Young lower bound by extending methods developed for subgradient
algorithms, which are methods in which a non-differentiable, convex function is minimized using a gradient-
like method (such as steepest descent). Since non-differentiable functions have no gradients, a subgradient
of the function is used instead, generally with the property that the subgradient represents an “improving”
direction for the function at any particular point. Lagrangian penalty approaches such as Klein-Yu [19] and
Arora-Kale [1] are examples of subgradient algorithms for SDP (see Bienstock [4]). More general subgradient
algorithms can compute a solution to non-differentiable convex minimization problems with an objective value
within an additive ǫ of the optimal solution in O(ǫ−2) time, although the running times of these general
methods are typically not polynomial in the input length of the problem. Nemirovski and Yudin [26] proved
a Ω(ǫ−2) lower bound on the running time of subgradient methods that assume the only about information
known about the objective function is function evaluation and subgradients at given points. Note that
the Klein-Young result (and its extension to SDP) is concerned with relative approximation, i.e., computing
solutions within a multiplicative factor ǫ of optimality, for the specific problems of conic optimization, whereas
the lower bound of Nemirovski and Yudin is on absolute approximation, i.e., computing solutions within an
additive factor ǫ of optimality, for the more general problem of non-differentiable, convex optimization. Both
lower bounds are established by constructing relatively simple problems.

Our results

A breakthrough by Nesterov [27] and, independently, by Nemirovski [25], resulted in subgradient algorithms
to approximately solve saddle point problems of the form:

min
x

max
v
{f(x)− v⊤Lx + d(v) : x ∈ X ,v ∈ V}, (4)

where f and −d are strongly convex and differentiable, X ⊆ R
n, V ⊆ R

m and L ∈ R
m×n. The algorithms of

Nesterov and Nemirovski solve (4) within an additive error of ǫ and have a running time of O(ǫ−1L1/2) where
L represents the Lipschitz constant of the underlying objective function. Roughly speaking, L represents the
maximum distance between points in the feasible region of the saddle-point problem, and thus, Nesterov’s
and Nemirovski’s algorithms are not polynomial in the length of the input. Subsequently, Bienstock and
Iyengar [5] adapted the Nesterov approach to develop algorithms that compute solutions for vector packing
and covering programs that come within an ǫ multiplicative factor of optimality. Our algorithm represents
an analog of the Bienstock and Iyengar approach in the semidefinite setting.

We obtain the following results:

• We introduce the natural SDP analog of the vector packing problem and show that it includes the
SDP relaxations for Maxcut [10], coloring [18], and Shannon capacity [22] as special cases.

• By adapting the technique of Nesterov [27], we develop an algorithm, SDP-Pack, that requires
O(nǫ−1) iterations, where each iteration requires the calculation of a matrix exponential. Note that
our algorithm is not constrained by the extension of the Klein-Young lower bound.

• SDP-Pack has a worst-case running time that leverage sparsity in the underlying objective and
constraint matrices.
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Algorithm Maxcut Coloring Lovász ϑ-function

Interior point O(log(ǫ−1)n3.5) O(log(ǫ−1)n.5(m3 + n3)) O(log(ǫ−1)n.5(m3 + n3))

Klein-Lu O(ǫ−2 log(ǫ−1)nm) O(ǫ−4 log(ǫ−1)nm) n/a

SDP-Pack O(ǫ−1 log3(ǫ−1)n2(n+m) log(n)) O(ǫ−2 log3(ǫ−1)n2(n+m) log(n))

Figure 1: Running time of SDP solvers
n = number of nodes, m = number of edges

The running time of our algorithm, (dual) barrier interior point methods, and the specialized methods
of Klein and Lu are shown in Figure 1. In particular, note that the running time for SDP-Pack is the same
for both the Maxcut and the Coloring SDP relaxations. Further, the running time of SDP-Pack depends
on the number of edges in the graph rather than the number of constraints. For the Maxcut case, this
results in an improvement over the barrier interior point method when m is smaller than n2. For the
coloring problem, this represents an improvement over the barrier interior point method in both the sparse
(m = O(n)) and “dense” case (m = Ω(n2)). Also, the dependence on the multiplicative approximation factor,
ǫ, is improved over the Klein-Lu algorithm as SDP-Pack requires O(ǫ−1) iterations (ignoring log factors)
for both Maxcut and coloring whereas the Klein-Lu algorithm requires O(ǫ−2) iterations for Maxcut, and
O(ǫ−4) iterations for coloring. For the Lovász ϑ-function, our method requires O(ǫ−2) iterations in order to
deal with the trace equality constraint (see Appendix D).

1.1 Notation and preliminaries

Throughout this paper, we denote vectors in lowercase bold, e.g., x, scalars in italics, e.g., x, matrices in
uppercase bold, e.g., X, and sets in uppercase calligraphic font, e.g., X . We overload this notation, when
necessary, for objects that do not fit this categorization (e.g., tensors). We use 1n and 0n to denote n
dimensional vectors of all ones and zeros respectively, and omit the subscript n when the dimension is clear.
For a given matrix, M ∈ R

n×n, we define λk(M) as the kth largest eigenvalue, λmax(M) := λ1(M) and
λmin(M) = λn(M). For a given vector v ∈ R

n, we let ‖v‖1 =
∑n
i=1 |vi|, ‖v‖∞ = maxi=1,...,n |vi|, and

‖v‖ =
√∑n

i=1 v
2
i , i.e., the ℓ1, ℓ∞ and ℓ2 norms, respectively. We define the L1,L∞, and L2 in the usual

fashion [16]: For a A ∈ R
m×n,

‖A‖1 = max
v:‖v‖1=1

‖Av‖1 , ‖A‖∞ = max
v:‖v‖

∞
=1
‖Av‖1 , ‖A‖ = max

v:‖v‖=1
‖Av‖ .

For a given SDP of form (1), we denote the components of the kth constraint matrix, Ak by a
(k)
ij for

k = 1, . . . , p.
For an optimization problem on a given graph, G, and associated SDP relaxation of form (1), recall that

we use m to denote the number of edges in G, p to denote the number of constraints in the SDP and r
to denote the number of nonzero entries in the matrix |C| +∑p

i=1 |Ai| (as in (3)). In the combinatorial
problems we examine, we often have the case where p = O(m) and/or r = O(m).

The following Lemma, proved in Appendix A, is necessary for the analysis of our algorithm.

Lemma 1. Suppose A ∈ R
n×n is a given symmetric matrix. Then

max{〈X,A〉 : X � 0,Tr(X) ≤ 1} = max{0, λmax(A)}. (5)

If A has at least one positive eigenvalue, the solution to the optimization problem (5) is X∗ = u1u
⊤
1 where

u1 is the eigenvector corresponding to the maximum eigenvalue of A. If A has no positive eigenvalues, then
the optimal solution to (5) is to set X∗ to the zero matrix.
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The linear programming analog to Lemma 1 is as follows: Let γ ∈ Rn. Then the following linear program
has a simple solution:

max
y

{ n∑

i=1

γiyi : y ≥ 0,
n∑

i=1

yi ≤ 1
}

= max
{
0, max

1≤i≤n
{γi}

}
. (6)

We formally define additive and multiplicative approximation. Given a function h : Θ→ R that we wish
to minimize, let z∗ be the minimum-valued solution. We say that z̄ is ǫ-optimal in the absolute sense if
h(z̄) ≤ h(z∗) + ǫ, i.e. h(z̄) is within an additive error ǫ to the optimal value. We say that z̄ is ǫ-optimal in
the relative sense if h(z̄) ≤ (1+ ǫ)h(z∗), i.e. h(z̄) is within a (1+ ǫ) multiplicative factor of the optimal value.

Lemma 2. Let h : Θ → R and suppose h(z∗) = min{h(y) : y ∈ Θ}. Suppose h(z∗) ≥ C > 0, and that
h(z̄) ≤ h(z∗) + ǫ. Then, z̄ has a relative error of at most ǫ

C , i.e.,

h(z̄) ≤ (1 + ǫ/C)h(z∗). (7)

Proof. h(z̄) ≤ h(z∗) + ǫ = h(z∗) + C(ǫ/C) ≤ (1 + ǫ/C)h(z∗).

2 The Packing SDP

In this section, we first define the Packing SDP and show it possesses strong duality. In Section 2.1 we show
that several SDPs arising in the context of combinatorial optimization are Packing SDPs.

Definition 1. The Packing SDP is an SDP of the form (1) that satisfies the following conditions:

(a) The objective matrix C � 0.

(b) All right-hand sides are strictly positive, i.e., bi > 0, i = 1, . . . , p.

(c) All the constraint matrices Ai � 0, i = 1, . . . , p.

(d) For all feasible X, Tr(X) ≤ τ for some τ > 0, or, equivalently, there is a v ≥ 0 such that
∑p
i=1 viAi � I.

Note that (d) implies that the constraint 〈A0,X〉 ≤ 1 is valid where A0 = 1
τ I. Moreover, since bi > 0 for

all i, we assume, without loss of generality, that bi = 1 for all i. Thus, the packing SDP can be written as
follows,

ρ∗ = max 〈C,X〉
subject to 〈Ai,X〉 ≤ 1, i = 0, . . . , p,

X � 0,
(8)

where Ai, i = 0, . . . , p, satisfy condition (c), and C satisfies condition (a).
The dual to (8) is

min
p∑
i=0

vi
p∑
i=0

viAi � C,

vi ≥ 0, i = 0, . . . , p,

(9)

We note immediately that (8) and (9) satisfy weak duality, since, for feasible X and v, we have that:

〈C,X〉 ≤
〈

p∑

i=0

viAi,X

〉
=

p∑

i=0

vi 〈Ai,X〉 ≤
p∑

i=0

vi.

Moreover, “well-behaved” SDPs also satisfy strong duality. One sufficient condition for strong duality to
hold is for (8) to be strictly feasible (see Theorem 3.1 in Boyd and Vandenberghe [36] and also [28, 31]), i.e.,
there exists a matrix X ≻ 0 with 〈Ai,X〉 < 1, i = 0, . . . , p.
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Lemma 3. Suppose that a SDP is feasible, bounded and can be written in the form of (8), i.e., satisfies
conditions (a), (b), and (c). Then (8) and (9) have the same objective value at optimality.

Proof. Let X = δI where δ = 1
2 min
i=0,...,p

{ 1
Tr(Ai)

}. By definition, 〈Ai,X〉 < 1 and X ≻ 0 and (8) has an

interior point. Thus, strong duality exists by Theorem 3.1 in [36].

Note that the well-known Slater condition involves showing the existence of an interior point for both (9) as
well as (8). However, consider the SDP with

C = A1 =

(
1 1
1 1

)
.

where n = 2 and p = 1. Note that the dual is feasible for all v1 ≥ 1, but λmin(v1A1 − C) = 0,∀v1 ≥ 1.
Thus, no interior point exists for the dual. Such an SDP is not a Packing SDP, however, as it does not

satisfy condition (d). Packing SDPs satisfy the Slater condition. Let v0 = 2τ max

{
1, λmin(

p∑
i=1

Ai −C)

}

and vi = 1, i = 1, . . . , p. By definition,
p∑
i=0

viAi ≻ C and vi > 0, i = 0, . . . , p. Thus, (9) satisfies the Slater

condition.

2.1 Packing SDP in combinatorial optimization

We now show that the SDP relaxations associated with several combinatorial problems are Packing SDPs.
Reformulating these problems as Packing SDPs is generally a matter of transforming some equality con-
straints to inequality constraints and “shifting” some matrices to positive semidefinite.

The Maxcut SDP

The Maxcut SDP of Goemans and Williamson [10] can be written as:

max 〈L,X〉〈
X, (eie

⊤
i )
〉

= 1, i = 1, . . . , n,
X � 0,

(10)

where L is the Laplacian of the associated graph G and ei is the ith column of the identity matrix. The
Laplacian of a weighted graph with nonnegative edge weights wij , (i, j) ∈ A is a matrix L = [ℓij ] where

ℓij =

{
−wij , i 6= j,∑n
k=1 wik, i = j.

(11)

Then, (10) can be solved with the Packing SDP:

max 〈L,X〉〈
X, (eie

⊤
i )
〉
≤ 1, i = 1, . . . , n,

X � 0,
(12)

Note that any feasible solution to (12) can be transformed into a feasible solution to (10) with a possibly
increased objective. This is true, since a positive semidefinite matrix remains positive semidefinite after
increasing the diagonal. Moreover, since L � 0, increasing the main diagonal of the solution can only
increase the objective value.
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The Lovász ϑ function SDP

In order to find the largest stable set, Lovász [22] defined the function ϑ(G) on a graph, G = (V,A) to be
the objective value at the optimal solution of the following SDP:

max
〈
11⊤,X

〉

s.t. xij = 0, (i, j) ∈ E,
Tr(X) = 1,
X � 0.

(13)

We can solve (13) via:
max

〈
11⊤,X

〉

s.t. 〈Eij ,X〉 ≤ 1, (i, j) ∈ A,
〈Fij ,X〉 ≤ 1, (i, j) ∈ A,
Tr(X) = 1,
X � 0,

(14)

where
Eij = I + [zijkℓ], Fij = I− [zijkℓ]

and

zijkℓ =

{
1 k = i, ℓ = j or k = j, ℓ = i,
0 otherwise

Note that Eij and Fij are positive semidefinite as they are rank-one matrices with all diagonal elements
equal to one. However, the constraint Tr(X) = 1 implies that (14) is not quite a Packing SDP. In Appendix
D, we show how our method generates an ǫ-optimal solution that is within ǫ of satisfying the trace constraint,
or, alternatively, satisfies the trace constraint and is within ǫ of satisfying the packing constraints.

The coloring SDP

Karger et al [18] described an SDP relaxation for graph coloring a graph G = (V,A) that can be formulated
as

max ζ
s.t. xii = 1, i = 1, . . . , n,

ζ ≤ −xij , (i, j) ∈ A,
X � 0.

(15)

Here, ζ is the reciprocal of the minimum colors required to color the graph, and for k-colorable graphs (15)
is feasible with (k ≥ 2), 1 ≥ ζ∗ ≥ 1

k and ζ ≤ 1 as a valid constraint [18]. Moreover, the optimization problem
is actually a saddle-point problem. To see this, let

Gij = eie
⊤
i + eje

⊤
j −

1

2
(eie

⊤
j + eje

⊤
i )

Then,

ζ = min
(i,j)∈A

xij = min{
∑

(i,j)∈A
wi,j 〈Eij ,X〉 :

∑

(i,j)∈A
w(i,j) = 1},

the formulation (15) is equivalent to

max 2 + min

{
∑

(i,j)∈A)

w(i,j) 〈Gij ,X〉
}
,

s.t. xii ≤ 1, i = 1, . . . , n,
X � 0.

(16)

Note that the constraint xii = 1 can be relaxed to xii ≤ 1 by the same argument as in Maxcut, since
increasing the diagonal only increases the objective as Gij � 0. Our techniques can solve (16) at the cost of
an additional m dual variables–see Appendix C for the details.
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3 Computing feasible solutions from ǫ-approximate saddle points

In this section, we describe our algorithm, SDP-Pack, for solving the Packing SDP. In Section 3.1, we
derive a Lagrangian saddle point problem from the Packing SDP and describe how to convert an approximate
Lagrangian saddle point back to a feasible primal-dual pair for the Packing SDP with a “good” approximation
guarantee. In Section 3.3, we present our algorithm for solving the Lagrangian saddle point problem and
analyze its running time. In Section 3.4, we discuss how to improve the complexity of our algorithm by
speeding up how we compute a matrix exponential for symmetric matrices, which is the bottleneck subroutine
for our algorithm.

3.1 Packing SDP as a saddle-point problem

Define the Lagrangian function ϕ∗ : Sn+ → R as follows:

ϕ∗(X) := 〈C,X〉+ min
v
{
p∑

i=0

vi(1− 〈Ai,X〉) : v ≥ 0}, (17)

where vi is the penalty multiplier of the constraint 〈Ai,X〉 ≤ 1. Since (8) satisfies strong duality, it follows
that

ρ∗ = max{ϕ∗(X) : Tr(X) ≤ τ,X � 0}. (18)

Switching the max and min in (18) we obtain

ρ∗ = min
v

{
p∑

i=0

vi + max
X�0

{
〈
(
C−

p∑

i=0

viAi

)
,X〉

}}
. (19)

Our algorithm focuses on solving (19)). Our method requires that we restrict ourselves to bounded X and
v. Condition (d) of Definition 1 implies that Tr(X) ≤ τ and

ρ∗ ≤ ω ≤ τ Tr(C). (20)

We consider the following “restricted” saddle-point problem.

max
X∈X

min
v∈V

φ(X,v), (21)

where

φ(X,v) = τ 〈C,X〉 − ω
p∑
i=0

vi(τ 〈Ai,X〉 − 1)

= ω
p∑
i=0

vi − τ
〈
ωv⊤A−C,X

〉
,

X = {X : X � 0,Tr(X) ≤ 1} ,
V =

{
v : v ≥ 0,

∑p
j=0 vj ≤ 1

}
,

(22)

and A : R
p → Sn denote the linear operator

v⊤A =

p∑

i=0

viAi. (23)

The width of V is easy to calculate:

max{‖u− v‖1 : u,v ∈ V} = 2. (24)
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By Lemma 1, and Equations (6), and (22), we note that for a given X ∈ X ,

min
v∈V

φ(X,v) = τ 〈C,X〉
−ωmax

{
0, max
i=0,...,p

{τ 〈Ai,X〉 − 1}
}
,

(25)

and for a given v ∈ V,

max
X∈X

φ(X,v) = ω
( p∑
i=0

vi
)

+ τ max{0, λmax

(
C− ωv⊤A

)
}. (26)

For a function Φ : Θ×Υ→ R consider the saddle-point problem

max
z∈Θ

min
p∈Υ

Φ(z,p). (27)

For a given ǫ > 0, we say that the pair (z̄, p̄) ∈ Θ×Υ is an ǫ-saddle-point if,

0 ≤ max
z∈Θ

Φ(z, p̄)−min
p∈Υ

Φ(z̄,p) ≤ ǫ. (28)

For problems with strong duality (e.g., convex programs satisfying the Slater condition) where Φ represents
a Lagrangian saddle function, if the primal and dual feasible vector pair (z̄, p̄) satisfy (28), then they are
within ǫ of optimality since strong duality implies that Φ(z∗,p∗) = maxz∈Θ Φ(z,p∗) = minp∈Υ Φ(z∗,p).

Theorem 1. Fix ǫ > 0. Suppose (X̄, v̄) ∈ X × V is an ǫ-saddle-point. Let

d̄ = τ max
i=1,...,p

{
〈
Ai, X̄

〉
}, (29)

and

X̂ =

{
τX̄, d̄ ≤ 1,
τX̄
d̄
, d̄ > 1,

v̂i =

{
τ max{0, λmax(C− ωv̄⊤A)}, i = 0,
ωv̄, i = 1, . . . , p,

(30)

Then X̂ and v̂ are a feasible ǫ-optimal primal-dual pair for (8) and (9), respectively.

Proof. To prove this, we need to show that v̂ and X̂ are dual and primal feasible and that their respective
objective functions are the correct values.

Note that v̂ is feasible to (9). Since both X̄ and Ai are positive semidefinite, X̂ is feasible to (8).
Then, by (26) and (30),

max
X∈X

φ(X, v̄) = ω
p∑
i=0

v̄i + τ max{0, λmax(C− ωv̄⊤A)}

≥
p∑
i=0

v̂i+

All that remains is to show that X̂ induces an objective that is lower bounded by minv∈D φ(X̄,v). To
show this, we examine the two cases:

(a) d̄ ≤ 1. Then
〈
C, X̂

〉
=
〈
C, (τX̄)

〉
, and

max{0, τ(Tr(X̄)− 1), max
i=0,...,p

(τ
〈
X̄,Ai

〉
− 1)} = 0,

whence
〈
C, X̂

〉
= min

v∈V×V
φ(X̄,v).

9



(b) d̄ > 1. From the fact that 1
d ≥ 1− (d− 1) for all d > 0,

τ
d̄

〈
C, X̄

〉
≥ τ

〈
C, X̄

〉
− (d̄− 1)τ

〈
C, X̄

〉

≥ τ
〈
C, X̄

〉
− ω(d̄− 1) by (20)

≥ τ
〈
C, X̄

〉
− ωmax

{
0, τ(Tr(X̄)− 1), max

i=0,...,p
(τ
〈
Ai, X̄

〉
− 1)

}

= min
v∈V

φ(X,v).

We can conclude that
p∑
i=0

v̂i −
〈
C, X̂

〉
≤ max

X∈X
φ(X, v̄)−min

v∈V
φ(X,v) ≤ ǫ.

Thus, we have established that X̂ and v̂ are a feasible ǫ-optimal primal-dual pair.

The trace bound in Condition (d) of Definition 1 is required to ensure that the shifting in (30) yields a
feasible dual point, and the bound (20) is required to ensure that the dual generated is “close” to the original
dual in terms of objective value. This bound (i.e., the width) is directly tied to the running time.

3.2 Computing an approximate saddle point

Define
f(v) := max

X∈X
φ(X,v). (31)

Theorem 1, the lowerbound on the objective from (20) and the known conversion from absolute to relative
approximation detailed in Lemma 2 imply that an absolute ǫ-approximate solution to

min
v∈V

f(v), (32)

is an ǫ/ω-relative approximate solution to (9). However, from (26) we have that

f(v) = ω

(
p∑

i=0

vi

)
+ τ max

{
0, λmax

(
C− ω

p∑

i=0

viAi

)}
. (33)

Thus, f(v) is not differentiable, which is unfortunate since we would like to use a gradient direction in our
algorithm. We approximate f with the following function

fα(v) := ω

(
p∑

i=0

vi

)
+

1

α
log

(
1 +

n∑

i=0

eατλi

)
, (34)

where

λi = λi



C− ω
p∑

j=1

vjAj



 ;λmax = max
i=1,...,n

λi. (35)

fα is also known as a potential function. The following result verifies that fα is a good approximation:

Lemma 4. For any v ∈ V f(v) ≤ fα(v) ≤ f(v) + log(n+1)
α .

Proof. The linear terms in f and fα are identical, so we need only show that:

τ max{0, λmax} ≤
1

α
log

(
1 +

n∑

i=1

eατλi

)
≤ τ max{0, λmax}+

log(n+ 1)

α
. (36)
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Define λ0 = 0 whence 1 +
n∑
i=1

eατλi =
n∑
i=0

eατλi , and

max
i=1,...,n

λi = max{0, λmax}.

To see the first inequality in (36),

1

α
log

(
n∑

i=0

eατλi

)
≥ 1

α
log
(
e
ατ max

i=0,...,n
λi
)

= τ max{0, λmax}.

To see the second inequality in (36)

1

α
log

(
n∑

i=0

eατλi

)
≤ 1

α
log
(
(n+ 1)e

ατ max
i=0,...,n

λi
)

=
log(n+ 1)

α
+ τ max{0, λmax}.

Thus, we can compute an absolute ǫ-approximation to (32) by setting α = log(n+1)
2ǫ and computing an

absolute ǫ/2-solution to
min{fα(v) : v ∈ V}. (37)

Using potential functions in conjunction with Lagrangian penalization is an idea from the vector packing
and covering literature [30, 13]. In this approach, (37) is solved by a first-order gradient descent method.
Klein and Lu [19] and Arora and Kale [1] also use first-order methods to approximately solve SDPs. We use
a second-order quasi-Newton-type method to solve (37), which will require the following Taylor series-like
expansion.

Lemma 5. For all v,w ∈ V,

fα(v) ≤ fα(w) +∇fα(w)⊤(v −w) +
ατω

2
‖v −w‖21 . (38)

We prove Lemma 5 in Appendix B. Since ‖v −w‖1 is non-differentiable, we approximate it with a differen-
tiable function such that (38) remains valid.
Define

d(v,v′) :=

p∑

i=0

vi log

(
vi
v′i

)
. (39)

d is called the Kullback-Leibler, or entropy, distance, and bounds the norm as follows (see Appendix B for
the proof).

Lemma 6. For v,v′ ∈ V,
d(v,v′) ≥ 1

2
‖v − v′‖21 .

Lemma 6 implies that 1
2 ‖v −w‖21 can be replaced by the differentiable function d. The optimization problems

that we encounter are of the form min{c⊤w + γd(v −w)}. The solution to such problems can be found in
closed form:

Lemma 7. Consider the optimization problem

min γd(v,v′) + c⊤v,
s. t.

∑p
i=0 vi ≤ 1,

v ≥ 0,
(40)

where v′ is on the interior of V and γ ∈ R is a given parameter. The optimal solution, v∗, of (40) is given
by:

v∗i =
v′ie

−(ci/γ)

1 +
∑p
j=0 v

′
j(e

−(cj/γ) − 1)
, i = 0, . . . , p.

11



We want to use Lemma 7 with an approximation to c. If we instead use a vector cδ, where ‖c− cδ‖∞ ≤ δ,
then the optimal solution to

min γd(v,v′) + c⊤δ v,
s. t.

∑p
i=0 vi ≤ 1,

v ≥ 0,
(41)

is an absolute δ-approximation to (40). To prove this, let v∗ be the optimal solution to (40) and v̄ be the
solution to the (41), and note that

γd(v̄,v′) + c⊤δ v̄ ≤ γd(v∗,v′) + c⊤δ v∗ ≤ γd(v∗,v′) + c⊤v∗ + δ,

where the last inequality follows since
∑p
i=0 v

∗
i ≤ 1.

We now discuss the calculation of the gradient of fα. which is given by (e.g., see Theorem 1.1 in Lewis
[21]):

∇fα(v) = 1 + τXv ⊗A, (42)

where

Xv =
e
ατ

„
C−ω

pP
i=0

viAi

«

(
1 +

n∑
j=1

eατλj

) ,

with λi as defined in (35). A was defined in (23) and we define its adjoint operator as Xv ⊗A = v, where
vi = 〈Ai,Xv〉. The term eA denotes the matrix exponential of A (see Moler and Van Loan [23, 24]). It is
well known that

Xv =

n∑
j=1

eατλjuju
⊤
j

(
1 +

n∑
j=1

eατλj

) .

where uj are the eigenvectors of C− ω
p∑
i=0

viAi.

Thus, using the eigenvalue decomposition to calculate Xv requires O(n3) time. In Section 3.4, we discuss
faster methods for computing the matrix exponential. However, all of these methods only compute an
approximation of the matrix exponential. We therefore call a matrix E a δ-approximation of Xv if E � 0,
and

‖Xv −E‖1 = ‖Xv −E‖∞ ≤ δ. (43)

Note the equality follows since Xv and E are symmetric. Let

κ := max
k=1,...,p

{
max
ij
{|a(k)

ij |}
}

(44)

where Ak = [a
(k)
ij ].

Lemma 8. Suppose E is a δ-approximation of Xv and v ∈ V is infeasible for (9). Let gv = E⊗A
1+Tr(E) . Then

‖∇fα(v)− gv‖∞ ≤ 2τδκ.

Proof. Without loss of generality, assume that Tr(E) > Tr(Xv) and note that (43) implies that Tr(E) −
Tr(Xv) ≤ δ.

‖∇fα(v)− gv‖∞ = τ ‖(E−Xv)⊗A‖∞ ≤ 2τδκ.

The result follows since Tr(Xv) ≥ 0.
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Note that the complexity of computing Xv ⊗ A is dependent on the number of non-zero entries in
each of the matrices Ai. Such a computation will be determined by the number of nonzeros in the matrix
p∑
i=1

|Ai| which is at most O(rp), and sometimes significantly less. For example, in the Maxcut problem,

Xv ⊗A = diag(Xv), which can be computed via n memory look-ups. In both the coloring and ϑ-function
SDP, computing Xv ⊗ A requires O(m + n) time. When Ai are 0 − 1 matrices, as is often the case in
combinatorial optimization problems, ⊗ has the effect of choosing entries from the Xv matrix.
For the purpose of computing algorithmic complexity, we define

γ(A, δ) := the running time to compute E⊗A and a δ-approximation of Xv. (45)

Lemma 9. A δ-approximation to the gradient ∇fα can be computed in O(γ(A, δ
2τκ ) time.

3.3 SDP-Pack

In this section, we describe our algorithm, SDP-Pack(depicted in Figure 2), for finding an absolute ap-
proximation to the problem (37). As in Bienstock and Iyengar’s algorithm for covering and packing [5], our
approach employs Lemma 7 to solve both “global” and “local” optimization problems in a manner similar to
Nesterov [27]. In the “global” optimization, we optimize based upon a weighted combination of the previous
iterates’ gradients. Suppose that we have computed dual iterates v1, . . . ,vk. Then, define

Gv(k) ≡ min
v∈V

{
k∑

i=0

i+ 1

2

[
fα(vi) +∇fα(vi)⊤(v − vi)

]
+ ατωd(v,v0)

}
.

Note that Lemma 7 indicates that the solution to Gv(k) can be found in closed form. Also, note that

using a δ-approximate gradient results in an error of δ
∑k
i=0

i+1
2 . Since we divide the solution through by∑k

i=1
i+1
2 , our overall error is δ.

In order to define the local optimization, we construct a problem based upon the most recent dual and
global iterates. We note that the constructed problem integrates both local and global information. Suppose
we have computed the solution to Gv(k), zk. Then, define

Lv(k) ≡ min
v∈V

{(
k + 2

2

)
∇fα(vk+1)⊤(v − zk) + ατωd(v, zk)

}
,

and note that the solution to Lv(k) can also be found in closed form according to Lemma 7. The overall
error is k+2

2 δ when a δ-approximate gradient is used.
We now prove the complexity of SDP-Pack. Our proof uses techniques similar to [5] and [27]. First, we

require the following technical lemma:

Lemma 10. Suppose uk, zk, and vk are computed according to SDP-Pack, and that the gradients used are
all δ-approximations. For all k ≥ 0, the following inequality holds:

(Rk) Γkfα(uk) ≤ ψk := min
v∈V

{
k∑

i=0

γi
[
fα(vi) +∇fα(vi)⊤(v − vi)

]
+ ατωd(v,v0)

}
+ Γkδ,

where γk = k+1
2 , Γk =

k∑
i=0

γi = (k+1)(k+2)
4 .

Proof. The base case (R0) is established as follows. Let gvi denote the δ-approximate gradient to ∇fα(vi)
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Algorithm: SDP-Pack

Inputs: C,Ai, i = 1, . . . ,m, ǫ,u0 = v0 := 1
p+21, γ := ατω

Outputs: (v̄, X̄)

(a) k = 0
(b) Compute fα(vk), and a δ-approximate gradient gvi

Do:

(c) Let ĝk =
∑k
i=0

i+1
2 gvi ,

Let wk =
∑k
i=0 vi

Let zki =
wk

i e
−(bgk

i /γ+wk
i )

1+
Pp

j=0 w
k
j (e

−(bgk
i

/γ+wk
j
)−1)

, i = 0, . . . , p

(d) Update vk+1 = 2
k+3z

k + k+1
k+3u

k

X̄ = X̄ + k+2
1+Tr(X

v
k+1 )Xvk+1

(e) Let ḡk = k+2
2 gvk ,

Let uki =
vk

i e
−(ḡk

i /γ+vk
i )

1+
Pp

j=0 v
k
j (e

−(ḡk
i

/γ+vk
j
)−1)

, i = 0, . . . , p

(f) k ← k + 1
(g) While (k ≤ 8τω log(p+ 1)/ǫ)

(h) Return (uk, X̄
(k+1)(k+2) )

Figure 2: SDP-Pack: Note that the initial dual point passed is feasible, as v0 ∈ V. Note that computing∇fα
and Xv rely on the problem-specific oracle and may result in an approximate rather than exact computation
(see Sections 3.1 and 3.4).

for all i. Since γ0 = 1
2 < 1,

min
v∈V

{
τωαd(v,v0) + γ0[fα(v0) + gTv0(v − v0)]

}
,

≥ γ0

(
min
v∈V

{
τωαd(v,v0) + fα(v0) +∇fα(v0)T (v − v0)

}
+ δ

)
,

= γ0

(
τωαd(u0,v0) + fα(v0) +∇fα(v0)T (u0 − v0) + δ

)
, (46)

≥ γ0fα(u0).

where (46) follows from Lemma 6 and since u0 = v0 and δ > 0.
Assume (Rk) is true. Note that by definition of Gv,

zk = arg min
v∈V

{
τωαd(v,v0) +

k∑

i=0

γi[fα(vi) + gTvi(v − vi)]
}
.

Then,

ψk =
k∑

i=0

γk
[
fα(vi) +∇fα(vi)⊤(zk − vi)

]
+ Γkδ + ατωd(zk,v0), (47)

and
(
τωα∇d(zk,v0) +

k∑

i=1

γigvi

)T
(vi − zk) ≥ 0, (48)
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Since v0 = 1
p+21 and zk,v ∈ V, it follows that

d(v,v0)− d(v, zk) =
p∑
i=0

ui log
(
zk

i

u0
i

)

=
p∑
i=0

zki log
(
zk

i

u0
i

)
+

p∑
i=0

(ui − zki ) log
(
zk

i

u0
i

)

= d(zk,v0) +
(
∇d(zk,v0)

)⊤
(v − zk).

Thus, we have that

τωαd(v,v0) +
k∑

i=0

γi[fα(vi) +∇fα(vi)T (v − vi) + δ],

= τωαd(v, zk) +
(
τωα∇d(zk,v0) +

k∑

i=0

γi∇fα(vi)
)T

(v − zk) + δ
k∑

i=0

γi

︸ ︷︷ ︸
≥0

+
(
τωαd(zk,v0) +

k∑

i=0

γi[fα(vi) +∇fα(vi)T (zk − vi)]
)

︸ ︷︷ ︸
=ψk

,

≥ Γkfα(uk) + τωαd(v, zk), (49)

where the last inequality follows from the induction hypothesis.
Thus, we have that

ψk+1 ≥ minv∈V
{

τωαd(v, zk) + Γkfα(uk)
+γk+1[fα(vk+1) +∇fα(vk+1)T (v − vk+1) + δ]

}
.

(50)

From the convexity of fα and the update rule in Line (d) of SDP-Pack we have that

Γkfα(uk) + γk+1[fα(vk+1) +∇fα(vk+1)T (v − vk+1)]

≥ Γk[fα(vk+1) +∇fα(vk+1)T (uk − vk+1)] + γk+1[fα(vk+1) +∇fα(vk+1)T (v − vk+1)],

= Γk+1fα(vk+1) + γk+1∇fα(vk+1)T (v − (1 +
k + 1

2
)vk+1 +

k + 1

2
uk),

= Γk+1fα(vk+1) + γk+1∇fα(vk+1)T (v − zk). (51)

From Line (e) of SDP-Pack:

uk+1 = arg min
v∈V

{
γk+1∇fα(vk+1)⊤(v − zk) + ατωd(v, zk)

}
.

Thus, δ > 0, (50) and (51) imply that

ψk+1

≥ τωαd(uk+1, zk) + Γk+1fα(vk+1) + γk+1

(
∇fα(vk+1)T

(
uk+1 − zk

)
+ δ
)
,

≥ τωα

2

∥∥uk+1 − zk
∥∥2

1
+ Γk+1fα(vk+1) + γk+1∇fα(vk+1)T

(
uk+1 − zk

)
,

≥ Γk+1

(
fα(vk+1) +∇fα(vk+1)T

(
τk(u

k+1 − zk)
)

+
τωα

2

∥∥τk(uk+1 − zk)
∥∥2

1

)
, (52)

≥ Γk+1

(
fα(vk+1) +∇fα(vk+1)T

(
uk+1 − vk+1

)
+
τωα

2

∥∥uk+1 − vk+1
∥∥2

1

)
, (53)

≥ Γk+1fα(uk+1), (54)

where (52) follows from the fact that τ2
k ≤ 1/Γk+1, (53) follows from the rule in Line (e) in SDP-Pack, and

(54) follows from the Lemma 5. Thus, we have that (Rk) holds for all k ≥ 0.
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We can now prove the complexity of SDP-Pack.

Theorem 2. Assume we can approximate the gradient ∇fα to within ǫ/4. For all T ≥ 8τω log(p+1)
ǫ , we have

that f(uT ) ≤ f∗ + ǫ and

min
v∈V

φ(X̂,v) + ǫ ≥ fα(uT ) ≥ f(uT ) ≥ f∗.

Proof. Let v∗ = argmin{fα(v)}. From the convexity of fα we have that

fα(vi) +∇fα(vi)⊤(v∗ − vi) ≤ fα(v∗).

Thus, (Rk) implies that

fα(uk) ≤ τωαmaxv∈V{d(v,v0)}
Γk

+
1

Γk

k∑

i=1

γi[fα(vi) +∇fα(δi)
⊤(v∗ − vi)] + ǫ/4,

≤ τωα log(n)

Γk
+ ǫ/4 + f∗α, (55)

where (55) follows from that that maxv∈V{d(v,v0)} is achieved at one of the extreme points of V. From the

bounds f(v) ≤ fα(v) ≤ f(v) + log(p+1)
α , we have that

f(uT ) ≤ fα(uT ) ≤ τωα log(n)

ΓT
+ ǫ/4 + f∗α ≤

τωα log(n)

ΓT
+ ǫ/4 +

log(p+ 1)

α
+ f∗.

Then, f(uT ) ≤ f∗ + ǫ now follows by substituting α = 2 log(p+1)
ǫ .

Thus, we have established that the dual variable v̄ produced by SDP-Pack is close to optimal. All that
remains to be shown is that the primal variable X̄ is also close to optimal. From the definition of fα(v) in
(34), we have that

fα(v) = 1⊤v +
1

α
log
(
1 +

n∑

i=1

exp(αλi(Xu))
)
,

≤ 1⊤v + 〈C,Xv〉+
log(p+ 1)

α
.

Then, the induction hypothesis, Line (e) and Line (h) of SDP-Pack imply that

Γkfα(uk) ≤ τωα log(n) + min
v∈U

{
k∑

i=0

γi[fα(vi) +∇fα(vi)T (v − vi)]

}
+ Γkǫ/4,

≤ τωα log(n) +
Γk log(p+ 1)

α
+ Γk min

v∈V

{
τ
〈
C, X̄

〉
− v⊤A

}
+ Γkǫ/4,

= τωα log(n) +
Γk log(p+ 1)

α
+ Γk min

v∈V
φ(X̄,v) + Γkǫ/4.

Note that for both the Maxcut problem and the graph coloring problem, τ = n and ω = 2. Also,
the bottleneck step in SDP-Pack is the computation of the matrix exponential in order to determine ∇fα.
Using an ordinary eigendecomposition results in γ(A, δ) = O(n3). Thus, we have the following corollary.

Corollary 1. SDP-Pack has a running time of O( 1
ǫn

4 log n) for the Packing SDP when an ordinary
eigendecomposition is used to compute the matrix exponential.

In the Section 3.4, we investigate faster methods for computing the matrix exponential. We first examine
how the constraint Tr(X) = τ (as opposed to a trace inequality) simplifies our smoothing.
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3.4 Matrix exponential via Lanczos iterations

The most expensive step in SDP-Pack is the computation of:

Xv =
VD(ατλ)V⊤
(
1 +

∑n
i=1 e

ατλi
) =

eατA(v)

1 + Tr(eατA(v))
,

where eατA(v) denotes the matrix exponential [23, 24] of

A(v) = C− ωv⊤A.

The direct method for computing er̃αA(v) involves computing an eigendecomposition of the matrix A(v)
and then using this to compute Xv via (3.4). In this section we discuss the Krylov subspace method which
computes an ǫ-approximation for eταA(v) without first computing the eigendecomposition.

In Section 3.4.1, we present the Krylov subspace methods for computing the matrix exponential, and in
Section 3.4.2, we present an improvement to this method.

3.4.1 Krylov subspace methods

In this section we describe the Krylov subspace method for computing a matrix exponential, which takes
advantage of the sparsity of the underlying matrix. Since normalizing eταA(v) by Tr(eταA(v)) is an O(n)
operations, we focus on bounding the complexity of computing the matrix exponential. We compute the
matrix eταA(v) one column at time. Thus, our problem reduces to computing eταA(v)w for some unit vector
w. The Krylov subspace methods are the most efficient numerical methods for computing eαA(v)w (see
Gallopoulos [9] and Hochbruck and Lubich [15]. For each k = 1, . . . , n, the Krylov subspace

Kk = span{v,A(v)w,A(v)2w, . . . ,A(v)k−1w}.
Let Qk = [q1, . . . ,qk] ∈ Rn×k denote any orthonormal basis for Kk with q1 = w such that

Tk = Q⊤
k AQk,

is a tridiagonal matrix, i.e. a matrix with non-zero elements only along the main diagonal and the principal
subdiagonal. Using the Lanczos iterations [24], the complexity of computing Qk is bounded by O(k(r+n)).

We approximate eταA(v)w by Qpe
ταTke1. Results in [15] establish that

∥∥eταA(v)w −Qke
ταTke1

∥∥
∥∥eταA(v)w

∥∥ ≤ 10e−
k2

ωτρα ,
√

4τρα ≤ k ≤ 2τρα, (56)

where
ρ = λmax(A(v))− λmin(A(v)) ≤ ω/τ + ω max

i=1,...,p
{λmax(Ai)}

The next step is to compute Qke
αTke1. Combining the results in [37] and [9], we have that the complexity

of computing ŷ such that ∥∥ŷ −Qke
ταTke1

∥∥
‖QkeταTke1‖

≤ η

is bounded by O
(
kn+ k log(1/η)

)
.

Fix ǫ < 0.5 and set η = ǫ
15

√
2n3.5

. Then the bound (56) implies that

kη =

√

5nρα log
(150

√
2n3.5

ǫ

)
= O

(
√
n log(n)

√
1

ǫ
log
(1
ǫ

)
)
.
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Let ŷi denote the vector computed by the above approximation procedure when the initial unit vector v = ei.
Let Ŷ = [ŷ1, . . . , ŷn]. Then, the choice of p implies that the complexity of computing Ŷ is

O
((
r + n+ log(η−1)

)
nkη

)
= O

(
rn
√
n log(n)

√
1

ǫ
log
(1

ǫ

))
.

Let yi = eατA(v)ei, i = 1, . . . , n and Y = [y1, . . . ,yn]. Then eταA(v) = Y. In the rest of this section, we

show that using Ŷ instead of Y results in at most an additional additive error ǫ. It is easy to show that, for
all i = 1, . . . , n, ‖yi − ŷi‖ ≤ 3η ‖yi‖. Thus, we have that

∥∥∥Y − Ŷ

∥∥∥
‖Y‖ ≤

√
n
∥∥∥Y − Ŷ

∥∥∥
F

‖Y‖F
≤ 3η

√
n,

where ‖·‖F denote the Frobenius norm and ‖·‖ denotes the L2-norm. This bound also implies a bound on

Tr(Ŷ) as follows.

Tr(Ŷ) = Tr(Y) + Tr(Ŷ −Y),

≥ Tr(Y)− n
∥∥∥Y − Ŷ

∥∥∥ ,

≥ Tr(Y)− 3n
3
2 η ‖Y‖ ,

≥ (1− 3n
3
2 η)Tr(Y) > 0.

Let X = nY
1+Tr(Y) and X̂ = nbY

1+Tr( bY)
. Then we have that

∥∥∥X− X̂

∥∥∥ ≤
n
∥∥∥Y − Ŷ

∥∥∥

1 + Tr(Ŷ)
+
n|Tr(Ŷ −Y)|

1 + Tr(Ŷ)
,

≤ 3n1.5(1 + n)η

(2− 3n
3
2 η)

≤ 3τωη.

The gradient of the smoothed function fα(v) is given by diag(X)−1. Thus, using X̂ instead of X introduces
an error that is bounded by

5n
∥∥∥diag(X)− diag(X̂)

∥∥∥ ≤ 5n
∥∥∥X− X̂

∥∥∥
F
≤
√
n
∥∥∥X− X̂

∥∥∥ ≤ 15n3.5η.

This error in the gradient results in an additional additive error that is bounded by

D
∥∥∥diag(X)− diag(X̂)

∥∥∥ =
√

2(15n3.5η) ≤ ǫ,

where D denotes the diameter of the simplex {v : v ≥ 0,
∑
i vi ≤ 1}. Thus, we have the following corollary.

Corollary 2. Suppose SDP-Pack computes Xu via Lanczos iterations. Then the complexity of SDP-

Pack is O

(
ǫ−1rn3.5 log(n)

√
1
ǫ3 log

(
1
ǫ

))
.

3.4.2 Improving Lanczos

A recent development by van den Eshof and Hochbruck [34], has resulted in a method which we refer to
as SI-Lanczos, or the shift-and-invert Lanczos. The main improvement in [34] results from using Krylov
subspaces generated by (I + νA)−1, where ν > 0 (see also [15]). Therefore, at each iteration, we need to
compute a solution to the linear system yk+1 = (I + νA)yk. SI-Lanczos works best when A ≻ 0, so we
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MatExp(A, n, δ)

1 A← A + (6n− 2)I
for i = 1 to n

do

2 Ei ← SI-Lanczos(A, ei)

return E

Figure 3: Procedure MatExp(A, p)

approximate the exponential of Ā = A + 2θI for the Packing SDP where θ = ωλmax(
p∑
i=1

Ai. This shift

ensures that Ā ≻ 0 and the condition number κ(Ā) = λmax(Ā)/λmin(Ā) ≤ 2. Note that this shift does
not change the value of Xv defined in (3.4). Since the condition number, κ(Ā), is bounded, SI-Lanczos

can use the well-known conjugate gradient method (see, e.g., Golub and Van Loan [12]) to solve the system
of linear equations required at each iteration. The conjugate gradient method computes solutions to linear
systems that, at iteration k, have residual error bounded by [(

√
κ(A) − 1)/(

√
κ(A) + 1)]k, which implies

the convergence is geometric. Thus, this solves systems of linear equations in O((n+m) log(1/ǫ)) iterations
where ǫ > 0 is the relative error and m is the number of nonzeros in the matrix A. Overall, Theorem 3.3 of
[34] indicates that O(log2(1/ǫ)) iterations are required to approximate each column of the exponential. This
results an overall complexity of O(n(n+ r) log3(1/ǫ)). Thus, we have the following corollary.

Corollary 3. The complexity of computing Xu via SI-Lanczos is O
(
n(n + r) log3( 1

ǫ )
)
. Therefore, using

SI-Lanczos to compute the matrix exponential in SDP-Pack results in a complexity of O
(
ǫ−1n2(n +

r) log(n) log3( 1
ǫ )
)
.

4 Conclusions and future directions

In this paper, we have presented SDP-Pack, an algorithm that approximately solves a class of semidefinite
programs that are significant in combinatorial optimization. SDP-Pack represents a synthesis of techniques
from several related disciplines including non-smooth convex optimization and combinatorial optimization.
We surveyed several key results in these areas in an effort to establish that similar techniques and results
have arisen through (sometimes) different approaches. In particular, we investigated the use of potential
functions to “smooth” objective functions that were not differentiable. We then presented a new class of
semidefinite programs

Some interesting remaining questions include:

• Are there more tractable approximations of the error bound estimates? In particular, is there a spectral
function that would avoid or simplify the matrix exponential calculation?

• Is it possible to improve on the current matrix exponential calculation? As the bottleneck of the
algorithm, any improvement here would improve the overall running time of SDP-Pack. Some possible
improvements include:

– Leverage the fact that only the diagonal of the matrix exponential is required. Moreover, the
underlying matrix whose exponential is required changes only according to the sparsity of the
constraint matrices. One, or both, of these properties might allow for a useful approximation.

– Utilize a different smoothing function. This may involve a tradeoff in the terms of calculation in
the primal space, however.
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• Is it possible to extend the class of SDPs that this method can solve? What are the properties of the
Packing SDP that are necessary for these methods to work?

• What other useful SDPs are Packing SDPs?
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A Proving Lemma 1

We now present a proof of Lemma 1, which follows from some fundamental linear algebra. We first show
some specific properties about the minimum eigenvalue function of a sum of matrices, which is a specific
form of a matrix pencil. We define Sn to be the space of symmetric n-dimensional real matrices.

For a matrix A,diag(A) is the vector (a11, . . . , ann)
⊤. For the vector x, diag(x) is the diagonal matrix

with x along the main diagonal. Thus, diag(diag(x)) = x. Recall also that the trace of a square matrix
A = (aij) is simply:

Tr(A) :=

n∑

i=1

aii. (57)

The trace operator is additive. Consider the trace of two n× n matrices, A and B:

Tr(A + B) =
n∑

i=1

(aii + bii) = Tr(A) + Tr(B). (58)

We need facts about the Frobenius inner product which follow from the following elementary properties of
the trace of a matrix:

Lemma 11. Suppose that A,B,C ∈ R
n×n are given matrices with components aij, bij, and cij respectively.

Further suppose that α ∈ R is given. Then:

Tr(AB) = Tr(BA). (59)

Moreover, the trace satisfies the cyclic property:

Tr(ABC) = Tr(CAB) = Tr(BCA). (60)

Suppose that U ∈ R
n×n is an invertible matrix. Then

Tr(A) = Tr(U−1AU). (61)

Finally,
Tr(αA) = αTr(A). (62)

Proof. To see (59), note that by ordinary matrix multiplication and (57),

Tr(AB) =
n∑
i=1

n∑
j=1

(aijbji) ,

=
n∑
j=1

n∑
i=1

(bjiaij) ,

= Tr(BA).

(63)

Further, (59) directly implies:

Tr((AB)C) = Tr((CA)B) = Tr(B(CA)). (64)

22



But (60), implies (61) since:
Tr(UAU−1) = Tr(U−1UA) = Tr(A). (65)

(62) follows from (57) and distributivity.

Another useful definition is when two matrices, A,B are similar, which indicates that there exists an
orthogonal matrix U (i.e., U⊤U = I), and

A = U⊤BU. (66)

Note that if A = A⊤, then the matrix A has a eigenvalue-eigenvector decomposition, i.e., there exists U

and Λ where V is an orthogonal matrix with the eigenvalues of A as columns and Λ is a diagonal matrix
with the eigenvalues of A along the main diagonal. Moreover, if B is similar to A via the orthoganal matrix
U, then

B = U⊤AU = U⊤(V⊤ΛV)U,

which indicates that B has the same eigenvalues as A since VU is itself orthogonal, and eigenvalues are
unique up to permutation. We can now use Lemma 11 to prove a particular matrix optimization problem is
the same as finding the maximum eigenvalue.

We can now use Lemma 11 to prove Lemma 1:

Proof of Lemma 11. Let m(A) := max{max{〈X,A〉 : X � 0,Tr(X) ≤ 1}}. Consider any X ∈ {X � 0 :
Tr(X) ≤ 1}. Consider the eigenvalue-eigenvector decomposition, X = V⊤ΛV where V is a matrix with the
eigenvectors of X as columns, and Λ is a diagonal matrix with the eigenvalues of X as entries. Then, from
the symmetry of X and Lemma 11,

〈X,A〉 = Tr(X⊤A),
= Tr(XA),
= Tr(VXAV⊤),
= Tr(ΛVAV⊤),

=
n∑
i=1

λi(X)āii,

(67)

where āii are the main diagonal components of the matrix VAV⊤. Since VAV⊤ is similar to A, their
eigenvalues, and, therefore, trace are the same. If λmax(A) ≤ 0 then the A � 0 and so is VAV⊤ whence the
main diagonal of VAV⊤ is nonpositive. Then, (67) indicates that m(A) = 0.

Suppose then, that λmax(A) > 0. In this case, there must be an i such that āii > 0. But, consider the
optimization problem:

max{
n∑

i=1

cixi :

n∑

i=1

xi ≤ 1, xi ≥ 0} = max{ci}, (68)

where at least one ci > 0. The optimal solution to (68) is to set xj = 1 for j = arg maxi=1,...,n ci. Thus, if
V were to be fixed, and λi were chosen so as to maximize (67), but still satisfy

∑n
i=1 λi ≤ 1, then X should

be chosen so that λj = 1 where j = arg maxni=1 āii. However, note that by the definition of eigenvalues, for
any symmetric matrix B ∈ R

n×n,

λmax(B) = max
x
{x⊤Bx|x⊤x = 1}. (69)

In particular, (69) implies that ājj ≤ λmax(A), for any choice of X = VΛV. Thus,

m(A) ≤ λmax(A). (70)

So, by setting X = u1u
⊤
1 , we have that 〈X,A〉 = Tr(XA) = u⊤

1 Au1 = λmax(A) which, by (70) is
optimal.
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B Proofs of the Lemmas in Section 3

Proof of Lemma 5. The second-order Taylor series expansion of fα(v) around w is:

fα(v) = fα(w) +∇fα(w)⊤(v −w) +R(v),

where R(v) ≤ τω
2 supc∈V(v −w)⊤∇2fα(c)(v −w). However, since ∇2fα(c) ≤ 11⊤ for all c ∈ V, we have

that:
R(v) ≤ τω

2
‖v −w‖21 .

Proof of Lemma 6. Let H(v) =
∑p
i=0 vi log(vi) for v ∈ V. Then H is a convex function of v. Also, for any

vector w ∈ R
p+1

w⊤∇2H(v)w =

p∑

i=0

w2
i

vi
,

≥
( p∑

i=0

w2
i

vi

)( p∑

i=0

vi

)
,

≥ (

p∑

i=0

|wi|√
vi

√
vi)

2, (71)

= ‖w‖21 , (72)

where (71) follows from the Cauchy-Schwartz inequality |w⊤v|2 ≤ ‖w‖ ‖v‖. From the second-order Taylor
series expansion we have that for some θ ∈ [0, 1]

H(v)−H(v′) = ∇H(v′)⊤(v − v′) +
1

2
(v − v′)⊤∇2H(θv + (1− θ)v′)(v − v′),

≥ ∇H(v′)⊤(v − v′) +
1

2
‖v − v′‖21 .

Simple algebra and the definition of V shows that the entropy distance

d(v,v′) = H(v)−H(v′)−∇H(v′)⊤(v − v′) ≥ 1

2
‖v − v′‖21 . (73)

Proof of Lemma 7. Since d(v,v′) → ∞ as one or more components of v approach zero, it follows that the
optimal solution to (40) is in the strictly positive. The Lagrangian for (40) is

L(v, β,ρ) := γd(v,v′) + c⊤v + β(1−
p+1∑

i=0

vi).

Note that we have added the slack variable vp+1 in order to to make the problem an equality constraint,
with v′p+1 = 1−∑p

i=0 v
′
i and cp+1 = 0. Then, the KKT conditions are

∂L

∂vi
= γ log(

vi
v′i

) + γ + ci − β = 0,

which indicates that the optimal solution is

v∗i = v′ie
−(ci/γ+v

′

i)eβ+ρi , i = 0, . . . , p+ 1,
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where ρ ≥ 0 and satisfies the complementary slackness condition ρiv
∗
i = 0, i = 0, . . . , p+ 1. Since v′ > 0, it

follows that ρ = 0. Since
∑p+1
i=0 v

∗
i = 1, we see that β should be chosen so that

exp(β) =
1

p+1∑
i=1

v′i exp(−(ci/γ + vi))

.

which implies that

v∗i =
v′ie

−(ci/γ+v
′

i)

p+1∑
j=0

v′ie
−(cj/γ+v′j)

, i = 0, . . . , p+ 1.

C Semidefinite Relaxation of Graph Coloring

In order to use our methods with (16), we dualize the additional xii ≤ 1 constraints to obtain

min
∑n
i=1 yi

s.t.
∑m
j=1 vj = 1,

diag(y) + Gv � 0,
y,v ≥ 0,

(74)

where m = |E| denotes the number of edges in the graph, G : Rm 7→ Rn×n is the linear operator Gv =
1
2

∑
(i,j)∈E v(i,j)Gij (for convenience, we have scaled each of the Gij by 1/2.

We can define the saddle-point problem:

max
X∈X

min
(y,v)∈Y×V

φ(X,y,v),

where

φ(X,y,v) = n

m∑

i=1

yi − n(nv + Gv) •X, (75)

X = {X : X � 0,Tr(X) ≤ 1} ,
Y = {y : y ≥ 0,

∑n
i=1 yi ≤ 1} ,

V =
{
v : v ≥ 0,

∑m
j=1 vj = 1

}
.

(76)

Theorem 3. Fix ǫ > 0. Suppose (X̄, (ȳ, v̄)) ∈ X ×(Y×V) is an ǫ-saddle-point. Let ζ̄ = −nmax(i,j)∈E{x̄ij},
d̄ = nmaxi=1,...,n{x̄ii},

ŷ = nȳ −
(
min{λmin(diag(ȳ) + Gv̄), 0}

)
1, v̂ = v̄, (77)

and

x̂ii =

{
nx̄ii, d̄ ≤ 1,
n¯̄xii

d̄
, d̄ > 1,

x̂ij =






nx̄ij , d̄ ≤ 1, ζ̄ > 0,
nx̄ij

d̄
, d̄ > 1, ζ̄ > 0,

0, ζ̄ ≤ 0.

ζ̂ = −max(i,j)∈E{x̂ij}.

(78)

Then (ζ̂ , X̂) and (ŷ, v̂) are an ǫ-optimal primal-dual pair for (16) and (74).
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Proof. One can check that (ŷ, v̂) defined in (77) is feasible for the dual SDP (74). From the definition of X ,
it follows that

max
X∈X

φ(X, ȳ, v̄) = n

m∑

i=1

yi − n
(
min{λmin(diag(ȳ) + nGv̄), 0}

)
=

n∑

i=1

yi. (79)

The pair (ζ̂ , X̂) defined in (78) is feasible for the primal SDP (16). Next, we show that the objective value

ζ̂ is lower bounded by
min

(y,v)∈Y×V
φ(X̄,y,v) = ζ̄ − nmax{d̄− 1, 0}. (80)

(a) d̄ ≤ 1, ζ̄ > 0: In this case (ζ̂, X̂) = (ζ̄, X̄), and ζ̂ = ζ̄ = ζ̄−nmax{d̄−1, 0}, since d̄ ≤ 1⇒ max{d̄−1, 0} =
0.

(b) d̄ ≥ 1, ζ̄ > 0: In this case, ζ̂ = ζ̄
d̄
≥ ζ̄

(
1 − (d̄ − 1)

)
≥ ζ̄ − n(d̄ − 1), where the first inequality follows

from the fact that 1
d ≥ 1 − (d − 1) for all d > 0, and the second inequality follows from the bound

|x̄ij | ≤
√
x̄iix̄jj ≤ 1.

(c) ζ̄ ≤ 0. In this case, ζ̂ = 0 ≥ ζ̄ + nmax{d̄− 1, 0}.

Thus, we have established the existence of an ǫ-optimal primal-dual pair (λ̂, X̂) and (ŷ, v̂).

D Trace equality constraints

Many problems of interest, such as the Lovász ϑ-function, impose an explicit constraint of form Tr(X) = τ .
As in the case with vector packing, we cannot find exactly feasible solutions to equality constraints and we
show how the methods described in Section 3.1 can slightly modified to return ǫ-feasible solutions to Packing
SDPs with the additional trace constraint

Tr(X) = τ ⇔ Tr(X) ≤ τ,Tr(X) ≥ τ.

Note that the equality constraint is actually a packing and a covering constraint and is difficult to satisfy
using vector packing and covering techniques (see [30]). As shown in Lemma 12 below, the runtime of
SDP-Pack increases by a factor of O(1/ǫ). The analogous primal-dual pair of (8) and (9) in this case is
given by

ρ∗ = max 〈C,X〉 η∗ = min τv0 +
p∑
i=1

vi

(P ) Tr(X) = τ v0I +
p∑
i=1

viAi � C (D)

〈Ai,X〉 ≤ 1 vi ≥ 0, i = 1, . . . , p
X � 0

In contrast to (9), note that v0 is unrestricted. Note that we still have strong duality, but now the interior
point is in (D) rather than (P ). In particular, let vi = 1 for i = 1, . . . , p and set

v0 = |λmax(C−
p∑

i=1

Ai)|+ ǫ,

where ǫ > 0. We also let M := λmax(C) and assume there exists ρ̂ > 0 such that ρ̂ ≤ ρ∗. We then consider
the following saddle point problem:

min
X∈Q

max
v∈D

φ(X,v), (81)

where

Q = {X � 0 : Tr(X) = 1}, D = {v ≥ 0 :

p∑

i=0

vi ≤ 1},
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and

φ(X,v) = τ 〈C,X〉 − τ
〈
ω

p∑

i=1

viAi,X

〉
+ ω

p∑

i=1

vi.

In this case, we have that

ϕ∗(X) := minv∈D φ(X,v) = τ 〈C,X〉 − ωmax{(d̄− 1), 0},
f∗(v) := maxX∈Q φ(X,v) = ω

p∑
i=1

vi + τλmax(C− ω
p∑
i=1

viAi),

where d̄ = maxi=1,...,p{〈Ai,X〉}. Note that the trace constraint has not been dualized.

Lemma 12. Suppose, for a given ǫ > 0, ω = max{1, τM−bρ
2ǫ } that (X̄, v̄) are primal-dual ǫ/2-optimal pairs

to (81). Then let

X̂ = τX̄, ûi =





λmax(C−

p∑
i=1

ωūiAi), i = 0,

ωūi, i > 0.

Then X̂ is ǫ-feasible and v̂ feasible to (D). Moreover,

〈
C, X̂

〉
≥ τ û0 +

p∑

i=1

ûi + ǫ.

Proof. Assume that X̂ is not feasible, whence max{0, max
i=1,...,p

〈
Ai, X̂

〉
} = max

i=1,...,p

〈
Ai, X̂

〉
. Then, based on

the definition of X̂ and since (X̄, v̄) are ǫ-saddle points, it follows that

ϕ∗(X̄) =
〈
C, X̂

〉
− ω( max

i=1,...,p

〈
Ai, X̂

〉
− 1) ≥ f∗(v̄)− ǫ/2,

Thus, 〈
Ai, X̂

〉
≤ max
i=1,...,p

〈Ai,X〉 ≤ 1 +
1

ω
(
〈
C, X̄

〉
− f∗(v̄) + ǫ/2) ≤ 1 +

τM + ǫ/2

ω
≤ 1 + ǫ,

by the definition of ω, so X̂ is ǫ-feasible. Moreover, based on the definition of v̂, and whether X̂ is feasible
or not,

〈
C, X̂

〉
≥ f∗(v̄)− ǫ/2 + ωmax{( max

i=1,...,p

〈
Ai, X̂

〉
− 1), 0} ≥ f∗(v̄)− ǫ/2 =

p∑

i=1

ûi + τ û0 − ǫ/2.

To use Lemma 12 our methods must return a solution X which has Tr(X) = τ . We show this to be
true via (85) below. The Lagrangian function defined in (17) remains the same, but now the domain is
{X � 0 : Tr(X) = τ}. Thus, we are interested in the optimization problem

max{ϕ∗(X) : Tr(X) = τ,X � 0}. (82)

We redefine

f∗(v) :=

p∑

i=1

vi + max
X�0:Tr(X)=τ

{〈(C−
p∑

i=1

viAi),X〉}. (83)

Strong duality implies that we can solve
min
v≥0

f∗(v) (84)
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instead. Since f∗ is nondifferentiable, we approximate f∗ by the differentiable function The rest of the
method described in Section 3.1 remains the same except for one helpful change. Now, (42) still holds, but
with

Xv =
e
ατ

„
C−ω

pP
i=1

viAi

«

(
p∑
i=1

eατλi

) =

n∑
i=1

eατλiuu⊤

(
p∑
i=1

eατλi

) (85)

which implies the following lemma.

Lemma 13. Suppose fα is defined as in (34). Then, ∇fα(v) is given by (42) with Xv described in (85),
whence Tr(τXv) = τ .
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