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Abstract. We present an interior-point penalty method for nonlinear programming (NLP), where the merit function
consists of a piecewise linear penalty function (PLPF) and an ¢2-penalty function. The PLPF is defined by a set of penalty
parameters that correspond to break points of the PLPF and are updated at every iteration. The fa-penalty function, like
traditional penalty functions for NLP, is defined by a single penalty parameter. At every iteration the step direction is computed
from a regularized Newton system of the first-order equations of the barrier problem proposed in [4]. Iterates are updated using
line search. In particular, a trial point is accepted if it provides a sufficient reduction in either the PLPF or the ¢2-penalty
function. We show that the proposed method has the same strong global convergence properties as those established in [4].
Moreover, our method enjoys fast local convergence. Specifically, for each fixed small barrier parameter p, iterates in a small
neighborhood (roughly within o(u)) of the minimizer of the barrier problem converge Q-quadratically to the minimizer. The
overall convergence rate of the iterates to the solution of the nonlinear program is Q-superlinear.
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1. Introduction. In this paper we consider the nonlinear programming problem:

min  f(z)
(1.1) st.  c(z) =0,
x>0,

where x is a vector of dimension n, and functions f : R — R and ¢ : * — R™ are real valued and twice
continuously differentiable.

In [4] an interior-point ¢o-penalty method is proposed for problem (1.1) that can be seen as a regularized
Newton method taking advantage of the special properties of fo-merit functions. Under mild assumptions,
this method enjoys strong global convergence properties; namely, it either converges to a Karush-Kuhn-
Tucker (KKT) point or it identifies a stationary point of the infeasibility measure. In this paper we present a
variant of this method in which a piecewise linear penalty function (PLPF) is used in the line search to accept
trial points. This alternative has exhibited encouraging numerical performance compared to state-of-the-art
interior-point codes in preliminary tests [6]. Therefore, its theoretical convergence and robustness deserves
careful study. Here we show that the proposed approach has the same global convergence properties as those
established in [4]. Moreover, by introducing second-order correction steps, we show that the approach also
enjoys fast local convergence without incurring much additional cost.

1.1. Interior-point /;-penalty methods. We first briefly review the method in [4]. By adding the
barrier term —p Y ., Inz; to the objective function f(z), we obtain the barrier subproblem

min ¢, (z) = f(z) —p 3, Inw;
(1.2) st.  c(z) =0,
x>0,
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where p > 0 is the barrier parameter. The first-order optimality conditions for problem (1.2) give rise to a
nonlinear system of equations in (z, \,y) € R2n+m

VaL(z, A, y)
(1.3) Ru(z,\y) = XA\ — pe =0,
c(x)

where X = diag(z), diag(-) denotes the diagonal matrix of a vector and
(1.4) L(z,u,v) = f(z) —z A +c(x) 'y

is the Lagrangian function associated with problem (1.1).

The method in [4] starts with a point strictly satisfying the nonnegativity constraints, i.e., 2 > 0, and uses
a perturbed Newton method with a line search strategy to find an approximate solution (x(u), A(p), y(@))
of the nonlinear system (1.3). The merit function used in the line search is the ¢3-penalty function:

(1.5) Py (2) = pul@) +7llc(@)],

where r > 0 is the penalty parameter and || - || denotes the Euclidean vector norm. The barrier parameter u

is then decreased and a new barrier problem is approximately solved by the perturbed Newton method.
Suppose the current iterate is (z*, \F, y*) and the current penalty parameter is ;. Each step direction

(AZF ANF AyF) of the perturbed Newton method is obtained by solving a modified Newton system of (1.3):

N VoL@, pX; e, y")
1.6 M _ - c(z® )
(1.6) K [ N ] e(ok) — Lol e
and
(1.7) AN = pX; e — X A AT — N

where e is a vector of all ones, X = diag(z*), Ay = diag(\¥), Hy is the Hessian of the Lagrangian
Vi L(ak, A, yb),

Hi + XAy Ve(z)
(1.8) M= | gyt Lty |

Yk

and I is the identity. To ensure (1.6) solvable, the inertia of M;, is checked, and if necessary a suitable
multiple of the identity is added to Hj so that My has inertia (n,m,0) (i.e., n positive eigenvalues, m
negative eigenvalues and no zero eigenvalues). The primal iterate is updated by setting 2! = 2% + tAz",
where the step size ¢ € (0, 1] is determined by a backtracking line search strategy that ensures that ¥+ is
strictly positive and a sufficient reduction is made in the merit function ®,, ,, (x). A fraction-to-the-boundary
rule is employed to obtain the dual iterates A**1 so that they are positive. The equality constraint multipliers
are updated using a unit step size, i.e., y*T1 = y* + AgF. The penalty parameter v, is updated according
to a rule that guarantees proper convergence of the iterates.

1.2. The PLPF. PLPFs provide an alternative to traditional penalty methods, which rely on one single
penalty parameter combining optimality and infeasibility, and was first used by Gomes [10] in the context
of trust-region sequential quadratic programming methods for NLP. In terms of interior-point methods, for
some fixed barrier parameter u, the PLPF Pl’f (p) at iteration k is a function of a penalty parameter p and
is defined by all previous iterates in the form

(1.9) Ph(p) = min{p,(z") + plle(z")|lp, i = 0,1,....k}, Vp >0,
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where || - ||, denotes the p-norm for some p > 1. Although we use the PLPF in the context of an interior-point
method, the PLPF has nothing to do with the fact that ¢, () is a log barrier function and can be applied
in non-interior-point contexts.

In both trust region methods and line search methods, PLPFs aim at providing a criterion for accepting
trial points. In particular, a new point z is considered acceptable as the next iterate 2**1 if there is a p > 0
such that @, (") + plle(a**1)]|, is sufficiently below PF(p). This implies that at least for some values of
p, the function ¢, (z) + pllc(z)||, improves the current PLPF and hence we can update the PLPF for the
next iteration by setting

(1.10) PE+1(p) = min{PE(p), (@) + plle@* )}, Vp > 0.
Clearly, we can remove those indices that are redundant in defining P}/(p), and rewrite it as
(1.11) P(p) = min{ + pb™i, i =1,.., Ny}, ¥p>0,

where Ny, is the number of linear pieces of P} (p), and for every i € {1, ..., Ni}, ¢* and 0% are, respectively,
the values of the barrier function ¢, (z) and the infeasibility ||c(z)]|, at a corresponding iterate z7, 0 < j < k.
Without loss of generality, we can order and relabel those indices so that

(1.12) il < h? < <N and 051 > 082 > > 0F N

Thus, the PLPF P} (p) can be written in the form

— — )

ppt o+ pb™ it < p < ph?

k _ .
(1.13) Pulp) = (pﬁ,Nr1 4 pfE Nl RN < < RN

e pg N, PPN < p,

where pF*, i =1, ..., N, are the break points of ”Pl’f(p). Clearly, we have

kyi—1

ki
(1.14) pk’1 =0 and pk’i _ Pu Ll

= W, 1= 27...,Nk.

Therefore, the PLPF Pﬁ (p) and its break points are completely determined by the point set Aﬁ = {((,oﬁ’i7 0%, i =
1,y N}

The PLPF method differs from traditional penalty methods in that no particular penalty parameter
needs to be chosen prior to accepting trial points. This provides more flexibility, especially when it is
difficult to choose a suitable penalty parameter, and in our preliminary numerical tests, it leads to better
numerical performance than a direct penalty method [6]. In a certain sense, these two approaches function
in a complementary manner. Given a penalty parameter, a traditional penalty method tries to find a point
that provides a sufficient reduction in the merit function ®,, (z), while given a trial point the PLPF method
tries to find a penalty parameter that yields a sufficient reduction in the PLPF Pl’f(p). In this paper we take
advantage of the strength of both of these approaches by suitably combining them.

The PLPF method also has its root in the filter method of Fletcher and Leyffer [7], in which the filter
for accepting trial points is also defined by historical data. In particular, a filter fl’j is a set of iterates that
are not dominated by any existing iterate in terms of optimality and feasibility, i.e.,

Fu ={@u@") lle@)llp),i = 0,1, ... klpu(a’) = pu(a’) or 67 > 07, ¥j =0,1,.... k}.

A new point z is considered acceptable to the current filter F 5 only if it decreases either the barrier function
value or the infeasibility of at least one point in ]-'Zf; i.e., z is not dominated by any point in ]-'Zf. It then can
be added to the filter, resulting in a new filter consisting of it and possibly a subset of the old filter points.
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Fic. 1.1. Comparison of Forbidden Regions for PLPF and Filter

The criterion for accepting trial points imposed by the PLPF, which requires certain combination of
the infeasibility and the optimality to be improved, is more restrictive than that by the filter method,
which requires either the infeasibility or the optimality to be improved. This restrictiveness is inherent to
traditional penalty methods that take care of both infeasibility and optimality simultaneously and actually
leads to favorable performance in our numerical experience [4].

To see the relation between the two methods, first notice that every point in A,’j is not dominated by any
other points in Aﬁ. Moreover, if there is a p > 0 such that the current trial point = provides a reduction in
Pl]f([)), x is not dominated by any points in A/"j. Hence, = could also be acceptable using the filter criterion.
However, the reverse is not true in general. Fig. 1.1 illustrates the forbidden regions (the unshaded areas) of
points (¢, (x), [|c(x)||p) that must be rejected by PLPF methods and filter methods, respectively. To simplify
comparison, we assume in Fig. 1.1 that the current set Aﬁ' is the same as the current filter F ,’f (both of them
have three elements). Note that the forbidden region of the PLPF method is the smallest convex set that
contains the forbidden region of the filter method.

1.3. Structure of the paper. This paper is organized as follows. In the next section, we present new
algorithmic features of our method that distinguishes it from the methods in [4], including step direction
computations, line search strategies, penalty parameter update strategies and second-order correction steps.
We then describe a modified Newton method that solves the barrier problem (1.2) for a fixed barrier pa-
rameter 4 and show that it is well defined. Its global convergence is established in Section 3. The overall
algorithm for solving problem (1.1) and its global convergence is presented in Section 4. Fast local conver-
gence including quadratic convergence for each fixed barrier parameter p and overall superlinear convergence
is proved in Section 5. In the last section, we give some concluding remarks.

2. Solving barrier problem (1.2).
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2.1. Computing step directions. In addition to (1.6), our method solves at each iteration another
perturbed linear system in (AZ*, AXF AGF):

AN LI V. L(F, 1 X, e, y*)
(2'1) M, [ Aﬂk } - [ C(:L‘k) )
and
(2.2) AN = pX; e — X AR AR — AP

It will be shown that when the iterates are close to the solution of problem (1.2), (2.1) provides to a better
approximation to the pure Newton system of (1.3) than (1.6). This plays a critical role in establishing
our fast local convergence results. Solving (2.1) instead of the pure Newton system has the advantage of
avoiding an extra matrix factorization as (1.6) and (2.1) have the same coefficient matrix. Moreover, our
numerical experience indicates that if the Jacobian of the active constraints is singular of nearly singular,
solving (2.1) often appears to be more stable than solving the pure Newton system due to the perturbed
diagonal elements. This helps overcome numerical difficulties in some irregular problems. Unfortunately,
however, the direction AZ¥ is not necessary a descent direction for the merit function ®,, ., (). Let
03 o { 2N it fle(a")] = 0.
’ Hi + X, A + ”C(Zci’“k)HVc(wk)Vc(xk)T, if ||c(z*)] > 0.

To guarantee global convergence, the following conditions are checked to determine if the solution of (2.1) is
acceptable as a search direction,

() [adt - azh| < [lash]”,

(2.4) (i) [AgH| < ome,
(ili) @, ., (a%; AZF) < —C(ATF) THFAZF,

where 9,( € (0,1) and 6™ > 0. If condition (2.4) holds, we use AZ* as the search direction and set
(AxF ANF AyF) = (AZF, ANF, AGF); otherwise, we set (AzF, AN AyF) = (AZF, AN, AgF).

Condition (i) of (2.4) requires that AZ* does not differ too much from Az* since along the latter
direction, global convergence can be guaranteed. Condition (ii) of (2.4) ensures the boundedness of the
multiplier step directions. Condition (iii) of (2.4) guarantees that AZ* is a descent direction for the merit
function @, -, (x) as we require that for some positive parameter v,

(2.5) { dT'E{kd > v||d||?, Vd # 0 such that Ve(2*)Td =0, if ||c(z¥)| = 0,
’ d"Hyd > v||d||?, vd € R"\{0}, if |lc(2®)|| > 0.

Condition (2.5) can be achieved by modifying Hy, e.g., by adding multiples of the identity to Hy. Note
that there exists some v > 0 such that (2.5) holds with the exact Hessian, i.e., Hy = V2_L(z* \* y*), in a
neighborhood of a local minimizer of problem (1.2) that satisfies the second-order sufficiency conditions. We
also note that (2.5) guarantees the solvability of the linear systems (1.6) and (2.1) provided the Mangasarian-
Fromovitz constraint qualification (MFCQ) holds at 2%, see [4].

2.2. Computing step sizes. To compute a step size o for z*, we first compute an upper bound a*
for a® that ensures that all trial points stay sufficiently away from the boundary,

(2.6) a¥ = max{a € (0,1]|z" + aLz® > (1 — 7,)2*},

where 7, € (0,1).
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Fic. 2.1. Sufficient decrease conditions for the PLPF

Now given a step size af € (0,a¥], we use two criteria to determine if the trial point z* + aXAz¥ is
acceptable as the next iterate. Let 735 (p) be the current PLPF and .Aﬁ be the point set for defining the

break points of Pf(p) (see Section 1.2), which starts from {(¢, (%), [¢(2%)]|,)} at the first iteration. We first
check whether this trial point provides a sufficient reduction in the PLPF. In particular, we check if there is
a pi i =1,..., Ny, such that the following condition holds:

pu(a® + ag Ax®) + P e(a® + agAah)|, — PE(p™)

(2.7) i ;
< —o max{a®, @ }Hwy, + pFc(z)| ),
where
(2.8) wg = max{(Aa:k)T('Hk + Xk_lAk)Axk> ’i”AkaQ}?

it € (0,1), 0 € (0,1) and £ > 0. If such a p* is found, we accept z* + o Az*. Otherwise, we continue
to check

(2.9) le(z® + agAa®) |, — 05N < —omax{af™, aj}e(@"),.

If (2.9) holds, we accept ¥ +aXAx*. The sufficient decrease conditions (2.7) and (2.9) are illustrated in Fig.
2.1, where we assume that the current PLPF has three break points. In the first illustration of Fig. 2.1, the
dashed piecewise linear curve corresponds to the largest value of the trial penalty function allowed by the
PLPF criteria as a function of p; i.e., for any trial point z, if the semi-infinite line {¢, () + pl|c(x)||p, p > 0}
intersects with this dashed curve, x is acceptable by the PLPF criteria. The second illustration of Fig.
2.1 provides an alternative view in terms of a (y,,0) diagram. Here, for any trial point x, if the point
(pu(x),||c(x)]|p) lies in the shaded area, x is acceptable by the PLPF criteria.
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FiG. 2.2. Acceptable region by combining the PLPF and the £3-penalty function

If both (2.7) and (2.9) fail to hold, we conclude that the current trial point does not provide a sufficient
reduction in PF(p) for any value of p > 0. In this case, unlike filter methods or the PLPF method [10] that
either try a new point or switch to a restoration algorithm that focus solely on decreasing infeasibility, our
method continues to check an Armijo condition with respect to the ¢s-penalty function ®,, -, (),

(2.10) Py (@ + agAa) — Py (a*) < O-ai(b;L,'}/k (a"; Az®).

If (2.10) holds, we accept =¥ + a*Az*. Otherwise, we reduce af by a factor g € (0,1), i.e., set o «— Bak,
and repeat the above process until a trial point is accepted. We will show that the fs-penalty technique
[4] guarantees this process always terminates successfully. Given a trial step size, the set of points that are
acceptable by our line search criteria is illustrated in Fig. 2.2, where we assume that the PLPF uses the
Euclidean norm, i.e., p = 2. Any point that lies below the line segment F-G is acceptable by the Armijo
condition (2.10) and any point that lies to the left and below the piecewise linear curve A-B-C-D-E is
acceptable by the PLPF condition (2.7) or (2.9). The shaded area contains points that are acceptable by
our line search criteria; i.e., by either the Armijo condition or the PLPF condition.

A problem of using the PLPF in a line search algorithm is that the trial points could always decrease the
constraint violation but not the barrier function. Consequently, the iterates may converge to a feasible point
but not an optimal one. As a remedy, in our algorithm we will not use the PLPF to accept trial points if the
current constraint violation is small and if the trial barrier function does not provide a sufficient reduction
for any cpﬁ’i (i =1,...,Ng). In particular, we check

(2.11) le(@®)]l, < 6™ and @, (z* + ok Azk) > QPE’N'“ _ sa™,,

where §™" is a small positive parameter. If (2.11) holds, we only employ the fs-penalty function ®,, ., (-)
and the Armijo condition (2.10) to accept trial points.
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To update the dual iterate A\¥, we use a fraction-to-the-boundary rule to ensure the positivity of A**1.

Specifically, given z**1, we first compute a step size a’/{

(2.12) ok = max {a € (0,1]

Mt aANE > min {(1 — 1)\, MX,g_ﬁle} } ,
0

where X}, 1 = diag(z**1) and ¢ > 1. We then compute the next dual iterate \**! by
(2.13) AL = min {AF + o5 AN, opX e}

In (2.12) and (2.13), we use the terms %Xk__&le and guXk_J:le to prevent A**1 from deviating too far from
uXy ile, which is what it must equal in an optimal solution.

The step size a’; for y* is always set to one in the original paper [4] and is chosen using heuristics in
the implementation paper [6]. Here, to prove our convergence results, we only require o/zj to be set to one
whenever a solution is approached. To simplify our analysis, we choose a’; = 1 if ||Ax¥|| < 6™ for some
threshold 6™ > 0; otherwise, we choose a’; € (0,1].

2.3. Second-order corrections. Penalty methods can suffer from the Maratos effect. Here, a full
modified Newton step may increase both the barrier function and the constraint violation even when the
iterates are very close to a solution of (1.2). In this case, both the PLPF condition and the Armijo condition
in our line search procedure reject this full step and only accept a small fraction of the step, resulting in poor
local behavior. As a remedy, second-order corrections aim at improving feasibility by applying an additional
Newton-type step for the constraints at the point ¥ + Az*. In our algorithm, a second-order correction
step is given by

— vxﬁ(xkyﬂXk_leyyk

AgFE | T { c(z* + akAxk) — akve(zF) T Ak |-

~k

(2.14) My { At }
Here, we use the step size @* instead of the often used unit step size to avoid additional evaluation of the
constraint functions. This will not interfere with our fast local convergence results as @* eventually becomes
one (see Section 5). Moreover, it will be shown that for a full second-order correction step A& we have
c(z® + Az*) = o(||le(z¥)||) if ¥ is close to a solution of (1.2). Therefore, the point 2% + AZ* is more likely
to be acceptable than the original trial point.

In our line search, second-order corrections are used if the first trial point z* + aXAxz* is rejected. In

this case, we apply the fraction-to-the-boundary rule
(2.15) &% = max{a € (0,1]|z" + aAZ* > (1 - 7)2}

and check if the trial point z* + &* Az provides a sufficient reduction in the current PLPF or the current
£o-penalty function using the procedure described in Section 2.2. In particular, this is done by checking the
following conditions analogous to (2.7), (2.9) and (2.10), respectively,

pu(a® + GEATY) + pPle(a? + af AR, — P (o)

(2.16) . ‘ .

< —omax{af, ™ H(wy + o le(z)l,),
(2.17) le(a® + az AzF) ||, — 0N < —omax{ay, o™ He(z")|l,,
(2.18) Dy (2% + 6EAGY) — @ (aF) < 06b®, | (aF; A2,

Note that the original direction Az*, which defines wy, in (2.8), is still used in the right hand sides of (2.16)
and (2.18). Similarly to (2.11), if the following condition holds,

(219) ||C(xk)||p < omin 5nd @ﬂ(xk + OA/;A.’IA’J]C) > (P,]j’Nk _ Uaglin(U}c.
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we do not use the PLPF criterion to accept the trial point z* + &k Azk.

There are a number of ways to choose the quantities in the second block of the right hand side of
(2.14) that, in the limit, have the same order of magnitude as those that we use here. It is also possible to
perform second-order corrections several times, e.g., by replacing the direction Az* in (2.14) by a previous
second-order correction step A#*. Here, for simplicity, we assume that our method performs at most one
second-order correction step per iteration. This suffices for our convergence proof.

2.4. Updating the PLPF. In our algorithm, whenever a trial point Z is accepted as the next iterate
by the PLPF conditions (2.7) or (2.9), we update the PLPF for the next iteration; otherwise, we do not
change it. To update the PLPF, there are several cases to analyze. The analysis is straightforward using the
fact that the PLPF is a concave and monotone increasing function.

Case 1. The function ¢, (Z) + p|lc(Z)||, has two intersection points p; and ps (0 < p1 < p2) with the
current PLPF ’P}j(p). Then Nj, > 2. Define p*° = —oo and p#™e*1. Suppose for some indices I, and Io
with 1 <[y < ly < Ng, we have

—00 = p’“’O <. < pk’l1 <p1 < pPhtl < ...pk’l2 < p2 < pk’lz+1... < pk’N’“'H = 00.

From (1.11) defining P} (p), the set A%*! is then given by

A= (et 08, (0,051, (0u (@), lle(@) 1), (92, 0%12), ooy (@) Ne, 0N .

Case 2. The function ¢, () + pllc(Z)||, intersects Pk(p) at one point p > 0. Then ¢, (Z) # @&t If
ou(Z) < cpﬁ’l and for some index { (1 <1< Ny),

k,1

p <...<pk’l§p<pk’l+1<...<p7 k

we have

AT = {(pu(@), le(@)lp), (0!, 05, ..oy (@™, 0 NE) ).
If ¢, (Z) > ¢! and

PPl << P < p < PP << P,

we have

AR = LBt R 1) L (05 08, (0u(@), lle(@) 1) }-

Case 3. The function ¢, (Z)+p||c(Z)]], intersects PJi(p) only at p = 0. Then we have either [|c(z)], > 6%
or [le(Z)|, < 0%Ne. Otherwise, there are intersection points other than zero. If ||c(z)|, < 6%V, we have
AL = {(ou (@), le(@)|lp)} I [le(@)]l, > 0%, it follows that ¢, (Z) + plle(Z)], = Ph(p) for all p > 0,
implying Z does not provide a sufficient reduction in Pﬁ (p). This could happen if Z is accepted by satisfying
(2.7) for i = 1 and if Az¥F = 0." In this case, we set A5t = AF.

Case 4. The function ¢, () + p||c(Z)]], has no intersection point with PF(p). Then ¢, (z) + plle(z) |, <
Pf(p) for all p > 0. Otherwise, Z could not have been accepted. Therefore, A5 = {(,(Z), [|c(Z)]l,)}-

Case 5. The function ¢, (Z) + pllc(Z) ||, coincides with P (p) on one of its linear pieces. Then there is a
I (1 <1< Ng) such that wﬁ’l = ,(2) and 65! = ||c(Z)|p, and thus, ¢, (Z) + p|lc(@)|, > Pﬁ(p) for all p > 0.
This could happen if Az* = 0 or [|e(z")]|, = 0 according to (2.7) and (2.9). In this case, we set AR = AF.

Having obtained Aﬁ“, we can compute the corresponding break points p**! by (1.14) and define Pﬁ“
by (1.13) with the index k replaced by k + 1.

INote that even if Az¥ = 0, ¥ may not be a KKT point of problem (1.2) and hence the algorithm does not terminate.
In this case, the first two conditions in (1.3) are satisfied by (¥, \* + AN¢ y* + AyF), while z* is not feasible to (1.2). If in
addition ||c(z®)|| = 0, z* is a KKT point of (1.2).
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2.5. Updating ;. To update the ¢5-penalty parameter 7, we use a slightly different rule from that
used in [4]. In particular, we check the following conditions at each iteration,

(i) Az <m,
(2.20) (i) mipe < Xp(AF + ANF) < kope,
(iil) vk <nlly® + A7,

where m; > 0, 0 < K1 < 1 < kg and i > 1. If all conditions (i)-(iii) hold, we increase the f3-penalty
parameter. The motivation behind these conditions is similar to that explained in [4]. Conditions (i) and (ii)
imply that the iterates are probably converging to a local minimizer of the merit function ®, -, (z), while
condition (iii) indicates that the current penalty parameter is not large enough so that this local minimizer
may be infeasible to problem (1.2). To see this, we will show that violation of condition (iii) eventually
guarantees the feasibility of the limit point of the iterates.

2.6. Inner algorithm. In this section we present our regularized Newton algorithm for solving prob-
lem (1.2) for a fixed barrier parameter p and show that it is well defined. Our algorithm starts from an
interior iterate (2%, A\°) > 0 and maintains the strict positivity of (z*, \¥) for every k. Besides the cost for
evaluating the problem functions and their derivatives, the main computational effort comes from modifying
‘Hj., if necessary, and factorizing the matrix My at each iteration.

ALGORITHM 2.1. INNER ALGORITHM FOR SOLVING PROBLEM (1.2).
Step 0. Initialization.
Parameters: p >0, ¢, >0, 7, € (0,1), 9 € (0,1), n > 1, o € (0, %)7
k>0, 3 €(0,1), am € (0,1), 6™ >0, o > 1, ™" > 0, FMx,

x

O</§1<1</€2,<€(071_%)7X>1'

Data: (29, A% y%) € R2"F™ with 20 > 0 and A\ > 0, 40 > 0, mp > 0,
A0 {9 (0, e@®))}, No — 1, p71 0.
Set k < 0.
Step 1. Check convergence.
If R, (2%, ¥, y*)|| <€, STOP with SUCCESS.
Step 2. Compute search directions.
Step 2.1. Set Hy « V2, L(x*, \* y*). Modify Hj,, if necessary, so that
condition (2.5) holds.
Step 2.2. If My, is singular, STOP with MFCQ FAILURE.
Step 2.3. Compute (AZF, AN AgF), the solution of (1.6) and (1.7).
Step 2.4. Compute (AZF, AXF, Ag*), the solution of (2.1) and (2.2).
Step 2.5. If conditions (2.4) hold, set (Azk, AXE AyF) — (AZF AN, AgF);
otherwise, set (Azk, ANF, AyF) « (AZF AN AGF).
Step 2.6. Tf zF + AZ* > 0, \¥ + AN > 0 and ||R,,(zF + AZF NF + AN y% + AP < e,
set (a1 NEHL k1Y gk 4 AFE XK 4 ANF yF 4 AGF), k — k41 and go to Step 1.
Step 8. Line Search.
Step 3.1. Compute a* by (2.6). Set a* « a* and p;, « 0.
Step 3.2. Check the PLPF conditions.
If (2.11) holds, go to Step 3.3; otherwise, continue.
If (2.7) holds for some ¢ = 1, ..., Ny or (2.9) holds, set pp « 1,
oF 1l 2% 4 aF Azk and go to Step 4; otherwise, continue.
Step 8.3. Check the Armijo condition.
If (2.10) holds, set z¥+1 « 2% + a*Ax* and go to Step 4; otherwise, continue.
Step 3.4. Second-order corrections.
Step 3.4.1. If af # aF and Az* = AzF, go to Step 3.5; otherwise, continue.
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Step 3.4.2. Compute (Az*, Ag*) from (2.14) and &* from (2.15).
Step 3.4.3. 1f (2.19) holds, go to Step 3.4.4; otherwise, continue.
If (2.16) holds for some i = 1,..., Ni or (2.17) holds, set py < 1,
Pt 2k + 68 AZ* and go to Step 4; otherwise, continue.
Step 3.4.4. If (2.18) holds, set 2! « 2% + 4EA%* and go to Step 4;
otherwise, continue.
Step 3.5. Set a® « Bak and go to Step 3.2.
Step 4. Update.
Step 4.1. Update the iterate.
Compute of from (2.12) and A\**! from (2.13).
If | Azk|| < 6™, set alf — 1; otherwise, choose a af € (0,1].
Set yFtl — yF 4 a’;Ayk.
Step 4.2. Update the PLPF.
If p = 0, set A5t — A% and pF*+! — p¥; otherwise, obtain AT according
to the cases analyzed in Section 2.4 and compute p**1 by (1.14).
Step 4.3. Update the fo-penalty parameter.
If (2.20) holds, choose a g1 such that yxr1 > xvr and set w1 «— ZE;
otherwise, set yx4+1 < v and 741 — k.
Step 4.4. Set k «+— k+ 1 and go to Step 1.

Remark 2.1. Algorithm 2.1 terminates at Step 2.2 if My is singular. Since condition (2.5) holds, we
must have that ||c(z¥)|| = 0 and that the equality constraint gradients {Ve;(z*),i = 1,...,m} are linearly
dependent according to Lemma 3.1 in [4]. This implies that * is a Fritz-John point of problem (1.1) that
does not satisfy the MFCQ. If Algorithm 2.1 does not terminate at Step 2.2, the step directions are readily
available from (1.6) or (2.1).

Remark 2.2. Tt follows from Lemma 3.2 in [4] that AZ* is a descent direction of the merit function
®,, ~, (z) provided condition (2.5) holds. In particular, we have
(2.21) @, (¥ AZF) = —(AzF) THRAZE
This together with condition (iii) in (2.4) give that the step direction Az* defined by Step 2.5 of Algorithm
2.1 is a descent direction of ®, ., (x). Since f and c are twice continuously differentiable, it is well known
there is a small enough « € (0, 1] such that for all o € (0, ], the Armijo condition (2.10) holds. Therefore,
our line search procedure either finds a point that improves the current PLPF or eventually identifies a point
that decreases the /o-penalty function. In Step 3 of Algorithm 2.1, we set the parameter pi to 1 or 0 to
indicate that the next iterate is accepted by the PLPF conditions (Step 3.2 and Step 3.4.3) or the Armijo
conditions (Step 3.3 and Step 3.4.4), respectively. In the former case, we update the PLPF for the next
iteration in Step 4.2.

Remark 2.3. In Step 4.1 of Algorithm 2.1, for purpose of allowing more algorithmic options, we do not
specify how the step size o/; is chosen when [|Az¥|| > §™i". Also for this purpose, we do not give an explicit
formula for increasing vy in Step 4.3 when (2.20) holds. Instead, we simply require 75 to be sufficiently
increased by imposing the condition vyx4+1 > XVk-

By Remarks 2.1 and 2.2, at any iteration k& Algorithm 2.1 either terminates at Step 1 with an approxi-
mate solution of problem (1.2) or at Step 2.2 with a Fritz-John point of problem (1.1) or readily computes
the step directions in Step 2 and generates the next iterate in Steps 3 and 4. Moreover, a starting point
satisfying (2%, A\°) > 0 is trivially available. Therefore we have proved:

PROPOSITION 2.1. Algorithm 2.1 is well defined.
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3. Global convergence of Algorithm 2.1. Our proof of the global convergence of Algorithm 2.1 is
closely related to our proof of the global convergence of the ¢5-penalty method in [4]. However, the later
proof does not carry over to Algorithm 2.1 because of the way that it combines the use of the PLPF with
that of the fs-penalty. Hence, the convergence proof given below contains some new features. The following
assumptions used in [4] are also needed here.

Assumption A.

A1. The primal iterate sequence {x*} lies in a bounded set.

A2. The modified Hessian sequence Hy is bounded.

Let us assume for the present that Algorithm 2.1 generates an infinite sequence of iterates, i.e., it neither
stops at Step 1 even if the termination criterion there is met, nor stops at Step 2.2 with a point failing to
satisfy the MFCQ.

Using a different rule for updating the ¢5-penalty parameter, it is proved in [4] that under Assumption A,
if 7 tends to infinity, there is an accumulation point of the iterates that is either a Fritz-John point of problem
(1.1) or a Fritz-John point (also a KKT point in this case) of the feasibility problem: min,>¢ |lc(z)||*. The
next results shows that this property holds as well for the new rule (2.20).

THEOREM 3.1. Suppose Assumption A holds. If v is increased infinitely many times, then there exists
a limit point of {x*} generated by Algorithm 2.1 that is either a Fritz-John point of problem (1.1) at which
the MFCQ fails to hold or a KKT point of the problem ming>o | c(x)?.

Proof. Since 7y is increased infinitely many times, it follows from Step 4.3 of Algorithm 2.1 that there
exists an infinite index set IC such that v,+1 > x7, and 71 = ”7" for all k € K. This implies that {7} — oo
and {mx} — 0 as x > 1. The conditions that trigger the increase of 7, must be satisfied. Hence, we know
from (2.20) that {||AZ*||}x — 0 and {||(A\¥ + ANF y* + Ag¥)||}x — co. By assumption A1, there exists an
infinite set £ C K such that {z*}¢ — z and

{ (W + AN R 4+ Agh) } *.9)
[(AF + AN gk + AgR)|| [ & Y

with [|(X,%)| =1 and A > 0 by condition (ii) of (2.20). Since z* > 0 for all k, > 0. There are two cases.
Case 1. ||e(Z)]| = 0. From the first equation in (1.6) and (1.7), we have

(3.1) He AT — (NF + ANF) + Ve(@®) (y* + AFF) + Vf(P) = 0.

Dividing (3.1) and condition (ii) of (2.20) by [|(\* + ANF,y* + Ag*)|| and letting k € K — oo yields that
Ve(z)y = A and ATZ = 0, respectively. Since > 0, A > 0 and (A, ) # 0, it follows that Z is a Fritz-John
point of problem (1.1) failing to satisfy the MFCQ, see Definitions 2.3 and 2.4 in [4].

Case 2. ||c(z)| > 0. Then |c(z*)| > 0 for all k € K large enough. We have from the second equation of
(1.6) that

k —k k
[Ve(a*)T A = [leab)] Hy o7 (e ’lH.

le(a*)

. _ _ . k =k o k A—k
Since {[|AZ"|[}x — 0 and [lc(Z)]| > 0, it follows that {y J;kAy }K — ||cEa§g\| and thus {Hytiky\l}’i — 1.

Hence, dividing (3.1) and condition (ii) of (2.20) by |[(A\* + ANF y* + Ag*)| and letting k € K — oo yields
that ATz = 0 and [lZ-c(z)Ve(z) = X. This implies that ||g]| # 0 as (A,5) # 0. Since 7 > 0 and X > 0, it
follows that Z is a KKT point of the feasibility problem min,>q ||c(x)||?. O

LEMMA 3.2. Suppose Assumption A holds. If vy = 7 for all large k, then {z*} and {\¥} are compo-
nentwise bounded away from zero and {\*} is bounded above.

Proof. Suppose first that after a finite number of iterations, the iterates are always generated by the
Armijo conditions (2.10) or (2.18), i.e., pr = 0 for all k large enough according Step 3 of Algorithm 2.1. Since
v, = 7 eventually, it follows that ®, 5(z**1) < @, 5(2*) for all k large enough. Therefore, the sequence
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{¢,(z%)} is bounded above. Since {f(z*)} is bounded by Assumption A1, the sequence {—u Y 1 Ina¥} is
bounded above. This implies that {#*} is componentwise bounded away from zero.

We now consider the case that there are an infinite number of indices k such that pr = 1. Suppose the
sequence {(p’:L’N’“} is not bounded above. Then there exists an infinite index set K such that for all k£ € K,

2F+1 is accepted by the PLPF criteria and ¢, (zF+1) = @t HM+1 > @i Nk and [e(zP ||, = gF Nk

First consider the case that for all k € K, the iterates 2*T! are generated at Step 3.2 of Algorithm 2.1
with 25+ = 2% + o Az, Let

(3.2) o, = o max{a®, oYW and &, = o max{a®, o }||c(z")]],,

where w¥ is defined by (2.8). Let 755 (p) = Pl’f(p) — QO — p& for p > 0. It follows trivially that ﬁﬁ(p) is a
piecewise linear function as

(3:3) Ph(p) = min{pl’ — p + p(0"" = &), i =1,.., Ny}, YVp > 0.

Moreover, it is easy to verify that PF(p) has the same break points as those of P%(p). In particular, we have

ot — ok + p(O" — &), pht < p < ph?,

3.4 PEO) =4 o1 B N

(3.4) ;L(P) Sﬁﬁ’N’“ 1_ o +p(9k,Nk. 1_ &), pk,Nk l<p< pk,Nk.’
e — g + p(0FNF — &), pENE < p,

Note that 755(;)) is not necessarily an increasing function since the slope §%Vi

some ¢ =1, ..., Ng.
We now prove that (2.9) holds for all k£ € K. Assume to the contrary that for some k € IC,

— & could be negative for

(3.5) le(@ 1), — 65M > g

Multiplying both sides of (3.5) by p and adding it to the inequality ¢, (z*+1) — goﬁ’Nk > 0 yields that
(3.6) eu(@ ) + plle(@ )|, — @™ — p0" N > —pgg > —@y, — p, Vp > 0.

Letting p = p*% (i = 1, ..., Ni) in (3.6), we have from (3.6), (3.3) and (3.4) that

¢M($k+1) + pk,i |c(xk+1)||p
(37) > (vaNk _ @k + pk’i(ek’Nk _ fk)
> ﬁﬁ(pk,i) _ (Pﬁ,Ni — O+ pk,i(gk,Ni _ fk)-

Hence, (2.7) does not hold for any i = 1, ..., Nj,. This together with the violation of (2.9) implies that z**! is
not acceptable by the PLPF criteria. We get a contradiction. Therefore, (2.9) holds for all k € K and thus

(3-8) e = le(@™ ], < 05 — gag™e(@®) |, Yk € K.

Note that (3.8) can be proved similarly if for all & € K, the iterates 2**! are generated by the second-
order step of Algorithm 2.1, i.e., 1 = 2% 4 4XAz*. In this case we just need to replace Az* and o in
(3.2) by Az* and &*, respectively.

We now prove that {Gk’Nk} is a non-increasing sequence. To see this, suppose that a new point
{(@u(@™), (@t 1)]|,)} is added to ARt If [le(zFH1)]], < 6% Nr, we have FH1Nerr = [|e(xh 1), < 6% Nk,

If ||c(xk 1|, > %Nk we have for all sufficiently large p > 0,

P NE 4 0" N = min{ P} (p), o (@) + plle(*) |}
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Hence, it follows from (1.10) that §%+1:Ne+1 = gk.Ni

Since the sequence {6%k} is non-increasing, we have from (3.8) that {||c(z*)|/,} — 0 as k € K — oo.
Hence, it follows that [|c(z*)[|, < #™" for all k € K large enough. This implies that the first condition in
(2.11) or (2.19) holds for all k € K large enough. By Step 3.2 of Algorithm 2.1, if (2.11) or (2.19) holds,
the PLPF criteria are not used to accept trial points. Therefore, the second condition in (2.11) or (2.19) is
violated and thus ¢, (xF+1) < cpf;N k for all £ € K large enough. However, this contradicts our assumption
that ¢, (zF1) > wﬁ*N’“ for all k € K. Therefore, we have proved that the sequence {gpl’j’N’“} is bounded
above.

Let o5 = sup, {@h™Ne} and 6= = sup,{||c(«¥)|} as {[|c(z*)[|} is bounded by Assumption Al. For
every z¥ that is generated by the PLPF criteria, we have gpu(xk) < )P, Since v, = 7 eventually, for every
x” that is generated by the Armijo conditions, if k is large enough, we have

Dy (%) < Bpy(2771) S o S By (27 < G+ AP,
where ¥~ is the first iterate before 2 that is accepted by the PLPF criteria. Therefore, we conclude that
{®,, -, (%)} and thus {p,(z*)} are bounded. Using the same argument as the one at the beginning of the
proof, we obtain that {2*} is componentwise bounded away from zero.

Since {z*} is also bounded, we obtain from (2.13) that {\*} is bounded above and componentwise
bounded away from zero. O

LEMMA 3.3. Suppose Assumption A holds and vy, = 7 for all k large enough. If the sequence {||M,;1H};c
tends to infinity, where K is an infinite index set, then any accumulation point of x* is a Fritz-John point
of problem (1.1) at which the MFCQ fails to hold.

Proof. Since {|M;*||}x — oo, any limit matrix of { My}« is singular. The rest of the proof is identical
to the proof of Lemma 3.8 in [4]. O

LEMMA 3.4. Suppose Assumption A holds and v, =7 for all k large enough. If the sequence {||M;1H};C
is bounded and {|Az*||}x — 0, where K is an infinite index set, then {||c(z¥)||}x — 0, the sequence
{(zF 1 NFHL R+ s bounded and any accumulation point of it satisfies the first-order optimality condi-
tions (1.3).

Proof. We first prove that {||c(x*)||}x — 0. By Step 2.5 of Algorithm 2.1, if (2.4) holds, Az* = Azk;
otherwise, Ax* = AZF and |AZ*| < [|AxF|| + [|Az*||” by condition (i) of (2.4). Since {||Az*|}x — 0, it
follows that {||AZ*||}x — 0. Since vx = ¥, we have from Step 4.3 of Algorithm 2.1 that 7, = 7 for some
7 > 0 and for all k large enough. This implies that condition (i) of (2.20) holds for all k£ € K large enough.
Since {A¥} is bounded by Lemma 3.2, we have from (1.7) that

{IIXk(A" + ANY) = pellbe — 0 as {[|[ Az} — 0.

Therefore, condition (ii) of (2.20) holds for all k£ € K large enough. However, the satisfaction of conditions (i)
and (ii) of (2.20) implies that the last condition (i.e., condition (iii) of (2.20)) that may trigger the increase
of v, must be violated for all k € K large enough. Hence, we obtain from the second equation of (1.6) that
for all k£ € IC large enough,

_ 1
IVe(a®) T Azh| > (1 - 5)”0(%’“)”-
This implies that {||c(z*)||}x — 0 as n > 1 and {||Ve(z*)||} is bounded.

Now we prove that the sequence {(AF4+ANF yF 4+ AyF) Y}k is bounded. To obtain a contradiction, suppose
there exists an infinite index set K C K such that

kL Ak
{xk}’c_)x*’{H()\k+A)\k,yk+Ayk)H}I€Hooand { Lot } d
£

max{1, [|y* + Ay}
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We have from (1.7) and (2.2) that
(3.9) M AN = pX e — X AL AR

By Lemma 3.2 the sequence {\*} is bounded and z* > 0. Therefore, (3.9) implies that {\* + AN} is
bounded as {Az*}g — 0. Thus, we have {||y* + Ay*||}x — oo. From the first equations of (1.6) and (2.1)
we have

(3.10) (Hy + X Ap) Aa® + Ve(a®) (y + AyF) = =V f(a®) + pX; e

Since {H}} is bounded by Assumption A2, dividing both sides of (3.10) by max{1, [y + Ay*||} and letting
k € K — oo yields that Ve(z*)y* = 0. Since ||y*|| = 1, y* # 0 and the Jacobian Ve¢(z*) is rank-deficient.
Moreover, since {||c(z*)|/}x — 0, we have c¢(z*) = 0. Hence, we conclude that the limit matrix of { M} is
singular. This contradicts our assumption that {||M, |/}« is bounded.

Now we prove that any accumulation point of the sequence { (¥t \*+1 ¢F+1)1 satisfies (1.3). Suppose
there is an infinite index set K C K such that {zF} — x*, {\¥ + AN} — M and {y* + AyF} — y* as
k € K — oco. By (3.9) and (3.10) we have

(3.11) HiAx® — (A 4+ AN+ Ve(@®) T (v + oyP) = =V f(2h).

Letting k € K — oo in (3.9) and (3.11) yields that \* = uX e, X, = diag(z*), and V,L(z*, \*,y*) = 0.
This together with the fact that c¢(x*) = 0 imply that (z*, A*,y*) is a solution of (1.3).

We now show that {zFT1 \FHL yk+11e o (2% X\* y*). At any iteration k, there are two cases for
updating the iterate: z*T! = 2% + ofAzF or zF+1 = 2 + GEAZF. Tf there is an infinite index set K C K
such that 25+! = 2% + ok Azk for all k € K, we clearly have lim, ¢ 2% =1lim, ¢ 2* = 2*. In the

second case, i.e., if a second-order correction step is used, we have Axz* = AZF by Step 3.4.1 of Algorithm
2.1. From (2.1) and (2.14) we have

NN
(3.12) [ AT AT 0

_ gl
AGFE — AGF ] =M, [ c(z® + akAFF) — abVe(aF) TAZF — c(2)

If there is an infinite index set K C K such that 2%+ = 2% + ak gk for all k € K, the right hand side of the
above equations and hence the sequence {AZ*} tend to zero as {||Mj |}z is bounded and the sequences
{AGF (= Da)} e, {c(z®)}g and {c(a* + aFAF*)} ¢ tend to zero. Therefore, it follows that {zF1} e — 2*.
Combining the above two cases, we obtain that {z""1}g — z*.

Since \* = pX e, we have for all k € K large enough that

guXk__,ile >N AN > HXk__:le
Y

as 0 > 1. This together with (2.12) and (2.13) imply that o = 1 and A**! = \* + ANF for all k € K large
enough. Hence, {\*'} ¢ — X*. Since {||Az*|}g — 0, we have from Step 4.1 of Algorithm 2.1 that o} =1,
ie., y*tl = y* + AyF, for all k € K large enough. Hence, {y**1}¢ — y*.

Since K could be any chosen infinite subset of K, the lemma follows. O

LEMMA 3.5. Suppose Assumption A holds and v, = 7 for all k large enough. If there exists an infinite
index set KC such that pr, = 1 for all k € I, then

. . k kv
i min{le(a®) |, [ 42"} = 0.

Proof. For the purpose of obtaining a contradiction, suppose there exists an infinite index set K C K
such that

(3.13) le(z®)||, > € and wy > &
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for all k € K and for some ¢ > 0. By Assumption A1, the sequences {f(z%)} and {|c(z*)|,} are bounded.
Moreover, the sequence {¢,(z*)} is bounded as {z*} is componentwise bounded away from zero by Lemma
3.2. Therefore, we can define

7 =sup{pu(=")}, ¢ = inf{p,(x")} and § = sup{||c(=")[|,}.
k k

Let Q be the following rectangle that contains all the pairs (o, (z*), |lc(z¥)][,):
Q=[p, P+ Jag‘i“s] x (0,0 + Jozzmine} .
For every k, define sets QF and OF as
QF = {(p,0) € Qo+ ph0 > M+ phighi i =1,... Ny, 0> 0FNe ],

O = {(p.0) € Qlp+phi0 > @ pFiGRL G =1, N, 0> 00V
where
@ﬁ’i = cpﬁ’i — mg‘i“s and 65 = gkt _ Uamina, i=1,..., Ng.

Since p, = 1 (i.e., 2¥*1 is accepted according to the PLPF criteria) for all k € K, we know from (2.7)

(or (2.16)) and (2.9) (or (2.17)) that
(pu(@*h), lle(@")Il,) € Q\QF, Vk e K.

This together with the definitions of Lf)ﬁ’i and 0% (i = 1,..., Ny) imply that

(@) + oa™@e, |le(z" )|, + ca™ie) € Q\QF, VE € K.
Since the pair (p,(z*1) + ca™e, ||c(zF 1), + oca™"e) is dominated by all other pairs in the square
8 = (@), 9 (") 4+ game] x ezt 1), e )|, + oamine]
it follows that
(3.14) oF Cc 0\QF, vk e K.

On the other hand, according to our procedure for updating the PLPF, the fact that py = 1 also implies
(u(a™h), le(z*1)||,) € AEFY for all k € K. Since (@, (1), [|e(z*1)||,) dominates all other pairs in QF,
it follows that

(3.15) oF C cl(QFY), Vk e K.

Notice that QF never shrinks. In particular, for any p > 0, we have from (1.10) that P,’j (p) > 7’5+1(p)
for all k. For any pair (¢,0) € QF, we have 6 > 0"N* and the relation ¢ + pf > P}(p) holds at all break
points p = p*? (i = 1,..., N). Hence, using the piecewise linear concavity of Pl’j (p), we obtain that

@+ pt > Pr(p) = Pt (p), Vp > 0.
This implies (¢, 0) € QF*! and thus QF C Q¥ for all k. Therefore, we have from (3.15) that
(3.16) (@)U QF C cl(QFFY), Vk e K.

Since the area of Q is (ca™"¢)? for every k € K, we obtain from (3.14) and (3.16) that the area of cl(Q*)

x

tends to infinity as k goes to infinity. However, this contradicts the fact that cl(QF) C Q for all k. O
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LEMMA 3.6. Suppose Assumption A holds and vy, = 7 for all k large enough. Let K be the set of
iterations at which the PLPF criteria are used to accept iterates, i.e., K = {klpr = 1}. If K is an infinite
set and the sequence {| M|} is bounded, then the sequence {(z*+1, N+ ¢k 1 is bounded and any
accumulation point of it satisfies the first-order optimality conditions (1.3).

Proof. Suppose there exists an infinite index set X C K such that ||c(z*)]|, > 6™ for all k € K, where
6™in > 0 is the constant used in (2.11) and (2.19). By Lemma 3.5, we have {||Az*||}¢ — 0. This together
with Lemma 5.44 imply {|c(z*)||}c — 0. We obtain a contradiction. Hence, it follows that [|c(z*)]], < g™
for all k£ € K large enough.

By Step 3.2 (or Step 3.4.3 if a second-order correction step is used), a trial point needs to violate (2.11)
(or (2.19)) in order to be accepted by the PLPF criteria. Since the first condition in (2.11) (or 2.19) always
holds when k € K is large enough, the second condition in them must be eventually violated. Hence, we
have for all £ € K large enough that
(3.17) Pu(a) < o™ — oy,
and thus goﬁH’Nk“ = i, (") as the pair (gpﬁH’N’““,H’“H’NHl) is added to Aﬁ"‘l at Step 4.2 of Algorithm
2.1. Since @F LNkt = Ok Nk if p; = 0, the sequence {¢*V*} is non-increasing when k is large enough. Since
{p*NkY is bounded below, we have from (3.17) that {w;}x — 0 and hence {||Az*||}x — 0. The lemma now
follows from Lemma 5.44. O

LEMMA 3.7. Suppose Assumption A holds and v, = 7 and px, = 0 for all k large enough. If the sequence
{IM M|} is bounded, then {||Azk|} — 0.
Proof. From (1.6) we have

(3.18) Mk[ Azt }_ [Vf(a?k)—uXkle

v+ ar | T cla*)

Since {V f(z*)} and {c¢(z*)} are bounded by Assumption A1 and {X, '} is bounded by Lemma 3.2, the right
hand side of (3.18) is bounded. Hence, the boundedness of {||M; ||} implies the boundedness of {||Az*|}
and {|ly* + A7)

To prove the boundedness of {||Az¥||}, assume to the contrary that there exists an infinite index set
such that {|Az*||}x tends to infinity. Since {||AZ*||}x is bounded, it follows that Ax* = AZ*, ie., (2.4)
holds, for all k € K large enough. Hence, {||AZ*||}x — oc. Since ¥ € (0,1), dividing both sides of condition
(i) of (2.4) by ||AZ*|| and letting k € K — oo yields that

=k =k
1= lim M < lim |AZF [P~ = 0.
kek || AZF|] keX
This yields a contradiction.

By Step 3.4.1 of Algorithm 2.1, a second-order correction step is computed only if Az* = Az*. Given the
boundedness of {||Az*||}, we know from (3.12) that the sequence of second-order correction steps {||AZ*|}
is bounded.

We now prove {||Az*||} — 0. Suppose there exists an infinite index set K such that {z*}x — z* and
{AxF e — Az* # 0. Clearly, * > 0 by Lemma 3.2. If |jc(z*)|| > 0, the f>-penalty function @, -(z) is
continuously differentiable on a small neighborhood of * and hence

(3.19) {q);bﬂ(xk;Amk)};C — q);’ﬁ(x*;ﬁx*).

To prove (3.19) when |lc(z*)|| = 0, there are two cases. B
Case 1. Consider any infinite index set L C IC such that AzF = AZF for all k € K. We have from the
second equation of (1.6) that

T A=k ||C(90k)|| k kY (kK
(3.20) Ve(z®) Az e (" +Ag") c(x”).
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Since {y* + Ay*}g is bounded and c(z*) = 0, (3.20) implies Ve(z*) T Az* = 0 and hence

D), 5(7; D)
— Vo (e*)T Az* + limy o 1@ A2 = [le(@”)]

_ AT A 4 lim, o €@ +1Ve(@™) Ax®)|| — [le(z")]]
= Vou(z*)" Az* + limy o 75
=V, (z*) T Az*.
By Lemma 3.2 in [4], we have
(3.22) @), (2% AT%) = Vo, (a) TAZE + o(a®) T (y* + A7) = Alle(@®)|.
This together with (3.21) imply that
(3.23) (@), (2" 22" e — Vo, (z*) T Az* = @), (2%; Ax*).

Case 2. Consider any infinite index set £ C K such that Az = Az¥, i.e., (2.4) holds, for all k € K.
We have the second equation of (2.1) that

(3.24) Ve(zF) T Azk — |C(:Ik)| AGF = —c(z).

Since {A7*}¢ is bounded by condition (ii) of (2.4) and ||c(z*)|| = 0, (3.24) implies Vc(x*) T Az* = 0. Hence
(3.21) holds. Also by (3.24), if |lc(z*)|| > 0, we have

k. Ak
D], 5(z%; ATY)

= Vi, (z*)TAZF + MC(xk)TVc(xk)TAik
3.25 _
( ) _ V(pu(xk)TAi'k + Hc(zk)uc(xk)—r “c(fyk)HAg]k . c(xk))
= Vi (a") TAZ* + c(a®) T AGF = Flle(®)]-
If ||c(z*)|] = 0, we have from (3.24) that Ve(x®)TAZ*¥ = 0, and thus, similarly to (3.21), we have

P, (2% AZF) = Vi, (a¥) T AZ*. This together with (3.25) and (3.21) imply (3.23) as {Ag*}¢ is bounded
and ||c(z*)]| = 0.

Combining Cases 1 and 2, we have proved (3.19).

Since z* > 0, we know from (2.6) that there exists a @ € (0,1] such that a¥ > a for all k € K. By
(2.21), condition (iii) of (2.4) and (2.5), we have

(3.26) @

1y (@5 B2F) < —Cv|| Dt
Hence, we have from (3.19) that
/ %, * * (12
Q, ~(x" Ax™) < —Cv||Az||”.
Since Az* # 0, there exists a @ € (0, a] such that for all « € (0, &],
(3.27) D, 5(x" + alx™) = @, 5(2") < 20aP), (27 Ax™)

as o € (0,3).

_ Suppose there exists an infinite index set K C K such that {a*}g — 0. Consider an infinite index set
K C K such that {a¥}z — & for some & € [@,1]. Let j. = min{j|68’ < a}. Since (3.27) is valid for
a = af’+ and ®, 5(z) is continuous, we know from (3.19) and (3.27) that for o = a*3+ and k € K large
enough,

@M’ﬁ(azk +afAgk) — @u’:,(xk) < aaffb;ﬁ(a@k; AzP).
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Therefore, we have af > oF for all k € K large enough according to the backtracking line search procedure
of Algorithm 2.1. However, this contradicts our assumption that {af}g — 0 as {a¥}x — @37+,

Therefore, there exists a a, > 0 such that ag’ﬁ > a, for all iterations k € K at which second-order
correction steps are not used to update the iterates. If there is an infinite index set K C K such that Az¥
is used to produce trial points, due to the boundedness of {A#*} ¢ and the fact that 2* > 0, we know from
(2.15) that &% > &, for some . > 0 and all k € K large enough. Since pr = 0 and ~y;, = 7 for all large k, the
iterates z* are eventually accepted by the Armijo condition (2.10) or (2.18) and the sequence {®,, -, (z¥)}
is eventually non-increasing. Consequently, we have from (2.10), (2.18) and (3.26) that for all k € K large
enough

By (a1 < B, 5(a") — oCvmin{ar, a,} | a2
This implies Az* = 0 as {®,, 5(z*)} is bounded below by Assumption Al. We obtain a contradiction. O
The next result follows immediately from Lemmas 5.44 and 3.7.

LEMMA 3.8. Suppose Assumption A holds and vy, =7 and px, = 0 for all k large enough. Then the se-
quence {z¥, \* y*} is bounded and any accumulation point of it satisfies the first-order optimality conditions

(1.3).

Combining the results of Theorem 3.1, Lemma 3.6 and Lemma 3.8, we are now in a position to state
the global convergence properties of Algorithm 2.1 when an infinite sequence of iterates is generated.

THEOREM 3.9. Suppose Assumption A holds and Algorithm 2.1 generates an infinite sequence of iterates.
Then
(i) if the penalty parameter {y} tends to infinity, there evists an accumulation point of {x*} that is

either a Fritz-John point of problem (1.1) at which the MFCQ fails to hold or a KKT point of the
feasibility problem ming>o ||c(z)||* that is infeasible to problem (1.1);

(i) if {7} is bounded and {| M, *||} is unbounded, there is an accumulation point of the sequence {x*}
that is a Fritz-John point of problem (1.1) at which the MFCQ fails to hold;

(i1i) if {v&} and {||M ||} are bounded, there is an accumulation point of the sequence {z* , \*¥ y*} that
satisfies the first-order optimality conditions (1.3).

4. Solving problem (1.1). Our overall interior-point algorithm for solving problem (1.1) successively
solves the barrier problem (1.2) for a decreasing sequence {u} by applying Algorithm 2.1. To prove our fast
local convergence results, we require the sequence {u} to converge to zero at a superlinear rate. The tolerance
€, in Step 1 of Algorithm 2.1, which determines the accuracy in the solution of the barrier problems, is also
decreased from one barrier problem to the next and needs to converge to zero.

We are ready to state our overall algorithm, in which the index j denotes an outer iteration, while &
denotes the last inner iteration of Algorithm 2.1.

ALGORITHM 4.1. OUTER ALGORITHM FOR SOLVING PROBLEM (1.1)
Step 0. Initialization.
Parameters: pig > 0, €,, > 0, 7,, € (0,1), €01 > 0.
Data: (z°,\%,¢%) € R2"+t™ with 20 > 0 and A\ > 0, 70 > 0, mp > 0.
Set 5 < 0.
Step 1. Check convergence.
If |Ro(27, M, 4y7)|| < €401, STOP with SUCCESS.
Step 2. Solve problem (1.2) for ;.
Apply Algorithm 2.1, starting from (27, M, y?,~;, 7;) with parameters
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Wi €u., Ty, ), to find an approximate solution (x7:*, \i:* y3:F) of
7 S Hj
problem (1.2), which satisfies ||R,, (z7%, M* y7F)|| <¢,. .
Step 3. Update.
Decrease y; and €, to pj1 and €, ,, respectively. Choose 7, , € (7y;,1).
Set I — gk NITL NPR il itk gy T Tk
Set j < j 4+ 1 and go to Step 1.

The next result, which is an analog of Theorem 3.13 in [4], gives the global convergence of Algorithm 4.1.

THEOREM 4.1. Suppose Assumption Al holds with the same bound for every u;, A2 holds for each
w; and Algorithm 4.1 is applied by ignoring its termination criterion. Suppose Algorithm 4.1 successfully
terminates for each pj and {y;} — 0 and {e,; } — 0. If the sequence {27, N, y'} 7 is bounded, where J is an
infinite index set, any accumulation point of {x?, N,y } 7 satisfies the first-order optimality conditions (1.3)
with p = 0. If {||(M,47)||} 7 — oo, there exists an accumulation point of {x7} 7 that is Fritz-John point of
problem (1.1) failing to satisfy the MFCQ.

By Theorems 3.9 and 4.1, Algorithm 2.1 always terminates successfully unless the iterates (including
the inner iterates) converge to an infeasible KKT point of the feasibility problem min,>q ||c(z)||?, indicating
that problem (1.1) is locally infeasible, or a Fritz-John point of problem (1.1) that fails to satisfy the MFCQ,
indicating that locally there may be no feasible KKT points.

5. Fast local convergence. By Theorem 4.1, if Algorithm 4.1 successfully terminates for every u; and
if there is an infinite index set J such that the sequence {27, \,47} 7 is bounded, there is an accumulation
point (z*, \*,y*) of {9, N ¢} 7 that satisfies the first-order optimality conditions for problem (1.1), i.e.,
z* is a KKT point of (1.1) and (A\*,y*) is an associated multiplier vector. In this section we show that
our interior point method also enjoys fast local convergence provided the following standard nondegeneracy
conditions hold at (x*, \*, y*).

Assumption B.

B1. The Hessian matrices V2 f(z) and V?c¢;i(x), i = 1,...,m are locally Lipschitz continuous at x*.

B2. The linear independence constraint qualification (LICQ) holds: the active constraint gradients
Vei(z), i =1,...,m and e;, i € B = {i = 1,...,njz} = 0} are linearly independent, where e; is the n-
dimensional gradient of x;, i.e., e; is the i-th column of the n x n identity matriz.

B3. The second-order sufficiency conditions (SOSC) hold: there exists a v > 0 such that

d"V2 L(xz*, N, y*)d > p|d|?

for all d € R™ such that d; = 0, Vi € B and Ve(z*)Td = 0.

B4. Strict complementarity holds: x* + X\* > 0.

Note that under the LICQ, the multiplier vector (A*,y*) at z* is unique. We first study the local
convergence properties of Algorithm 2.1 for a fixed pu.

5.1. Local analysis for a fixed p. It is well know that under Assumption B, if u is sufficiently
small, the nonlinear system of equations (1.3) has a unique solution z(u) = (z(u), A1), y(1)) in a small
neighborhood of z* = (z*, A*, y*) that converges to z* as p goes to zero. Moreover, z(u) is locally Lipschitz
continuous, i.e., there exists a constant C' > 0 such that ||z(u)—2*|| < Cp for all 4 small enough. By Theorem
3.1, the sequence of penalty parameters {7} is bounded unless the iterates converge to a stationary point
of the feasibility problem min,>q ||c(z)||? or a Fritz-John point of problem (1.1) at which the MFCQ fails to
hold. Therefore, to analyze the rate of convergence of Algorithm 2.1 to a KKT solution of problem (1.2), we
can assume that v, = 4 for all k large enough.

Before we establish the fast local convergence of Algorithm 2.1, we need a number of results that study
the local behavior of the step direction (Aik,AS\k,Aﬂk) and the second-order correction step AzF. To
simplify notation, we discard the iteration index k in the following analysis.



An Interior-Point PLPF Method for NLP 21

Consider the following linear system, which is equivalent to (2.1) and (2.2),

AT =V L(x,\y)
(5.1) Wy, A\ y) | AN | = pe — Az ,
A —c(z)
where
H —I  Ve(zx)
(5.2) W (2, \,y) = A X 0

Ve()T 0 -l

If in (2.6) the step size &, = 1, we have from (2.14) that the second-order correction step AZ can be obtained
from

A@ =V L(x, \y)
(5.3) Wy, A\ y) | AN | = pe — Ax
Ag —c(x + AZ) + Ve(z) T Az

For simplicity we use in the remainder of this section the notation
2= (z,\y), A= (AZ,ANAG), Az = (AR AN AF).

Since the SOSC holds at z*, condition (2.5) holds with the exact Hessian if z is sufficiently close to z*
and if v in (2.5) is chosen small enough so that v < 7, where 7 is defined in Assumption B3. Therefore, by
Step 2.1 of Algorithm 2.1, we have

(5.4) H=V2,L0),

if p is sufficiently small and if z is sufficiently close to z(u). Moreover, by the nondegeneracy assumptions
B2, B3 and B4, the matrix W(z) is uniformly nonsingular for any z sufficiently close to z*. Specifically,
there exist a constant W > 0 and a neighborhood N (z*) of z* such that

(5.5) IWe(2)"Y < W, ¥z e N(2%).

The next theorem shows that z + AZ and z + AZ converge quadratically to z(u).
THEOREM 5.1. Suppose Assumption B holds. If z € N(z*), then
(i) ||z + A2 = 2(u)]| = O (Il = Z(M)||2) and ||z + Az — z(p)| = O (llz — 2(w)[I?);
(A2 = Q[|z — 2(w)]) and |AZ] = Q]| — 2(w)]])-
Proof. We have from (5.1) and (1.3) that

H(x — x(p)) — Vo Lz, M), y(1))
(5.6) W3 (2)(z + 1% — 2(p) = A = a(p)) = X A1) + pe
O () — ) = e() + Ve(@) T (z = 2(w)

For the right hand of (5.6), we have from (5.4), Assumption B1 and Taylor’s Theorem that
H(z —a(p )) Vo L(z, A1), y(1)
(5.7) = (Vi.L(2) = VI, L(z(w) (@ — x(n) = VaL(2(n) + Oz — 2(p)|*)
= O(llz = 2(u )|| )
Az — z(p) — XA(p) + pe
(5-8) = Al —z(p) = Ap)(z = z(w)
= (A=A - =) = O(lz - ()],
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where A(u) = diag(A(p)), and

(5.9) ”C(j)(y(u) —y) —c(x) + Ve(@) (@ — () = Oz — 2(w)|).

Since z € N (z*), the quadratic convergence of z + AZ to z(u) follows from (5.5). Also by (5.5), subtracting
(5.1) from (5.3) and using Taylor’s theorem yields

(5.10) 102 — A3 :0(||MH2).
This implies the quadratic convergence of z + AZ to z(u). Result (ii) follows immediately from result (i). O

The strict complementarity assumption B4 implies that

() =), @i(n) = Qu), VieB,
(5.11) {Ai&):ﬂ(m, ri() = 1), VicT\B,

where 7 = {1, ...,n}. Hence, if ||z — z(p)|| = o(u), we have

(5.12)

LEMMA 5.2. Suppose Assumption A holds. If p is sufficiently small and |z — 2(p)|| = o(u), then for
T € (0,1) we have (i) x + Az > (1 —71,)z, (1) v + Az > (1 —71,)z, (1W6) N+ AX> (1 —7,)A, and (iv)

A+ AN < min{op(diag(x + AF)) e, ou(diag(x + Ag)) ',

where o > 1.

Proof. First, we have z € N (z*) since p is sufficiently small and ||z — z(u)|| = o(u). It then follows from
Theorem 5.1 (ii) that [|AZ| = o(u) and ||AZ|| = o(p). Now results (i), (ii) and (iii) follow from (5.12). To
prove result (iv), it suffices to show that

(5.13) (Ni + AN (s + AF;) < op and (N + AN (i + A2y) < op, VieT.
From the second equation of (5.1) we have
(Ni 4+ AN (@5 + AZy) = p+ ANAE; = p+ o(p?).
Hence the first part of (5.13) holds. It follows from (5.10) that
Ni 4+ AN (25 + Azy) = (N 4+ AN (25 + AZy) + O(|AE|?) = o+ o(p?).
Hence the second part of (5.13) holds. O

LEMMA 5.3. Suppose Assumption B holds. Suppose 5 > 0 and 5 > n||y(p)|| for some n > 1. If p is
sufficiently small and ||z — z(p)|| = o(), then

(5.14) @, (v A%) < —(AZTHAZ,

where ¢ € (0,1 — %) is a constant and H is defined by (2.3).

Proof. First note that AZTHAZ > 0 by Assumption B3 and (5.4). If ¢(z) = 0, it is easy to verify that
@), (2 AL) = Vi, (x) T AZ. See the proof of Lemma 3.1 in [4]. Moreover, if ¢(z) = 0, we have from the
third equation of (5.1) that Ve(x) T A% = 0. From the first two equation of (5.1) we have

(5.15) Vou(z) = —(H+ X 'A)AZ + (y + A§)Ve(x).
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Hence, if ¢(x) = 0, we have &, - (z; AZ) = —AZTHAZ as H ="H 4+ X *A. Thus, (5.14) holds trivially.
Now suppose || (z)| > 0. Then it follows from (5.15) and the third equation of (5.1) that
P, (2 AZ) = V<I>,”( )T AZ
= Vipu(2)TAT + e ( 1l c(z) V()T Az
= -AFT(H+ X~ 1A)Ax —y'Ve(z)TAZ
(5.16) - (Ag el " Ve(@)T Az
= —AFT(H+XTA)AZ -y Ve(z)TAZ
—mAi“ (Ve(z)Ve(z) T Az
= —AZTHAZ —y Ve(z)T Az
To prove (5.14), it suffices to show that
(1-QAZ"HAZ 4y Ve(z) T Az > 0.

Since ¢ € (0,1 — %), there is a constant ¢ such that ¢ € (ﬁ, 1). Moreover, if p is small enough, we have

5> Cnlly| for some € € (x5 1) as ||z = 2(u)]| = o(u), 7 > 0 and 7 = nlly(u)|.. By Assumption B3, for

small enough ||¢(x)||, we have

(1 =0
l[e(2)l

Now we can derive from (5.1) that if ||c(z)| > 0,

(5.17) H4+ XA+ Ve(z)Ve(z)" =0, if [le(z) > 0.

(1 C)A:ETﬂA:i: +y'Ve(z) Az
— (1-0A (H + X7+ U Vel Vel@)T) Az
+(1 =)Lt |\c(1)|| AT TVe(z)Ve(r) Az +y Ve(z) T Az
> (1-Qpat z)\l A:CTVC( WWe(z)TAZ +yTVe(z) T A
2
1— Hf(f)” AQH _ yT (C(Q?) _ Hf(;)” Ag)

(
(- )WC (|| (@)l - %e(w)mg + L le@)[185]2) =y e(a) + 2Ly TAg
= (1= ACle@] —y () + o (lle()])
(
(

> (7 = Callyll + EnllyDS(x = lle@) | = Iyllle(@)l| + oflle()])
= (cnC(1=¢) = Dlyllic@)ll + 7 = CallyINS(L = ¢)lle(@)| + ollle()I)
> 07

where the fourth equality uses the fact that [ly[| = O(1) and [|Ag|| = o(1), and the last inequality follows
since ¢(n¢(1 —¢) > 1 and 7 > ¢nlly||. Hence, the lemma follows. O

THEOREM 5.4. Suppose Assumption B holds. Suppose o € (0, %), ¥ >0 and 5 > nlly(p)| for some
n > 1. If p is sufficiently small and ||z — z(u)|| = o(p), then

(5.18) D, 5(x 4+ AL) = @) 5(x) < 0P, - (2;AR).
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Proof. By (5.12) and Lemma 5.2, we have « > 0 and « + A% > 0. Then by Taylor’s theorem we have

pula + AE) = u(2) + Ve (2)TAG + §AGTV2 f(z + EAG)Ad

(5.19) +EAGT (diag(x + EAR))"2A%

for some ¢ € [0,1]. Lemma 5.1 implies that ||Az|| = O(||z — 2(u)||) = o(u). This together with (5.12) give
that H%A =o0(1), ¢ € Z. Hence, we have

1 1 ANED 1 [AZ] ,
5.20 —_—=—(l-— | =—+40 A 7.

2

This together with (5.10) give the following estimates,

S ATV f(z+ EAR)AE = AZTV2f(2)Ad+ O (||oz)?
' = NETV2f(2)AE+ O (| 2z)P) ,
ALy s (1 [AZ]
(5.22) zi+ D% " (mi +O( @y
. ~ ~ 112
= AF; ($+O(||A§||>) +0(”Af_” ) Viel
1 ;(;Z. K3

From (5.22), (5.12) and the fact that [|AZ| = o(u), we have for i € T that

2
Ay _(LF)? AT || AZ| AFZ|| A%
(l‘i—l—gﬂfi) - (Tl) +0 ( 3 +0 xZI_

7 K2

~ ~112 ~ ~113 ~ (|14
v0 (BEIGHY | o (LRIAT) | o (14511

€L €Ly

7 N

(5.23)
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Combining (5.19), (5.21), (5.23), (5.10) and (5.12), we obtain

~
+
a
PR
Ll
=

> s
S~

>
A&
T
N———

8
e

)l

2
pulz+88) —pu(a) = Voul@) Ae+FATTVA(@)AT+ 5 Yer (SE)

(5.24) ,
+0 (12 A7) Siez A7 + 0 (w7 [23]) -

From (5.10) and the third equation of (5.3) we have
c(x + AZ)
= cla+ AF) + Ve(z + AD)T (A — AZ) + O (I\A:?:II4)
= clz+AF) +Ve(2) (A — D)+ O (||A:%H3)
= Llagro(jail’).

5

(5.25)



An Interior-Point PLPF Method for NLP 25

By the third equation of (5.1) we have

(5.26) R R e e

Hence it follows from ||Ag| = o(1) that ||c(z)|| = O (|| AZ||). This together with (5.1) and (5.10) give

ci(z + A%)
= (ci(z) + Vei(x) TAD) + Vai(@)T (A — AF) + 1(A2) TV2e(x )A£+O<||A£||3)

B2 _ @G 4 Vey(a)T (A6 - A7) + 3(85) T Va(@)Ad + O (|63
= OIAG+ Vei(@)T(Ad - AZ) + L(AF)TV2e(2) A% + O ([|6F]°), Vi=1,...m.
Comparing the last equalities of (5.25) and (5.27), we obtain that
1
(5.28) Vei(x) (A% — A) = §(A9E)Tv2ci(x)A:E +0 (HMIIS) , Yi=1,..,m

From (5.15), the third equation of (5.1), (5.10), (5.12) and (5.28), we have for any constant & that

V(@) A8 = Vi, (a)T A% - Vi, (2)T (A% - A2)
= (3~ 0) Veu(@) 0F — (L 4+0) (A2 (H+ XTIA) + (y + A7) Ve()T) Az

)
(5.29) +(A2T(H A+ XIA) + (y 4+ A7) Ve(@)T) (A2 ~ A2)
= (i—U)Vgau )TAZ— (5+47) (AZT(H+ XPA) + (y+ A7) Ve(z) ) Az
)

(
FIAET S (ys + DG V2ei(x )Ai+(’)(u—1 ||AgE||3)
If ||c(x)]| > 0, we have from the third equation of (5.1) that
(1 +5) (y+ 29) T Ve(z)T Az
%@My) (Ll Ag - o))
o (Vel) 23+ el )+ 1) Vo) Tz
(5.30) = —3e@)T(y+ L9) + gy [ Vel@) o
e ( (@) + Wy) (MAQ - C(ﬂf)) +o(lle(@)ll)
@)y + B9) + 1257 |Ve(@) T 27|
(@)l = ae(z) Ty + ollle(@)]),

where we have used the facts that |ly|| = O(1), ||Ag|| = o(p) and ||c(z)|| = O(|AZ||) = o(p). Since
|2 — 2(1)|| = o(y) and strict complementarity holds, if 4 is sufficiently small, then 2= is sufficiently large

_|_

Q\ [\D\»—A

for all ¢ € B, and moreover, if ||c(x)| > 0, \IC(;)I\ is also sufficiently large. Hence, we know from Assumption
B3 that

(5.31) H+ Z Ve(z)Ve(x)T =0, if |le(z)] > 0.

eze —|—

i ( )l

If |le(z)|| = 0, we have from the third equation of (5.1) that Ve(z) T A% = 0 and hence from Assumption B3
that

(5.32) ( ) AF>0, if |e(x)]| = 0.
ZEB
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Moreover, from (5.12) and the facts that ||z — z(u)|| = o(r) and \; = O(1) and z; = Q(u) for i € B, we have

No— A= s — M)
(5.33) = & Oalwi — 2i(w) + za(w) i — X))
= (”Z_Z( )”>:o(1)7 Vi e B.

Therefore, we obtain for any & > 0 that

1 o )\z 1 1% —92 ~ .

Now let us require that & € (0,min {2 — o, 21 }). Combining (5.24), (5.29), (5.30) and (5.12), we obtain
for the case ||c(z)|| > 0 that

pulr + A2) — p(z)
= (3-0)Vou(@)'AZ — (5 +0) AFT(H+ XA AR
+ic(z) " (y+ Ag) — Te@ A% Ve(z)Ve(z) T Az + a7|le(z)|| + ae(x) Ty
(5.35) +IAZT YT (i + AG)V3ei(2) A% + LAETV f(2) A%
3087 Dies (L +0 (12 103])) esel ) A
+o(lle(@)l) + 0 (n143]%) + 0 (nt A7)

n

Decomposing the term (1 +&)(H + X ~'A) in (5.35) as 6 (H+ X 'A) + 3H + (3 + Z) X 'A, and using
(5.31), (5.34) and the fact that H = V2 f(z) + .1, y;V2¢;(x), we obtain

= (3-0)Veu(@)TAZ + tc(z) T (y + AF) + 674 c(2)]| + de(z) Ty
YN (H + Yien mieie] + oy Ve (x)vc(x)T) NG
+5AFT Y AGVEei(2) AE — 22N 0 g MAE]
07 T ((3+3) 2 -4 (& +0(W2)183]))) ee] 23
+ole(@)l) + O (n1A%%) + (u‘l )
< (- 0) Vou@) AT + (@) (y + £7) + 57 lle(@)]| + ae(@) Ty + olle(@)]]) + o (I15311°) -

Similarly to (3.25), we have from (5.1) that

(5.36)

(5.37) ), 5 (w5 AF) = Vipu(2) T AZ = e(a)|| + c(2) " A7

By Assumption B3, there exists some © > 0 such that AZTHAZ > || AZ||?. Therefore, since 5 < 1 — 7, we
have from Lemma 5.3 that

1 1 _
(5.38) <2 - 5) (1 AT) < 0®), (2 AT) — <2 -0 — 0) CATTHAZ.
Moreover, since ¢ > 0, we have
L T A 112 L A2 =112
(5.39) —lg-o-¢ CAZ HAZ + o(||AZ|*) < — 300 CPIAZ|” + o(]|AZ]%) <0

Since ||z — z(p)|| = o(1), Lemma 5.1 implies that | Ag|| = o(u) and ||Ag|| = o(i). Hence we have c(x) T Ag =
o(||c(x)]]) and c(x) T AY = o(||c(x)|) and hence from (5.25) that c(x + Az) = o(||c(z)]]) + O(|AZ||?). Since
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n>25+1,5>0and 75 > n|y(w)l, if p is sufficiently small, there is a constant & € (0, 1) such that 55 >
(26 +1)||y||. Combining (5.36), (5.37), (5.38) and (5.39) and adding and subtracting the term 357||c(z)],
we obtain that

D5z + AZ) —

®p5(2)
< (5= 3) By AF) + (5 -+ 3) cla) Ty + o) A7 — Fel@)] + oflle(@)]) + o (1277)
< 0, (@ A8) — (3 -0 — o) (AFTHAT - 1 (57 — (25 + Dyl le()]

~3(1 = &)3le@)l + ollle@) ) + o (I A7 ]*)
< 0, 5(z;AF).

The case of ||c(x)| = 0 follows straightforwardly from (5.37) since Ve(z) " Az = 0. O

We are now ready to state the quadratic convergence of Algorithm 2.1.

THEOREM 5.5. Suppose p is sufficiently small, z(p) is sufficiently close to z* and Assumption B
holds. Suppose Algorithm 2.1 generates an infinite sequence of iterates {z*}, where z* = (z%, \F, y*), and
Yk = 7 for all large enough k. Suppose z(i1) is an accumulation point of {z*}. If ||2% — z(u)|| = o(u), then
124402 2()]) = O(12* — 2(u)1?)

Proof. First, since y is sufficiently small and ||z* — z(u)|| = o(i), we have from Assumption B3 and Step
2.1 of Algorithm 2.1 that Hy = V2, L(z*), i.e., (5.4) holds. Since 7 = 7 eventually, we have from Step 4.3
of Algorithm 2.1 that 7, = 7 for some 7 > 0 and all k large enough. From (1.6), (1.7), (2.1), (2.2) and (5.1)
we have

(5.40) W5 (2M)(A2" = AZF) = O([le(=M)),

where AZF = (AZF, ANF, AgF) and AZF = (AZF, ANk, Aj*). By Assumption B3 and (5.5), we have
[W5(2%)~1|| < W. This together with (5.26) and (5.40) imply ||AzF — AZF|| = O(|lc(a®)|) = O(||AZ*|).
Hence, we have from Theorem 5.1 (ii) that conditions (i) and (ii) of (2.20) and condition (ii) of (2.4)
hold. Moreover, since ¥ € (0,1), condition (i) of (2.4) holds as well. Since , = 7 for all k large enough,
the satisfaction of conditions (i) and (ii) of (2.20) implies condition (iii) of (2.20) must be violated, i.e.,
5 > nlly* + Ag¥||. Since z(u) is an accumulation point of {z*}, there is an infinite sequence of iterates that

converges to z(u). Hence, by taking limit on k, we have ¥ > n|jy(u)|. Since we choose ¢ € (0, 1- %) in

Step 0 of Algorithm 2.1, the conditions in Lemma 5.3 are all satisfied and thus condition (iii) of (2.4) holds.
Hence (2.4) holds and Az* = AZ* by Step 2.5 of Algorithm 2.1, where AzF = (Azk, AN Ayk).

To use the results of this section and complete our proof, we need to show that, as convergence occurs,
all step sizes ak, a¥, of and a’; eventually equal 1. It follows from Lemma 5.2 and (2.6) that a* = 1
and hence A%* can be computed from (5.3). This means that all the results regarding the second-order
correction step in this section are valid for ¥. From Lemma 5.2 (ii) and (2.15) we have &* = 1. By the line
search procedure of Algorithm 2.1 and Theorem 5.4, if the first trial point z* + a*Ax* (here a¥ = 1 and
Az® = AZ¥) is rejected, the trial point x* + AZ is accepted as the Armijo condition (2.18) is satisfied, i.e.,
ohtl = gk 4 Ak, Otherwise, 2*+1 = 2% + AZ*. Lemma 5.2 (iii) and (2.12) imply of = 1. This together
with Lemma 5.2 (iv) and (2.13) imply A1 = \F 4 AN¥. By Step 4.1 of Algorithm 2.1 we have o/; =1 and
thus y**! = y* + Ag*. Now the theorem follows from Theorem 5.1 (i). O

5.2. Local analysis for the overall algorithm. Suppose Algorithm 4.1 generates an infinite sequence
of iterates. If the penalty parameter ; in Algorithm 4.1 tends to infinity, by following the same argument as
in the proof of Theorem 3.1, we obtain that there is an accumulation point of {27} that is either a Fritz-John
point of problem (1.1) at which the MFCQ fails to holds or an infeasible stationary point of the feasibility
problem min, > ||c(z)||?. To analyze the rate of convergence of Algorithm 4.1 to a KKT point of problem
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(1.1) satisfying the LICQ, we assume that v; = 7 for all large j. For simplicity we discard the iteration
index j in the following analysis.
Suppose the current iterate z satisfies the following criteria for terminating the inner algorithm,

(5.41) IRu(2)|| < €z > 0,1 > 0.

We study in this section the outcome of applying Algorithm 4.1 when 1 and €, are decreased to u and €,,+,
respectively. At this time, the p in the right hand sides of (5.1) and (2.1) is replaced by u™.

THEOREM 5.6. Suppose (5.41) and Assumption B hold. If z € N'(2*) and AZ is computed by solving
(5.1) with p replaced by pt, then ||z + AZ — 2*|| = O(||z — z*||?) + O(u™).

Proof. Analogously to (5.6), the following linear system can be derived from (5.1)

H(z —a*) — Vi L(z, A", y*)
(5.42) Wy(2)(z 4+ Az — 2%) = Alx—z*) — XX\ +pte ,
Il — ) = e(@) + Ve(@) T (@ — z*)

where H = V2_£(z) in view of Assumption B3. Similarly to (5.7) and (5.9), we have

H(z —a*) = VoL(a, A y*) = O(|z = 2|]?),
Ll (g —y) = e(2) + Vel@) T (@ - 27) = O(|z - 2*||2).

Moreover, letting X, = diag(x*), we have

Az —x*) = XX +puTe= Al —a%) — X\* + X\ +pt
= (X~ X N) 4 e = O(e — 2*7) + O,

The result then follows from (5.5). O

THEOREM 5.7. Suppose (5.41) and Assumption B hold. If z is sufficiently close to z*, u is sufficiently
small and p* < p, then [|R,+ (2 + AZ)|| = O(e,) + O(p?).

Proof. Let VR, (z) be the Jacobian of R,(z). By Assumption B, if x is small enough, VRo(z(p)) is
nonsingular and ||(VRo(z(1))) " is bounded. Since z is sufficiently close to z*, by Taylor’s theorem, we
have

(5.43) Iz = 2()ll = [[(VRo(2(1)) ™" (Ryu(2) + o(llz = z(m)])) || = OUIR.(2)I])-

Theorem 5.1 gives that ||z +AZ — 2(uT)|| = O(]|z — 2(u™)||?). Since z(u) is locally Lipschitz continuous if x
is sufficiently small, we have ||z(u) — 2(u1)|| = O(]|z(n) — z*||) = O(p). Using (5.43) and (5.41), we obtain

IIRH+(Z+A2)||—IIRw(erAZ) Ryt (2(u))
= O(lz+ Az —z2(uh)ll) = (HZ—Z( S

O(llz = 2(p) + 2(p) = 2(u™)?)
O(ep) + O(n?).

0

THEOREM 5.8. Suppose (5.41) and Assumption B hold. Suppose p™ < p and (u+ €,)* = o(u™). If 2
is sufficiently close to z* and p is sufficiently small, then x + AZ > 0 and X+ AX > 0.

Proof. We have from (5.1), (5.5) and (5.41) that

|AZ]| = [PWs(2)~ (>H
= | )I(RN 1)(0,¢,0)7)
= O(eu) +O(p),
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where the last equation uses the fact that u™ < p. From the second equation of (5.1) with u replaced by
ut, we have

diag(A + AN (z + AZ) )
Az + X AN+ AAZ + diag(AN)AZ
pre+O(|AZ)17) = pte + O(en + p)?).

(5.44)

Since (p + €,)? = o(u™), we have for i € B that \; + AX; > 0 by strict complementarity and hence that
x; + AZ; > 0 by (5.44). Also, for i € Z\B, z; + AZ; > 0 and thus \; + A\; > 0 by (5.44). O

We are now ready to prove the superlinear convergence of Algorithm 4.1.

THEOREM 5.9. Suppose all assumptions in Theorem 4.1 hold and Algorithm 4.1 generates an infinite se-
quence of iterates {27}, where 27 = (27, N, y?). Suppose z* is an accumulation point of {27} and Assumption
B holds. Suppose €, and ji; are decreased so that

(eﬂj + :uj)2 = 0(6 tj+1)a
(5:45) { fjt1 = olIIRo(=3) ).

If 27 is sufficiently close to z*, then z9t! can be obtained by the inner algorithm within one iteration and
2771 — 2% = o([l2? — 2*|)).

Proof. We use the notation 27°* to denote the kth inner iterate at the jth outer iteration. At iteration
j + 1 of Algorithm 4.1, Algorithm 2.1 with the starting point 2/+1:0(= 27) is used to solve the barrier
problem (1.2) for the barrier parameter jj1(< ;). Since 27 satisfies the termination criterion of the
inner algorithm for the barrier parameter p;, i.e., R, (27)|| < €,,, and (5.45) holds, it follows that all the
conditions in Theorem 5.8 are satisfied. Hence we have from Theorem 5.8 that 27+1.0 + Az/+1.0 > (0 and
MF1L0 4 ANHL0 5 (. Moreover, we have from Theorem 5.7 and (5.45) that

[Rysys (510 4+ AZFTH0) | = O(E2)) + O(12) = ol ).

Hj+1
Hence, [|Ry,; (27 T10 + AZITE0)|| < ¢, . Consequently, we obtain from Step 2.6 and Step 1 of Algorithm
2.1 that 2/+h! = 20H00 L AZIHL0 and (|R,,, ., (27T11)| < €u,,,. This implies that 271 = 27*11 according
to Algorithm 4.1. By Theorem 5.6 we have |27 — 2*|| = O(||27 — 2*||?) + O(uj4+1). By the smoothness
of f(z) and c(z), we have [Ro(29)]| = [[Ro(27) — Ro(+")]| = O(27 — =°[}). Since 141 = o(|Ro(=9)]]), we

obtain that |21 — 2*|| = o(||27 — 2*||). O

Several strategies for updating p; and €,; in exact penalty methods are discussed in [2]. In particular,
two strategies are given that guarantee (5.45) and thus superlinear convergence. Both strategies assume
that €, is some constant proportional to u;, i.e., €,, = au; for all j with o € [0,+/n). The first strategy
chooses 111 = u}” with § € (0,1), while second strategy chooses pj11 = |[|[Ro(27)||'*9 for all large j. It
can be readily verified that these two strategies can be used in our method as well to generate superlinear
convergence.

6. Conclusion. In this paper we have presented a line search interior-point penalty method for non-
linear programming, in which the step direction of each iteration is computed based on the modified Newton
method proposed in [4]. The line search step employs two merit functions: the PLPF P,(p) and the /5-
penalty function ®, . (x). A trial point is accepted if it yields a sufficient reduction in either one of the
two merit functions. Our PLPF method is closely related to the filter method of Fletcher and Leyffer [7].
In particular, they both are defined by previous iterates and try to measure iteration progress according
to historical data. However, the PLPF method inherits the feature of penalty methods that requires the
progress to be made in a certain combination of the barrier function and the constraint violation. This
differs from the nondomination idea of filter methods. By combining the PLPF method and the /5-penalty
method, we are able to guarantee that our line search step always terminates successfully with an acceptable
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step size. This enables our method to avoid the use of a restoration phase used by filter methods to reduce
infeasibility.

We have shown that our method has the same strong global convergence properties as those established
in [4]. Moreover, by introducing a second-order correction step, our method also enjoys fast local convergence
properties. Specifically, under the standard nondegeneracy assumptions, we have shown that for each small
enough barrier parameter u, if the iterates generated by the proposed method are within a neighborhood of
radius o(u) of the solution to the barrier problem, they converge to the solution quadratically. The overall
convergence rate of the iterates to the solution of the nonlinear program is superlinear. As shown in [5], these
fast local convergence properties also hold for a suitably modified version of the interior-point /5-penalty
method proposed in [4]. We have implemented the proposed method within the software package IPOPT
[21]. The obtained numerical results show that our method is competitive with both penalty methods and
filter methods. These results will be presented in a future paper [6].
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