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Abstract. We study mathematical programs with linear complementarity constraints (MPLCC) for which the
objective function is smooth. Current nonlinear programming (NLP) based algorithms including regularization meth-
ods and decomposition methods generate only weak (e.g., C- or M-) stationary points that may not be first-order
solutions to the MPLCC. Piecewise sequential quadratic programming methods enjoy stronger convergence properties,
but need to solve expensive subproblems. Here we propose a primal-dual active set projected Newton method for
MPLCCs, that maintains the feasibility of all iterates. At every iteration the method generates a working set for
predicting the active set. The projected step direction on the subspace associated with this working set is determined
by the current dual iterate, while other elements in the step direction are computed by a Newton system. The major
cost of a subproblem involves one matrix factorization and is comparable to that of NLP based algorithms. Our
method has strong convergence properties. In particular, under the MPLCC-linear independence constraint qualifi-
cation, any accumulation point of the generated iterates is a B-stationary solution (i.e., a first-order solution) to the
MPLCC. The asymptotic rate of convergence is quadratic under additional MPLCC-second-order sufficient conditions
and strict complementarity.
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1. Introduction. A mathematical program with equilibrium constraints (MPEC) is an opti-
mization problem, whose constraint set includes variational inequalities. Specifically, an MPEC can
be expressed by a bilevel programming problem in the form

min, , F(z,y)
(1.1) st. (z,y) €F,
y € Q(2),

where F(-) is the “first-level” objective function in the first-level variables z € " and “second-level”
variables y € R and F C R"*™ is the joint feasible region. The set Q(z) is the solution set of a
variational inequality parameterized by z with the feasible set F(z), i.e.,

(1.2) y€ Q(2) & {y € F(2)|G(z,y) " (w—y) >0, Yw e F(2)},

where G : R*"™™ — R™ is a mapping in y and z and T denotes the transpose of a vector. In
particular, if G(z,y) is the gradient of a differentiable function g(z,y) in the vector y, i.e., G(z,y) =
Vy9(2,y), then the solution set Q(z) reduces to the first-order solution set of the optimization
problem

(1.3) myin g(z,y) st. ye F(z).

MPECs have received increasing interest in recent years because of their numerous applications
in engineering and economics, see [7, 24, 26]. For example, in game theory, e.g., the static Stackelberg
game can be formulated as an MPEC in which the variational inequality constraints arise from a
competitive equilibrium [3].

Problem (1.1), being typically non-convex and non-differentiable, is intrinsically hard to solve.
For example, even in the linear case, i.e., F(-) and G(-) are linear mappings and F and F(z) for
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all z are polyhedra, problem (1.1) is strongly NP-hard. Indeed, in this case, problem (1.1) can be
formulated as a mixed integer linear program and determining whether a solution is optimal to (1.1)
is strongly NP-hard.

An attractive way to handle the underlying non-differentiability in the lower-level constraints of
(1.1) is to replace the constraint y € Q(z) by its first-order necessary conditions. Suppose the feasible
sets F and every F(z) are polyhedra, i.e., F = {(z,y)| D12+ Doy < d} and F(z) = {w|D12+ Dow <
J} for some matrices D1, Do, D; and Dy and some vectors d and d with corresponding dimensions.
The necessary conditions for y € Q(z) give rise to a system of equations and inequalities in the
primal variables y and the dual variables

(1.4) G(z,y) +Dgu=0, Diz+ Doy <d, u>0, (Dyz+ Dyy —d) u=0.

Note that when G(z,y) = Vy9(z,y), (1.4) are the Karush-Kuhn-Tucker (KKT) optimality conditions
for problem (1.3). These conditions become sufficient conditions for y € Q(z) if the mapping G(z, w)
is monotone in w. Replacing the constraint y € 9Q(z) in (1.1) by (1.4), problem (1.1) becomes a
mathematical program with complementarity constraints (MPCC) with variables (z,y, u)

min, , F(z,y)
s.t. Dyz+ Doy < d,
(1.5) Diz+ Doy <d, u>0
G(z,y) + Dy u =0,
(D1z+ Doy —d)Tu = 0.

Our primary interest in this paper is the development of a solution method for problem (1.5) that
possesses strong convergence properties. In particular, we will restrict ourselves to the situation in
which G(z,y) is a linear mapping in both y and z. In such a case problem (1.5) reduces to a so-called
mathematical program with linear complementarity constraints (MPLCC). To simply notation, we
will focus on MPLCCs in the standard form:

min  f(z)
s.t. Ax =0,
(16) Zo Z 0)

0§$1L1‘220.

The vector of variables = has three parts, i.e., z = (zq,2] ,74 )" with zg € R, 71,22 € R™. The
complementarity operator L requires that for each pair of nonnegative complementarity variables
21,4, 22,; > 0, either 1 ; =0 or z3; = 0 for all ¢ = 1,...,m. Throughout the paper we assume that
the feasible region of problem (1.6) is nonempty, that the objective function f : R"+2™ — R is twice
continuously differentiable, and that the matrix A € RP*("+2m) and the vector b € RP.

From a nonlinear programming (NLP) point of view, MPCCs are among the most highly de-
generate problems since they violate at every feasible point the Mangasarian-Fromovitz constraint
qualification (MFCQ), a key ingredient for stability. This lack of regularity may impose difficulties
for existing nonlinear programming solvers. Interior-point algorithms do not directly apply since
there is no strictly feasible solution to (1.6). Sequential quadratic programming (SQP) methods can
get stuck due to infeasible QP subproblems. Solution methods that overcome these difficulties are
discussed in the next subsection.

1.1. Related work. Research on solution methods for the continuous variant (1.6) of MEPCs
has followed two main approaches: regularization and decomposition.

Although any smooth reformulation of the complementarity constraints in (1.6) violates the
MFCQ, slightly relaxing these reformulations resolves this difficulty and results in problems satisfying
the MFCQ. State-of-the-art NLP solvers can then be applied. The basic idea of regularization
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methods is to compute solutions for a sequence of the relaxed problems controlled by some parameter,
obtaining a stationary solution to problem (1.6) when the parameter goes beyond a certain threshold
or goes to the limit.

For instance, the regularization framework [31] introduces a positive parameter ¢ and relaxes
the complementarity constraints to {zy,2o > 0, z{ 22 < ¢}. Interior-point algorithms for NLPs
are shown to be able to solve the resulting relaxations [23, 27]. Global and fast local convergence
to stationary solutions of problem (1.6) is analyzed by letting ¢ converge to zero. In [5] fast local
convergence is also established allowing ¢ to be bounded away from zero. An alternative to this
relaxation is to introduce an £;-penalty for the complementarity constraints and add rz{ x5 to the
objective function, where r is the penalty parameter. The resulting penalized problem is well be-
haved. Together with a suitable technique for updating r, the penalty scheme identifies a stationary
solution of (1.6) as long as r is large enough or r goes to infinity [20]. Other regularization approaches
that explore different relaxations include an elastic model [1, 2], smoothing schemes [6, 12, 17] as
well as the approaches proposed in [16, 21, 32], etc.

Much work has been done on understanding the limiting behavior of regularization methods
for MEPCs with increasingly tighter relaxations. It turns out that the convergence properties of
all the proposed regularization schemes are surprisingly similar. In particular, any cluster point
of the sequence of the first-order solutions for these relaxations is at least a C-stationary point of
the MPEC. Moreover, if these first-order solutions are also second-order solutions to the relaxed
problems, their cluster points are at least M-stationary points. The assumption made to achieve
these results is, in general, the MPEC-linear independence constraint qualification (MPEC-LICQ),
also known as the primal non-degeneracy assumption. An important question that remains open
is whether regularization methods can be strengthened to provided convergence to first-order (i.e.,
B-stationary) solutions of the MPEC, since there are examples showing that regularization methods
may converge to weak C- or M-stationary points at which trivial first-order descent directions exist.
Such points are really spurious stationary points that are not locally optimal.

Another approach for attacking problem (1.6) is to use decomposition methods. These methods
explore the disjunctive structure of the complementarity constraints and are essentially an extension
of pivoting algorithms for complementarity problems. At each iteration, these methods specify two
subsets By and By with By U By = {1,2,...,m}. By decomposing the complementarity constraints
according to By and Bs, they compute a stationary solution to the NLP subproblem

min  f(z)
Ax =b, x9 >0,
Tl = 0, 7 € By, T1; >0, 1€ BQ\Bl,
T2 = 0, 1€ Bg, T2 > O, 1€ Bl\BQ.

(1.7)

Obviously, if the sets By and By are able to identify respectively the correct active sets for z; and
x9 at an optimal solution, solutions to problems (1.7) also solve problem (1.6). Therefore, the key
point for decomposition methods lies in how to choose By and B, effectively, especially when the
iterates are far from the solution. One way is to determine these sets according to the current
values of the dual variables. Recent developments in decomposition methods show that they have
guaranteed convergence to M-stationary points of problem (1.6) assuming primal non-degeneracy
[13, 15]. In [14] this result is strengthened to show convergence to B-stationary points under an
additional assumption that every M-stationary point is isolated.

An interesting attempt to solve general MPECs is to directly apply state-of-the-art NLP active
set solvers, which do not rely on the existence of a strict interior. Based on a filter-SQP solver,
Fletcher and Leyffer [9] solve MPECs as NLPs by replacing the complementarity constraints by the
inequalities: 7 > 0, 29 > 0 and x1z2 < 0. Surprisingly, quadratic convergence is observed for
almost all tested MPEC problems. The reason for this is studied in [10].
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Piecewise SQP (PSQP) methods are the natural extension of NLP SQP methods for solving
MEPCs. The subproblem solved by PSQP methods at each iteration is a quadratic program with
linear complementarity constraints (QPLCC). As a variant of SQP methods, it is not surprising that
PSQP methods enjoy reasonably strong convergence properties. In particular, it has been shown
that under rather weak conditions, PSQP methods converge quadratically in a small neighborhood
of a second-order local solution [25, 28]. Unfortunately, since solving the QPLCC subproblem is
much more expensive than solving a regular quadratic program, current PSQP methods are only
conceptual. How to reduce this cost and still guarantee the strong convergence properties of PSQP
methods is the subject of current research [22].

1.2. Contribution. Given the state of current solution methods for problem (1.6), this paper
is aimed at an efficient method that not only is implementable with reasonable subproblem cost, but
also enjoys strong global and local convergence to meaningful stationary solutions. In particular,
we propose a primal-dual active set Newton method for problem (1.6). The method starts from a
feasible point and maintains feasibility at every iterate. In many important applications, a feasible
starting point to problem (1.6) is readily available through state-of-the-art codes for linear comple-
mentarity problems (LCP) or linear variational inequalities. Moreover, in many interesting cases
such a feasible solution can be obtained in polynomial time, e.g., if the matrix defining the LCP is
positive semidefinite, or the variational inequalities are strictly monotone.

At every iteration our method generates a working set for predicting the active set. The com-
plementarity and inequality constraints in the working set are treated approximately as equality
constraints depending on the current estimate for the dual variables, while those not in the set are
temporarily ignored. In terms of projected Newton methods, the working set defines the projec-
tion space, in which elements of the step direction are chosen according to the multipliers. The
subproblem solved at each step is as inexpensive to solve as the subproblem solved in NLP based al-
gorithms. Specifically, the major cost involves only one matrix factorization besides the cost needed
to guarantee the correct condition of the Newton system. The convergence properties of our algo-
rithm are as strong as those of the PSQP methods and stronger than any that have been shown
for NLP-based regularization or decomposition methods. In particular, we show that under the
primal non-degeneracy condition, any accumulation point of the generated iterates is a B-stationary
point (i.e., a first-order solution) to problem (1.6). Under additional MPLCC-second order sufficient
conditions (SOSC) and strict complementarity, we show that the generated working set eventually
identifies the final active set at the B-stationary solution. As a consequence, the convergence rate
of our algorithm is locally quadratic.

As a first step for this research, in this paper we will focus on the global and local convergence
theory of the proposed method. In particular, the paper is organized as follows. Section 2 presents
notation and some definitions and preliminary results relevant to MPECs. In section 3, we describe
our active set algorithm for solving problem (1.6). Global convergence to B-stationary solutions and
fast local convergence are established in Sections 4 and 5, respectively. We conclude the paper in
Section 6.

2. Preliminaries. We use standard notation in the literature of MPECs and NLPs. A letter
with superscript or subscript k is related to the kth iteration. The subscript ¢ means the ith element
of a vector or the ith column of a matrix. §) stands for empty set. || - || denotes the Euclidean norm
unless otherwise specified. For a vector d of dimension n + 2m, we write d = (dJ,d; ,d3 )T with
do € R", d1 € R™ and do € R™, respectively, as (do; dy;d2). Moreover, for an index subset D, dop
(d1,p, d2,p) denote the sub-vector of dy (d1, dz) with components dy; (di 4, dz,;) for i € D. For an
index i, vectors eg ;, e1,; and eg; are respectively the n 4+ 2m dimensional gradients of x¢;, 1, and
T, i.e., all elements of eg; (e1,;, e2,;) are zero except the one corresponding to variable g ; (21,
Z2;), which is one. Matrices eg)'—, e] and ej denote the Jacobian of xg, 21 and zy, respectively. Given
two vectors x and y of the same dimension ¢, we say x > (>)y if and only if x; > (>)y;, Vi=1,..., ¢,
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and min(z,y) is a vector whose ith element is min(x;,y;). We define the following index sets for the
constraints in problem (1.6)

E={1,...,p}, T={1,...,n}, A={1,....m}.
The active sets for inequality and complementarity constraints at a feasible point = are defined by
I(CC) = {’L S I|£E0,i = 0}, .Al(x) = {Z S .A|93171' = O}, .AQ(OS) = {’L S .A|ZZ?272‘ = 0}

In particular, the bi-active set Aj2(x) for the complementarity constraints is defined as the intersec-
tion of A;j(z) and As(z), i.e., A12(z) = A1(z) N Aa(x).

A local optimal solution to problem (1.6) must be a first-order optimal solution, also known as a
B-stationary point, at which no feasible descent directions exist. The primal stationarity condition
for B-stationary points is given by

DEFINITION 2.1. A feasible point x is a B-stationary point of problem (1.6) if the following
linear program with linear complementarity constraints is solved by Ax = (Axg; Axy; Axg) =0,

minpa, Vf(z)Ax
s.t. ANz =0,
xo + Az > 0,
0 < (z1+ Azq) L (x2+ Axy) > 0.

(2.1)

Checking B-stationarity from Definition 2.1 is usually very difficult. Thus, it is more convenient to
consider primal-dual stationarity conditions. For instance, under certain constraint qualifications,
one can check whether a feasible point x is a weak stationary solution of problem (1.6); i.e., there
exist dual variables y € R? and X\ = (Ag; A5, A2) € R"T2™ that along with z satisfy

(2:2) Val(z,y,A) =0,
(23) Ao > 0, )\071‘1‘071‘ =0, Vi € T,
(24) )\1,7;581,7; =0, )\27,;3:271' =0, Vi € A,

where L(z,y, \) is the Lagrangian function
L(z,y,\) = f(x) + (Az —b) Ty — g Mo — 2] A\l — 29 Ao.

Unlike the simple multiplier rule for NLPs, there are several levels of stationarity conditions
for MPLCCs depending on the sign to the complementarity constraint multipliers. The stationarity
conditions of primary interest in this paper include C-stationarity, M-stationarity and S-stationarity.

DEFINITION 2.2. A feasible point x is called a C-stationary point of problem (1.6), if there exist
y and X such that (2.2), (2.3) and (2.4) hold and A\ ;A2; > 0 for alli € A.

DEFINITION 2.3. A feasible point x is called a M-stationary point of problem (1.6), if there exist
y and A\ such that (2.2), (2.8) and (2.4) hold and either A1 ; > 0, A2; > 0 or A A2 = 0 for all
xS A12($>.

DEFINITION 2.4. A feasible point x is called a S-stationary point of problem (1.6), if there exist
y and X such that (2.2), (2.3) and (2.4) hold and A1 ; > 0, Aa; > 0 for all i € Aja(z).

Note that S-stationarity is the strongest stationarity condition. A S-stationary point must be a
M-stationary point and a M-stationary point must be a C-stationary point. Moreover, a S-stationary
point must be a B-stationary point. B-stationarity does not necessarily imply S-stationarity and
S-stationary points may not exist for problem (1.6). However, as is well known (see, e.g., [30]),
B-stationarity is equivalent to S-stationarity under the following primal non-degeneracy condition:



6 L. CHEN AND D. GOLDFARB

DEFINITION 2.5. (MPLCC-LICQ) A feasible point x is said to satisfy the MPLCC-LICQ, if
the following constraint gradients are linearly independent:

{A,L,Z S 5} U {eo,i, 1€ I(I)} U {6171'7 1€ Al(ll?)} U {6271‘, 1 E ./42(1’)}

MPLCC-LICQ is important in both practice and theory. It allows the identification of a B-stationary
solution as a S-stationary point, which is much easier than solving the LPLCC (2.1). In particular,
given the validity of the MPLCC-LICQ at z, the unique multiplier vector (y, A) that satisfies (2.2)
and the complementarity conditions can be obtained by solving the linear system

Vi) +Aly— Z A0,i€0,i — Z ALi€1, — Z A2i€2, = 0.

1€Z(x) 1€A () 1€A2(x)

For other multipliers in X set A\g; = 0, Vi € Z\Z(z), A1, = 0, Vi € A\Ay(z) and A\y; =0, Vi €
A\ Az (x). If furthermore the multipliers corresponding to the bi-active set A;2(x) are all nonnegative,
x is a S-stationary point and thus also a B-stationary point. Otherwise,  is not a B-stationary point.
We now define second-order sufficient conditions (SOSC) for a feasible point z to be a solution
of problem (1.6).
DEFINITION 2.6. The MPLCC-SOSC hold at a feasible point x if x is a S-stationary point of
problem (1.6) and there is a o > 0 such that d' V2 f(x)d > o||d||? for all

deS(x)={seR"™™|As =0; s0;=0, Vi€ L(x);51; =0, Vi € Ai(2); s2; =0, Vi € As(2)}.

Strict complementarity for problem (1.6) is defined as follows.

DEFINITION 2.7. Let x be a S-stationary point of problem (1.6) and (y,\) be a corresponding
multiplier vector. Strict complementarity holds at (z,y,X) if Xo; > 0, Vi € Z(x), \1; # 0, Vi €
Ai(x) and A2 ; # 0, Vi € Az(x).

So far we have described stationarity conditions for problem (1.6) from the perspective of
MPECs. Now let us look at problem (1.6) from the view point of nonlinear optimization by writing
it as:

min  f(z)
s.t. Az =0,
(25) To = 07 x 2 Oa Tg > Oa
x?xg <0.

A feasible point z is a first-order optimal solution to problem (2.5), if there exist multipliers y € RP,
z0 € R™, 21 € R™, 20 € R™ and z3 € R such that the KKT conditions hold; i.e.,

V.L(z,y,2)
min{xo, Z()}7
(2.6) R(z,y,z2) = min{xq, 21}, =0,
min{zs, 22},
min{z{ zo, 23}

where z = (20; 21; 22; 23) and L(z,y, 2) is the Lagrangian function associated with the NLP (2.5),

(2.7) L(z,y,2) = f(z)+ (Az —b) Ty — xOTzo —x] 21 — T 23 + 23T To.

Proposition 4.1 in [10] shows the strong relation between a KKT point of problem (2.5) and a
S-stationary solution to problem (1.6), which we describe as follows.
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PROPOSITION 2.8. Suppose x is a feasible point of (1.6) and (2.5). If (x,y, z) satisfies the KKT
conditions (2.6), then x is a S-stationary point of (1.6) with multipliers y and A, where X is defined

by
(28) )\0 = 20, )\1 = Z1 — =23%2, /\2 = Z9 — 23%71.

If © is a S-stationary point of problem (1.6) with a corresponding multiplier vector (y,\), then
(x,y, 2) satisfies the KKT conditions (2.6), where z is defined by

20 = Ao,
23 € {9 > 0|\ + 022 >0, Ao+ 021 > O},
(2.9) 21 = A1 + 237
1 1 32,

29 = Ao + 23%1.

The SOSC for problem (2.5) follows from the standard definition of the SOSC for general NLPs.
In particular, it is easy to check that under the MPLCC-LICQ (implying the uniqueness of the
multipliers) and the MPLCC-SOSC, the SOSC for problem (2.5) holds for any multipliers that
satisfy (2.9).

3. Algorithm. Our algorithm is an active set Newton method, which maintains the feasibility
of all iterates. At every iteration, the algorithm computes a working set that approximates the final
active set at a solution. Given an iterate x and a multiplier estimate (y, z), the indices of the working
set that correspond, respectively to xg, 1 and x5, are those indices in the sets

I(x,y,ze) = {i€Tl|ro; <minfe,||R(z,y,2)|"}}
(3.1) Ai(z,y,z6) = {i€ Alxr; <min{e, |R(x,y,2)]|"}},
Az (2,y,2z6) = {i € Az < minfe, [R(z,y,2)[|"}},

where € > 0 and 7 € (0,1) are parameters, R(z, vy, z) is defined by (2.6). The set
(32) A12(55‘ay72'§5) :A1($7y7255)m¢42($7ya2§5)

is called the bi-working set.

Let W denote the current working set; i.e., W = (Z(z, vy, 2;€), A1 (z, y, z;€), Aa(z,y, z; €)). Also
let the Jacobian of the inequality and complementarity constraints in this working set be denoted
by

(3.3) E(x,y,2¢) = [Eo(x,y, 2;€), E1 (2, y, 2;€), Ba(,y, 2;€)],
where
Eo(z,y,z;¢) = leos, @ € I(x,y, 2 €)],
(34) El(x7yaz;€) = [el,ia 1 S Al(xaywz;g)]a
Ey(z,y,2;6) = [ea, i € Aa(z,y, 2;€)].

Using the notation dyy = (dz(z,y,2:c); dA, (2,y,2:0) DA (2,y,2:¢) ), Several Newton systems are solved at
each iteration, where each system is a linearization of the nonlinear system of equations

V() + ATy — B(z,y,ze)dw = 0,
Ar—b = 0,
Ty — Uy 0
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for some appropriate choice of uyy. In particular, letting w = uyy — )y, the Newton systems are
(3.5) M(H, 2.y, z8)(Da;y T Ny) = (=V f(2);0; @),

where the Newton matrix is given by

H AT —E(x,y,z;¢)
(3.6) M(H,z,y,2;€) = A 0 0 ,
E(x,y,z;6)7 0 0

and ‘H is the exact Hessian V2 f(x) or an approximation to it.

At the start of each iteration, the system (3.5) is solved with @ = 0, which is equivalent to
keeping the components of xyy fixed at their current values (i.e., setting uyy = yy), to obtain an
updated estimate )\;,rv of the dual variables. The values of the components of /\;,rv and xyy are then
compared to determine which indices in the working set W are likely to be in an optimal active set,
and w is chosen so that a full Newton step will make the corresponding constraints active. If this
step, which is modified by a step length parameter, keeps all variables nonnegative and satisfies an
Armijo sufficient decrease condition, the modified step is taken, the multipliers are updated and the
iteration is complete. Otherwise, the value of the tolerance € used to define the working set in (3.1)
is reduced to further refine the working set, and the above step computation procedure is repeated.

Now we are ready to present our active set algorithm for solving problem (1.6). The motivations
underlying the computations performed by the algorithm are more fully explained in the remarks
that follow it.

ALGORITHM 3.1.

Step 0. Initialization.

Parameters: 1 € (0,1), 28 >0, s € (0,1), € (0,1), 0 € (0,3), v >1, v € (0,1).

Initial data: a feasible point 20 € R"T2m 0 € RP 20 € RF21HL with 29 > 0, HO = V2f(2?),
€0 > 0.

Set k < 0.

Step 1. Factorization of the Newton matrix.

Step 1.1. If the Jacobian [AT, E(z*,y*, 2*;&;)] has full column rank, set 1o = £x; otherwise, set
ek,0 = 0 and ex41 = Key.

Step 1.2. Modify HF if necessary, so that

(3.7) d"H*d >0, Vd € §*,d # 0,

where

(3.8) SF={se R As=0; 50, =0, VicT s ,=0,Vic A¥; so, =0, Vic A5},

and

(39) Ik - I(xkayk»Zka,O), ~’4]1c = Al(xk,yk,zk§5k,0)a AIQC - AQ(:Ekaykvzk;gk,O)'

Step 2. Computation of a Newton direction.
Step 2.1. Solve

(3.10) MF (Dzh;yF T N = (=Y f(29);0;0)
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where M* = M(HF, 2% y* 2¥:¢) o) and AL = (/\]“Jr1 AEFL L \R+L ) Set )\k‘H =0, Vi € I\TF,
ANt =0, Vi e A\AF and AST =0, Vi € A\AS.

Step 2.2. If ¥ and the multipliers (y**!, \*+1) satisfy the conditions in Definition 2.4, stop; x

0,7k’ 1,4’67 2,A%

a S-stationary point of problem (1.6). Otherwise, continue to Step 3.

Step 3. Line search.

Step 8.1. Set j «— 0 and

(3.11)
(3.12)

Step 3.2. Set AN

otherwise, set

(3.13) ag,; = min

Let A

(3.14)

Set the components

kg _ gk k.j
15 = A77 N Ay”Y and

By =
By =
By =
B =
B =
Byl =
By =
By =
Byl =
Bif =
By

k,j
B3

k,j
B3

max

Tk

"
=ymax{l; 2}, i € A}; 2§, i € A5},

={ie TN > ab ), TF = {i e TN < af )

1€
1€

1€

1€

1€

g
{ieA
{iea
{ieA
{ieA
{ieA
fica
{ieA
{ieA
{
-y
- {
- {

of the vector @

0|Bagj—1 <0< agj1; 0>

i€ Ak’j )\kH

k ,k k. k,j
= -Al(x Y,z ask,j) and "42]

,J _ k+1
|331,i =0, >‘2,i

,J _ ktl
’wl,i =0, )‘2,1'

k41
Ao

,J _ k+1
’952,1‘ =0, )‘1,1'
,J _ k+1
’xQ,i =0, >‘1.¢

1.7 _ k+1
|‘T2,i =0, >‘1,i

i€ AB\ALT [k, < ABHD

i€ AB\ASY NS < ok,

k.j.

M = (wys oy

k
< Ty 45

k
< 7 45

k
< 14

- .Ag (Ik

k k
Vie AR 0 >

max ’ max ’

k+1 k
117 Ay 2 56271'}7

k k+1
<3:21, x“_/\ },

Vi e AF

k+1 k k+1 k1
217 AT <@y Ay S AL }a

< xlfﬂv, a:2 ; < )\k+1 } ,
M < A <),
Nt <k A< X
k’j ’xw =0, x’fl < )\]fjl, )\k‘H < x’jl } ,
ic Ak\Alm |x1 ; )\k{rl }7

i€ ANAET X < b

J
J
'

k. _k 5|
I i), where wi? € RIT']

N <k A <X

7] _ k E+1 k+1 k
|l’1,i =0, x5, <Ay, AL <z }a

oyt 2Rer ). G =0, set ag; = 1;

; k
wi? e R4l and
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1 k
wh? e R4z as follows:

@yt =~ i1k,
@yl = =Mt i€k,
@] = —al (= 0), i € Ay\AY,
wl;:ij = _xé,i(: 0), S Ag’j\Allcéjv
@iy = —al, wy] = —ab, i€ By,
wif = —le-(l: 0), w%f = —)\]5:51, i€ B%j U Bé;”i,
(3.15) wif =M+ a2k Jag, w%f = —af/ag;, i€ Bi’j' u Bi’]_,
wi:z{ = —)\’fjl’ w%’f = —x’g’i(: 0), ie B?j‘ U BZJ'?
wlji‘{ = _xllg,i/akhia w2:zj = _)\157-&1_-1 + x’f,i/ak,j’ i€ BSJ_ U 697]7
wlle,’z? = _xlf,i’ (S Bllcf)ja
@i = -ATH ieBy,
w];:z] = —l‘gﬂ-, (S B’féj’
wyl = —MT ieBly.

Step 3.3. Compute a trial step; i.e., using the factorization of M* computed in Step 2.1, solve
(3.16) MF (Aazk’j; Ykt ;\kH’j) = (—Vf(a:k); 0; wk’j) ,

Yk+1,5 k+1,5. yk+1,5. yk+1,5
where AF+1d — ()\oﬂ AT,

Step 3.4. Check the following conditions:

(3.17) ¥ + ay Az >0,
(3.18) f(@® + ap jAxRT) < f(2%) + oay ; VF(2F) T AzM.

If both (3.17) and (3.18) hold, set jj « j, 2**1 = 2F + ay ;Az*7 and go to Step 4. Otherwise, set
€k,j+1 = V€L, J < j + 1 and go back to Step 3.2.

Step 4. Update.
Set HET1 = V2 f(2F+1). Compute zF+! by

k+1 _ yk+1
o =Xy,

2T = min{ 2§, min{0 > 0|\ + 025 > 0, AT+ 028 > 0},
3.19
(3.19) Y e

)

z§+1 = /\’5“ + z§+1x]f+1.

Set k «— k + 1 and go back to Step 1.

Remark 3.1. As we have mentioned earlier, for many interesting applications a feasible starting
point to problem (1.6) is readily available in polynomial time through state-of-the-art solvers for
complementarity problems.

Remark 3.2. In Step 1.1 of Algorithm 3.1, we check whether the gradients of the equality
constraints and the inequality constraints in the working set are linearly independent. Although
this procedure may incur additional cost, in practice it can be accomplished as a side product of
factorizing the Newton matrix. If these gradients are dependent, the algorithm sets ;9 = 0, i.e.,
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IF = I(2%), A¥ = A;(2F) and A5 = Ay (2"). Hence, if the MPLCC-LICQ holds at all feasible points,
the gradients corresponding to the equality constraints and the inequality constraints in the working
set are now independent. Moreover, if the Hessian estimate H is positive definite on the null space
of the working set Jacobian, i.e., condition (3.7) holds, the Newton matrix MP is nonsingular and
as will be shown later, the directions computed in Step 2 and Step 3 are descent directions for the
objective function. Given that the Jacobian in MP* has full column rank, condition (3.7) holds if and
only if the inertia of the matrix obtained by symmetrizing M is (n + 2m,p +|Z%| + | A}| + | A%, 0),

e ., the matrix has n + 2m positive eigenvalues, p + |Z¥| + |A¥| + | 45| negative eigenvalues and
no zero eigenvalues. The inertia of a symmetric indefinite matrix is readily available from several
linear system solvers that perform an LBLT factorization. Whenever condition (3.7) fails with the
exact Hessian H = V2 f(x), we can employ a common approach used in interior-point methods for
non-convex NLPs of adding to H a multiple of the identity with increasing magnitude until (3.7)
holds (see, e.g., [33, 34]). Note that (3.7) eventually holds with the exact Hessian as long as the
iterates converge to a S-stationary solution of problem (1.6) at which the MPLCC-SOSC holds. Also
note that since the linear systems (3.10) and (3.16) have the same coefficient matrix M*, only one
matrix factorization is needed to compute the step directions at each iteration.

Remark 3.3. The Newton step Az computed in Step 2.1 is not directly used to update the
current iterate 2*. Rather, it is used to compute new dual variable estimates y**! and \¥*1, which
are then used to actually compute trial primal steps Az*7.

Remark 3.4. Our goal for using the working set is to predict the final active set. The optimality
error ||R(z,y,2)||" used to define the working set in (3.1) is a superior error bound in the sense
that if (z,y, z) is close enough to a second-order solution of problem (2.5), this optimality error is
an upper bound on the distance of (x,y,z) to the solution. Therefore, the working set defined by
(3.1) identifies the final active set once the iterates (z*,y*,2*) are sufficiently close to a solution
of problem (2.5) satisfying the SOSC. In this case we can deal with the constraints in the working
set exactly as equality constraints and ignore the constraints outside the working set. Hence, the
Newton equation yields Aazfi = —xf’i (I =0,1,2) for every constraint indexed by ¢ in the working
set.

Unfortunately, the error bound ||R(z,y, 2)||7 may not be valid when the iterates are far from
a solution. In this case the working set may not correspond to the final active set. Hence, we
need to determine which constraints in the working set are likely to be in an optimal active set and
which are not. In Algorithm 3.1, this is done by comparing the values of )\kH and zf , for i € IF

and the values of Af7" and zf; for [ = 1,2 and i € Af,, where AF*1 s the multlpher estimate
computed from (3. 10) The motivation is based on a simple observation that, for example, if xg ;
eventually becomes active, the corresponding dual variable A\ ; will eventually become greater than
or equal to zg;; otherwise, Ag; will eventually become smaller than xg; if strict complementarity
holds. In Algorithm 3.1, the working set Z* is partitioned into two sets: Z* for those indices i
such that /\k+1 < xf; and Z% for those indices i such that /\]g"fl > xf ;. If i € IF, the algorithm
for the moment recognizes z(; as likely to be an active variable and sets Ang = —xlg)i (since
Ang = w(’;’g by (3.16) and (3.6) and wlg’j = —xf; by (3.15)); otherwise, ¢, is considered likely to
be a basic variable and A:vgf = —)\lgfl Note that setting AmO’J = —)\kH is not only important to
our proof in Lemma 3.2 that Az*7 is a descent direction, but it allows a full step to be taken, since
xf, + Ax]&’ =, )\k'H > 0. Also by setting x¢ ; in this manner, it may leave the working set in
the next iteration if )\Oj is very negative.

The situation becomes more complicated when handling the working set for the complementarity
constraints. Those variables in the working set that are outside of the bi-working set are always
considered as likely to be active variables; hence, Newton equations yield Aa:ﬁ’ij = —zf; (1 =1,2)

(see the third and fourth equations in (3.15)). For the bi-working set Alféj , the underlying idea is the
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same as that described above for the nonnegativity constraints except that several cases are needed
when both variables x1,; and acgi in the bi-working set are considered likely to be basic variables
(ie., AF, i < zk 4 and )\2 i < T3 k). Specifically, we cannot allow both z1; and z2,; to become basic
Varlables since Algorlthm 3.1 maintains the feasibility of every iterate. To ensure this, Algorithm 3.1
further compares the values of )\’fjl and /\’2“:171 and defines the sets B;f’j, By, B’;’j and Bg’j in (3.14).

If )\’ffl is less than )\’2“{17 Z9,; is considered more likely to be an active variable than 7 ;; otherwise,
x1,; is chosen. The values for w]f or wé are set in the same manner as that for wg except for two
cases: i € BYT UBEY or i € BYY UBEY. In these cases, the variables that are considered likely to be
active are greater than zero. To guarantee the feasibility of the next iterate, we need to ensure that
these variables are drlven to zero. To this end, given a step size ak g Algorlthm 3.1 computes a step
Azk3 for which AwQ = —z5 7/0(;.37] for i € Bk’] U BEY and Axl = —zf l/a;w for i e BY uBE
(see (3.15)). Hence, if 2**1 = 2% + ;A" is chosen as the next iterate, :c2 LGeBunB ’])
and l‘k+1 (i € BE7 U BE7) are all zero. The other (complementarity) variables in these sets are
considered likely to be basic variables, and we set A:c’ff = f)\]fjl + :rg’i/akd- fori e B{f’j UBg’j and
Amézj = —)\gjl + @ /ay,; fori € Blg’j U Bg’j. This, as will be shown later, guarantees that Az*J
is a descent direction for the objective function. Since Algorithm 3.1 maintains 0 < z¥ L 2% >0
for every k, it follows that x’fl = 0 (respectively, x’ii = 0) if for some j, i € A’f\Alféj (respectively,
i € AK\A%J). Finally, we note that if zy; =0 and z§ ; = 0, the index i could belong to two of the
sets Bl ’J, I =2,...,9. In this case we can simply choose to put ¢ into either of the two sets. This
does not interfere with our analysis.

Remark 3.5. The line search procedure described in Step 3 is a variant of the traditional back-
tracking line search using the Armijo condition (3.18). In particular, as we have seen from Remark
3.4, the step direction Az*7 varies in a specified way as the step size ay,; changes. This guarantees
the feasibility of the generated trial iterate with respect to the complementarity constraints. If the
trial point is feasible, i.e., (3.17) holds, and satisfies the Armijo condition (3.18), it is accepted as
the next iterate. Otherwise, we decrease the working set parameter €, ; by a factor and update the
step size using (3.13). Decreasing ¢, ; avoids the situation that the Armijo condition is rejected due
to an overestimation of the active set. Consequently, .A]lw and AS’J are, respectively, subsets of A¥
and A5 for all j. Those variables outside A7 or A57 but in A¥ or A% are handled in the same way
as are the inequality variables g ; that belong to Z% (see the treatment related to Bk’j Blféj in (3.15)
and (3.14)). In Algorithm 3.1, the step size always starts from one and the update formula (3.13)
tries to shorten a previous step size by a factor § unless the resulting step size is bigger than certain
thresholds. These thresholds ensure that the vector @+ defined by (3.15) is bounded, and hence
that the step direction is bounded. Finally, the feasibility of the iterate with respect to the equality
constraints follows trivially since z° is feasible and AAz*J always equals zero for any k and j.

To simply notation, let

E(];) == EO(xk7y 7Zk;€k,0)a
Ek: — El({Ek yk Zk'€k 0)
3.20 ! 1T TRl
(3:20) E5 = Ex(a", gy, 2Fep0),
E* [ES, EY, BS].

In the remainder of this section, we show that Algorithm 3.1 is well-defined. To this end, we need
the following assumptions.

A1l. Problem (1.6) is feasible.

A2. The MPLCC-LICQ holds on the feasible region of problem (1.6).
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As we have discussed in Remarks 3.4 and 3.5, our line search procedure always maintains the
feasibility of every iterate as long as the starting point z is feasible. Moreover, from Remark 3.2,
under the MPLCC-LICQ, the constraint gradients involved in the Newton matrix MF* are linearly
independent. Since condition (3.7) holds, the next lemma is easy to prove using Sylvester’s law of
inertia and is an immediate consequence of Proposition 2 in [11].

LEMMA 3.1. Under Assumptions A1 and A2, every iterate generated by Algorithm 3.1 is feasible
and the Newton matriz MF* in Step 2.1 of Algorithm 3.1 is nonsingular on each iteration.

This shows that the proposed step directions for each iteration are all computable. The next
lemma shows that these directions are non-ascent directions for the objective function f(z).

LEMMA 3.2. Under Assumptions A1 and A2, the directions Az* and Az*3 (j = 0,1, ...) satisfy

(3.21) Vi T Azk = —(AzF)THE AR <0,
(3.22) Vi(®) T Axkd =V f(a®) T Ak + (5\]“+1)T W < V@) ALk j=0,1,...
k+1 k+1) T T T\ | ekt k+1,5) T Nh+1,5) T k_ (AT pk
Proof. Let €1 = ((y*+1) T, — (W) 1) ghtta — (1) T — (A1) ) Ak = [AT E¥),

. : T
and vk = (OT, (w’”)—r) with 0 € RP. The linear systems (3.10) and (3.16) can be written as

sl 2 T[EA =[] a0

Premultiplying the first block of equations in the first system in (3.23) by (Axk)T and noting the
second block of equations and condition (3.7) yields (3.21). Since M¥ is nonsingular, we can write

1

S R A N A B ity

and

Az = —BVf(z*) + Cv*I = A¥ + Cu.
Hence,
(3.24) V()T Ackd = Vf(a*)T Axk 4+ V f(a*)T Ok

= V()T Azk — (€F+1)Tokd,
which implies the equality in (3.22).
Moreover, according to the definition (3.15) of @® 7, we have from (3.24) that
—(EH)Tpkd = (B Thd = —% Aktlxo . ()\k+1)2
- ZieB’f*f (Alfrlxl i )‘k+1$2 1)
- Ziezs’;duzsg’f (/\Stl)
~ Yieshouss ((W)Q e (B - e
zEBk JuBkd ( )
((Wl A LR )
- ZieB"’ J )‘]f i 1x’f,z ZzeB" J ()‘k+1)2
ZzeB* J /\2 Lo ZzeBk J (/\]511) :

(3.25)
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From the definitions of 7%, Z% and Blk’j (l=1,...,13) given by (3.12) and (3.14), it follows that

Mot ah s > (b )2, vieth,

Mtk > (af ) and N§'ah, > ()2, Vie By,

At > ATt vi € B,

(3.26) ;’gf > af; > af (= 0) > M vi € ng,
i > A2 Vi e Bg”,

AT > ab > 2k (= 0) > AET, Vi € B,

ATl > (ah )2, Vi e B,

Ns Tk, > (a5 ,)%, Vie By

Hence, every summation term in the right hand side of (3.25) is nonnegative and thus, it follows
that Vf(zF)T Az < Vf(2F)TAzF <0.0

LEMMA 3.3. Under Assumptions A1 and A2, Ax*7 is a descent direction for f(x) at x*; i.e., if
Algorithm 8.1 does not terminate at iteration k, V f(x¥)T Ax* < 0 and Vf(2*)T AzkI < 0 for every
j and k. Moreover, the line search step in Algorithm 3.1 is well-defined, i.e., a step size satisfying
(3.17) and (3.18) can always be found in Step 3.

Proof. Suppose V f(x*)T Ax*J = 0 for some iteration k and j. By (3.26) every summation term
in the right hand side of (3.25) is nonnegative. Since Axz* € S¥ by (3.10), Ax* satisfies condition
(3.7). Consequently, we obtain from (3.21), (3.25) and (3.14) that:

(al) : V (") A2k = 0= (A2 THF AP = 0= Aab =0,
(a2): Y Mt'ag, = 0and AT > af,, Vie TF = \H >0, of, =0, Vi € T;

i€k
(@3): > (MEH?=0= At =0, Vie T,
ieTk
. k+1, k k+1,k \ _ k+1 k k+1 k ; k,j
(ad) : Z ()‘171 Ty, + Ay a5 ,;) =0 and Al 221 Agy = @9y, Vi€ B
ieBrI

= Mt >0, 2, =0, \it1 >0, b, =0, Vie B
2 _ _
(ab) : Z (,\’2“;1) =0 and )\’fjl > ‘T]f,iv Vi € BE
i€B7

(@6): S (M =0and NI < N <ok, =0, Vie BY = B = 0,

ieBkd
. k+1)2 1 k+1 k+1\ .k _ k+1 k+1 k . k,j
(a7) : Z (O‘l,i ) + o ()‘2,1‘ — Al )9522) =0and A7} < A5;" <wg;, Vi€ By
— kg
1€B,

= M =0, ATt =0, vie By

) k+1)2 1 k+1 k1) .k _
(a8) : Z (()\171- )+ — (A5F = Al )x22> =0 and
. k,j akv]
1€By
)\lfjl < x’fl =0< m’ﬁl < )\ﬁl, Vie BF = BE =,
9 . .
(a9) : Z (/\]fjl) =0 and )\]2“:;'1 > xgﬂ;, Vi e Blg’]

i€ByY
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= M =0, MT' >0, 25, =0, Vie By,

(a10): > (A’fjlf =0and Tt < M <ab, =0, Vie BY = By = 0;

i€Bkd
_ k4142 Lok ks ok ) k1 _ k41 _ & ok
(a11): > <()\2,i )+ o (AFET — A5t )xu) =0and A5T' < AT < af,, Vi e Bg
" 3]
ieBkd

= M =0, ATt =0, vie By

) k+1)2 1 k+1 k+1) .k _
(al2) : Z (()\2,1- )+ e (AT =25t )x12> =0 and
ieBE "
MNtt<ab, =0<ab, <A, Vie By' = By = 0;
(a13): Y Mi'al, =0and 2}, <M, Vie BY = Mt >0, of, =0, Vi e BYy;
i€Bry
k+1)2 k+1 ; k.j.
(a14): > (AW =0= A1 =0, vie By
i€BrI
( 15) : Z )\k-‘rl kE d k k+1 . k.j )\k—‘rl k. _ . k,j.
alb) : 9; To;=0and zg; <A77, Vi€ By = Ay >0, 23, =0, Vi € Bj3;
ieBly
2 , ;
(al6): Y (M) =0=M1"'=0, VieB.

ieBry

Note that from (al3) and (al5) we know Bry = BFy = () since otherwise BYy C A, («%) € AP
and By C Ay(a¥) € A57 contradicting the definitions of By and By, respectively. Moreover,
since A (z%) € AP and As(z*) C A57, we have 2§ ; > o, = 0fori € A}/\AYY and 2}, > 25, =0
fori e Ag’j \Alf’Zj . On the other hand, all the multipliers in A**! for which the corresponding primal
iterates are not in the working set are set to zero according to Step 2.1 of Algorithm 3.1.

Summarizing all the results above, we obtain that

k+1 k+1\ Tk k+1 yk+1 . kj. yk+1 _ . k.j.
=05 (AT @g =03 ATTLAST >0, Vie AT AT =0, Vie A\ATY;

NTE =0, Vi e ANASY; MTlat, =0, Vie AT NTak =0, vie AS7.
In view of the fact that A;(z*) C A% and Ay(2*) C A5, we further obtain that

AL NSTY >0, Vi€ App(aF); AT =0, Vi € A\AL(2¥); AT =0, Vi € A\Ay(2").

1,4

Hence, substituting Az* = 0 into the first equation of (3.10), we conclude from Definition 2.4 that
2% is a S-stationary point of problem (1.6) with the unique multiplier vector (y**1 A¥*1). This
means that Algorithm 3.1 should have been terminated in Step 2.2. Therefore, we always have
Vf(z*) T Azk3 < 0 for every j if the algorithm does not stop at Step 2.2 on iteration k.

Now we consider the second part of the lemma. Suppose at some iteration k, a step size satisfying

(3.17) and (3.18) cannot be found. Thus, by Step 3.4 of Algorithm 3.1, parameters ey, ; are eventually
driven to zero as j increases. As a consequence, the working sets A]f’j and A’;J eventually become
the active sets Ay (z*) and A (z¥), respectively. Therefore, the sets defined in (3.14) and the vectors
@k given by (3.15) are eventually fixed. This means that the step directions Az*J are fixed for
all large enough j. Let Az*J = AzF for such j. Clearly, it follows from (3.15) and (3.14) that
Ao’c’&i >0, Vi€ Z(zb), Ag’c’ii >0, Vi € A;(2*) and Aﬁc’ii >0, Vi € Ag(a*). Hence, thereisa @ > 0
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such that ¥ + aAz¥ > 0 for all a € (0,a]. Moreover, since V f(z*)T Az* < 0 as shown above and
f(x) is continuously differentiable, there is a & > 0 with & < & such that for any « € (0, 4],

@+ anz®) < f(2¥) + oaVf(a*) T AZE.

Hence, violation of (3.17) and (3.18) implies that as; > & for all j large enough. On the other
hand, since AP = A;(2%) and AS7 = A,(2*) eventually, we know from (3.13) and the definition
(3.11) of y** that oy ; = Bag,j—1 for all large enough j. This implies that the step sizes ay ; tend
to zero in the limit. Hence, we get a contradiction. O

So far we have established that under Assumptions Al and A2, at every iteration Algorithm 3.1
either terminates at Step 2.2 with a S-stationary point to problem (1.6), or readily generates the next
iterate and continues on to the next iteration. In particular, we have shown that the Newton matrix
MF is always non-singular, all step directions are computable and the line search is well-defined. To
conclude, we have

ProPOSITION 3.4. Under Assumptions A1 and A2, Algorithm 3.1 is well defined.

4. Global convergence to B-stationarity. In this section we show that the iterates gener-
ated by Algorithm 3.1 converge to a S-stationary solution, and hence, under the MPLCC-LICQ), to
a B-stationary solution of problem (1.6). In particular, we only consider the case that Algorithm
3.1 generates an infinite sequence of iterates as otherwise a B-stationary point is found in a finite
number of steps. The next two assumptions are used in our analysis.

A3. The level set {x € R" 2™ |f(z) < f(2%)} is bounded on the feasible region of problem (1.6).

A4. The sequence {H*} of Hessian estimates is bounded and there exists a u > 0 such that for
all k, d"H*d > p||d||?, Vd € S*.

Since Algorithm 3.1 is a descent algorithm and f(x) is continuously differentiable, Assumption
A3 guarantees that the generated iterates are bounded and hence an accumulation point exists.
Assumption A4, which can be ensured by careful modifications to the exact Hessian, ensures that
the sequence {H*} is uniformly positive definite on the null space defined by S*. This will be used
to show that the Newton system is nonsingular in the limit.

LEMMA 4.1. Under Assumptions A1, A2 and A3, there is a € > 0 such that ey = €, = € for
all large enough k.

Proof. Suppose {e;} tends to zero as k increases. Then by Step 1.1 of Algorithm 3.1, there is
an infinite index set K on which the matrix [AT, E(z*, y*, 2¥; )] does not have full column rank.
Since the iterates z¥ are bounded by Assumption A3 and Z and A are finite sets, there is an infinite
index set K C K such that {xk} — 7 and the sets Z%, A¥ and A} defined by (3.9) are fixed for
all k € K. Suppose they are 7, A1 and Ag, respectively. Since z* are all feasible, 7 is also feasible.
Since {e} — 0, it follows from (3.1) that 7 C Z(z), A; C Ay(z) and Ay C As(Z). Hence, we have
found a feasible point  for which the gradients of equality constraints and a set of active inequality
and complementarity constraints respectively in 7 and A; and A, are linearly dependent. This
contradicts Assumption A2. Thus, €, = & for some & > 0 and all k large enough. This implies that
matrix [AT, E¥] eventually has full column rank by Step 1.1 of Algorithm 3.1, where E¥ is defined
n (3.20). Hence, €i,0 = ¢ = € for all k large enough. 0

LEMMA 4.2. Under Assumptions Al-AJ, the sequences {x*}, {|[(M*)7L||}, {Azk, ¢+ Ak+1Y
{2FY and {Axkd yk 13 \FHLIY for all § are bounded.

Proof. Suppose there exists an infinite index set K such that the sequence {||(M*)~1||} tends
to infinity as k € K tends to infinity. Since the iterates z* are bounded by Assumption A3 and
the sets Z and A are finite, there exists an infinite index set K C K such that {z¥}¢ — Z and the
working sets IF, A} and Ak defined by (3.9) are fixed for all k € K. Suppose they are 7, Ay and
AQ, respectlvely. Moreover, the Jacobian matrix E* defined in (3.20) and the set S* are also fixed
for all k € K. Denote them by E and S, respectively. By Assumption A4, there is an infinite index
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set K C K such that H¥ — H as k € K — oco. Hence,

H AT —E
(4.1) My =M= 4 0 0
E 0 0

By Assumption A4, we have d' Hd > pl|d||? for all d € S, i.e., for all d € R"T2™ such that Ad = 0
and ETd = 0. Since the columns of [AT, E] are independent by arguments similar to those used in
the proof of Lemma 3.1, we know that M is nonsingular. Hence, it follows that {(M*)™1} . — M~1.
This contradicts the assumption that {||(M*)~!|}x — oco. Hence, the sequence {MF*} is uniformly
nonsingular.

The boundedness of {z*} implies the right hand side of (3.10) is bounded. Hence, the so-
lution sequence {Az¥,y*+1 A +11 is bounded. Moreover, we have from (3.13) that for any j,
o Jan; <P, Vie A7 and ahJan; <P, Vie AL where {4} is bounded because of
the boundedness of {z*} and (3.11). Hence, we know from (3.15) that {w*7} is bounded and thus
the right hand side of (3.16) is bounded for all j. This together with the uniform non-singularity of
{MPF*} imply that the sequence { Az y*+1.3 \F+1.7} is bounded for all j.

By the second equation in (3.19), {z5} is bounded above by z'® > 0. Hence, we have from the
boundedness of {\*} and {z*} and (3.19) that {2*} is bounded as well. O

LEMMA 4.3. Suppose Assumptions A1-A4 hold. If there is an infinite index set KC associated with
a sequence of indexes {ji}xc such that min{||R(z*,y*, 2%)||", 4 5.} > & for some &€ > 0 and all k € K
and {Vf(x*)T AxFIr} — 0 as k € K — oo, then any limit point of the sequence {(x*, y*+1 N\k+1)1
satisfies the S-stationarity conditions for problem (1.6).

Proof. First note that {(z*,y**1 A**1)}x is bounded by Assumption A3 and Lemma 4.2.
Assume to the contrary that for some infinite index set K C IC, {(z*,y**1, \s¥1) e — (7,7, \), but
(Z,7,\) does not satisfy the S-stationarity conditions for problem (1.6). Due to the boundedness of
{Az*} by Lemma 4.2 and the boundedness {#*} by Assumption A4, there exists an infinite index
set K C K such that {H*} — H and {Az*} — AZ as k € K — oo. Since the sets Z and A are
finite, there exists an infinite index set K C K such that Z%, 7% IF, Af, Ak, Alf’j’“, A’;j’“, A]f’gjk
and By7* (1=1,...,13) are all fixed for all k € K. Suppose they are Z, T_, T, Ay, Ay, A1, Ay, Ajs
and B; (I =1,...,13), respectively.

From (3.10) we have AxF € Sk, Hence, by Assumption A4 and Lemma 3.2, it follows that
V(@R T Azkde < —pl|Ax¥||? for all k. By (3.26) the summation terms in the right hand side of
(3.25) are all nonnegative. Since {V f(z*)T Az*J*}. — 0, similarly to the analysis in Lemma 3.3,

letting k € K — oo in (3.25) and using the definitions of B; (I =1, ...,13) given in (3.14) yields that:

): Az =0

)t Aoy > To =0, Viely;

):Xoi=0,VieI_;
): 5\1’1- > 21, =0, and 5\271- > %, =0, Vi € By;
): /_\271' =0 and /_\171' >Z1,=0, Vie Ba;

b6) : 71, =0and A\ ; > Ao; =0, Vi € B;
)i =0and To; > \o; =0, Vi € By;
): /_\1’1- =0 and 5\2’1- > T, =0, Vi € Bs;
): /_\171' =0 and /_\271- > T, =0, Vie Bs;
):Z2;=0and Aa; > A1 ; =0, Vi € Br;
)i A2 =0and Z1; > A1 ; =0, Vi € Bg;
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(b12) : ;\271- =0 and ;\171- >Z1,=0, Vie Bo;
(b13) : A1,; > &1 =0, Vi € Bio;

(b14) : &1 > A1 =0, Vi € Biy;

(b15) : /_\271- >y, =0, Vie Bia;

(b16)

tZo > 5\2,,' =0, Vi € Bis.
By Step 2.1 of Algorithm 3.1, Ag; = 0 for s € Z\Z. This together with (b2) and (b3) imply
(4.2) Xo >0, (Ro) Zo=0.
From (b4) — (b12) we have
(4.3) Ais A2 >0, Mii@1,; =0, Apia; =0, Vi € Ao,

Since min{||R(z"*,y*, 2¥)||7,e}.5,} > € for all k € K, it follows that Z;; > & for all i € A\A;
and hence for all i € /ll\./il and Tp,; > € for all ¢ € A\Ag and hence for all ¢ € Ag\flg. Since
By C fh\/ll and Elg_g flg\/lQ, we have from (b13) and (b15) that 5:10 = By = (. Hence, (b14)
and (b16) imply that A\;; = 0 for i € A1\ A; and \y; = 0 for i € A3\ Az. Moreover, by Step 2.1 of
Algorithm 3.1, A; ; = 0 for ¢ € A\ A; and A2 ; = 0 for ¢ € A\ A2. Hence,

(44) ;\1,i =0, Vi € A\Al; ;\271 =0, Vi € A\Ag

Since min{||R(z*, y*, 2*)||", 4 5, } > &, we have from (3.1) that Zo; > & for i € A \Ap and 7, ; > &
for 7 € AQ\AlQ. Moreover, since Algorithm 3.1 maintains the feasibility of every iterate, it follows
that Z1 ;Z2,; = 0 for every ¢ € A and hence that 7, ; = 0 for i € fll\Alz and Zo; =0 fori € Ag\/llg.
This together with (4.3) imply

(45) /_\171'@171' =0, Vi € Al; /_\Qﬂ'fg’i =0, Vi € AQ.
Since A; (%) C A; and Ay(Z) C Ay, we obtain from (4.2)-(4.5) that
(46) 5\1’1', 5\277; Z 0, VZ S ./412(52); 5\111' ES 0, VZ S A\Al ((f), 5\271' = O, VZ S A\AQ((f)

Finally, since Az = 0, letting k € K — oo in the first equation of (3.10) yields V,£(Z,7,\) = 0.
Combining this with (4.2) and (4.6) shows that (7,7, \) satisfies S-stationarity. This is a contradic-
tion. O

LEMMA 4.4. For any infinite index set K and any associated index set {ji}i, {ex 3,k — 0 if
and only if {ay, 5, }x — 0.

Proof. We have from (3.13) that oy ; > 3’ for any j. Hence, if {oy ;, }x — 0, it follows that
{Jx}xc — oo. Since ey ; = /ey o for any j, we have {g; 5, }x — 0. A

Suppose {&j, 5, }x — 0. Since 5,0 = & > 0 for all k large enough by Lemma 4.1 and ey ; = /¢y 0

max

for all j, it follows that {j;}x — oo. By (3.11) we have 7" > ~ > 1 for every k. By the definitions
of A¥7 and A5 it follows that for any j, af ;< epy, Vi€ Allw and af ; < ey j, Vi € A7, Hence,
Ekyj = TN/, Vi€ A¥T and ey, ; > zh e, Vi e AFJ . This together with (3.13) imply that

ag,; < max{fBax j_1,¢cx, - Hence, it follows that

max{ey j,ar;} < max{fagj_1,¢k,;}
= max{fBoy j_1,vek -1}
< max{f, v} max{ok,j—1,6k,j-1}
< max{f, 7} max{a,0,ck,0}-
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This implies {ey, j, }x — 0 as v, 3 € (0,1) and {ji}x — oc. O

LEMMA 4.5. Suppose Assumptions A1-A4 hold. If there is an infinite index set K such that
|R(zk, y*, 2F)||" > & for some é > 0 and all k € K, then there exists a & > 0 such that for all k € K
large enough, all j and all a € (0,a], (i) zk+alz? >0, (i) Z—i—ozAxl’J >0, Vi e A\(BYIUBEY),
and (iii) x5 ; + an2 7 >0, Vie A\(BS7 UBET).

Proof. Let € be defined as in Lemma 4.1. From the definitions of Z* , A¥ and A%, we have that
for all k£ € IC large enough,

xf; > min{é, e}, Vi € I\T¥; 2f ; > min{é, e}, Vi € A\A}; 25, > min{é, e}, Vi € A\AS.

Since {Az*7}x are bounded for all j by Lemma 4.2, there is a & > 0 such that for all k¥ € K large
enough, all j and all « € (0, a],

xf; + anO’J >0, Vi € I\T%; o, + anl’J >0, Vi e A\A}; 25, + OéAxl’J >0, Vi € A\A5.

On the other hand, it follows from (3.16) that for any j, Axg = wo 7, Vi eIk, Aml = wl’j Vi €
A¥ and szf = w2 7, Vi € A%, Hence, we have from (3.15) that for any j:

(c1): AxO’J —xlgi, Vie Ik, (c2): Ax]gz] = )\kH —wa Vi € IF;
(e3) : Aal = —ak,, Vie (APIN\AYY) UBYT UBYT UBYT LB

(cd) : Aahl = —ak . Vie (AS\AYY) UBYI UBET LB LB

(¢b) : Agcl’] “MNT > —al, vie BEI U BET U B,

(c6) : Aah! = —\ETH > —ab Wi e BSY UBYT UBY,

(c7) : Aal = =N 42k Jag ;> =M > —al ) vie By U B

(

c8) : AxQ’J = —)\gjl +af oy > —)\gjl > —ak,, Vi€ By U BE.
Now the result follows immediately. O

LEMMA 4.6. Suppose Assumptions A1-A/4 hold. If there is an infinite index set K such that (i)
|R(zk, y*, 2F)||" > & for some é > 0 and all k € K, and (ii) {ex;,} — 0 as k € K — oo, where
Jk is the index for which conditions (3.17) and (3.18) in Step 3.4 of Algorithm 3.1 are satisfied
at iteration k, then any limit point of the sequence {(z*,y*+ \F+1)}x satisfies the S-stationarity
conditions for problem (1.6).

Proof. First note that {(z*,y**, A¥*1)} ¢ is bounded by Lemma 4.2. Since {e;, }x — 0, we
have {j}x — oo and from Lemma 4.4 that {ay j, }x — 0. Suppose there exists an infinite index
set IC C K such that {(z*, y*T1 Nt} e — (2,7, \), but (Z,7, \) does not satisfy the S-stationarity
conditions for problem (1.6). Let

T= %min {€,6,min{Z,;, i € A\NAL(Z)}, min{Z2,;, i € A\A(T)}},

where € is given by Lemma 4.1. Tt is obvious that 7 > 0. Let Ik be the first index of the sequence
j = 0,1,... for which e ; < 7. Clearly, jr < ji for all k& € K large enough as {jk},@ — 00
and €k = VEkj, > VT since €k, > T Therefore, we have 7 > ke = VEE > vT as
€k,0 =€ > 7 by Lemma 4.1. Clearly, by (3.13) there is an index j such that j, < 7 and o5, = ¥
for all k € K. Also, since € > 7 > €}.j,+ it follows that .A]f’j’“ = A1 (2), A’;ﬁ’“ = Ay(Z) and
Ak’j’“ Ay2(z) for all k € K large enough. Since (Z,7,A) does not satisfy the S-stationarity
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conditions and min{||R(z*,y*, 2*)[|", ;. 5 } > v7, we conclude from Lemma 4.3 that there is a p > 0
such that V f(z%)T Azk v < —p for all k € K.

Since {Aack’;k} is bounded by Lemma 4.2 and 7 and A are finite sets, there exists an infinite index
set K C K such that {Azki*} — Az and TF, 7, Ak, A5, Al psds - gk nd Bf’i"' (1=1,..,13)
are all fixed on K. Suppose they are Z_, 7, Ay, Az, Ay, As, A1 and B, (I =1, ..., 13), respectively.
Clearly, we have Vf(Z)TAZ < —p. Let & € (0,1). Due to the continuous differentiability of f(x),

by standard arguments used for the Armijo condition (3.18), one can show that for all small enough
a >0,

(4.7) f(Z 4 aAD) < f(Z) +5aVF(E) AZ < f(Z) +0aVF(E) AZ — a(d — o)p.

Let & € (0, min{a, ,6’3}), where & is given by Lemma 4.5, such that for all o € [3¢, 4], inequality
(4.7) holds. Since {aj, }g — 0, it follows that oy j, < Ba for all k£ € K large enough. By (3.13),
there is an index ji for every large enough k € K such that a4 ;, belongs to the region [B&, &
and the line search conditions (3.17) and (3.18) fail to hold for these jj. Since a5 2 Bi >
& > oy, it follows that j. < j < jr. Since {oy ;, }z is bounded below by (&, we obtain by
Lemma 4.4 that {5k,jk};€ is bounded below by a strictly positive scalar. This implies that there
is an index j such that jp < j and thus, ¢, ;, > 17/¢ for all k € K large enough. Moreover, since
kg < VIE < pivg = €45, < T, we have from the definition of 7 that A]f’j’“ = A = A1 (Z),
A’;ﬁ = A, = Ao (z) and .A]féj’“ = A5 = Aq2(Z) for all k € K large enough. Hence, in view of (3.14),
we know Blk’i"' = Blk’j’“ =B (l=1,..,13) forall k € K large enough. On the other hand, according

to (3.153), the elements in wkk and whJ* are identical except for those belonging to B;, | = 4,5,8,9.
Since By C A1z = A12() (I = 4,5,8,9) and the sequences {ay 3, } and {ay, 5 } are bounded below

by Bé& on K, we obtain from (3.15) that as k € K — oo,

: ki _ 7 Ejk _ Y : ke _ gk _ ; 23 3.

limew) /" =limw ;" = —A1;, limw,/* =limwy;* =0, Vi € By U Bs;

lim o7 = limwf7* = —Xp s, limw7* = lim @™ =0, Vi € BsUB
2, 2,4 2,05 1,0 1,8 ) 8 9-

Therefore, we have proved lim whir = limwkJ* as k € K — oo. This together with the linear
system (3.16) confirms {Az"I*} e — Az.
From (3.16) and (3.15) we have

kjgr _ __kjk _ k - : k. k.
Axyi* = wy)t = —w5 /ey, Vi€ Bt UBy,

N

Nabls = it = ok oy s Vi€ By U BRI,
Therefore, it follows that
ok gz, Aahl =0, Vie By UBET b gz Aab =0, Vi€ BYTY UBEE.
Since oy, j, € [Bd, a] for all k € K large enough, there exists an infinite i{ldex set K C K such that
{ag ;. g — @& for some & € [B&,a]. Then since oy, 5, < & < & for k € K, we obtain from Lemma

4.5 that =¥ 4 ak&kAxk’;k > 0 for all k € K large enough. On the other hand, by the continuity
of f(z) and Vf(x) and the fact that {ay j, }g — & € [3&,a] and {Az*7*} e — AZ, we have from
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(4.7) that for all k € K large enough,

fzF + ozkjkAo:k’%’“) — f(a¥) — crozkjka(xk)TAmk’jk
= f(a*+ akaAxk’jk) — f(@+alnz) — f(z*) + f(2)
—0 (ozkjka(xk)TAxk’jk - &Vf(f)TA:E)
+f(z 4+ anz) — f(z) — oaVf(z) Az
(4.8) — (@ +anz) - f(7) - 0aVf(z) AT
+0 (H(m -, Agkde — Ax, o5, — oz)H)

< a(afa)erO(H(x — &, Azkiv — Az O‘kgk*d)H)
< 0.
Consequently, we have proved that conditions (3.17) and (3.18) hold with index j; for all k € K
large enough. Therefore, from Step 3.4 of Algorithm 3.1, we know that ]k =jy for all k € K large
enough. Thus, the sequence {ey j, } = is bounded away from Z€ero as £y 5, > iz for all k € K large
enough. This contradicts the assumption that {e j, }x — 0, where K 2 IC. 0

LEMMA 4.7. Suppose Assumptions A1-A4 hold. If there is an infinite index set K such that
{IR(*, %, 2F)|} — 0 as k € K — oo, any limit points of the sequences {(z*,y*,2*)}x and
{(z*, 4%, \¥) Y satisfy the KKT conditions for problem (2.5) and the S-stationarity conditions for
problem (1.6), respectively.

Proof. First, by Lemma 4.2, the bequence {xF gk, 2F /\k} is uniformly bounded. Suppose for
some infinite index set K C K, {zF y¥, ¥ A} — (x 7,%Z,A\) as k € K — oo. Clearly, (z,7,2)
satisfies the KKT conditions (2.6) since ||R( )|| is the KKT error for problem (2.5). On the other
hand, it follows from (3.19) that Ao = 20, 21 = M + Z3@2 and Zz = Ay + Z3%;. Hence, we obtain from
Proposition 2.8 that x is a S-stationary point of problem (1.6) with multipliers  and . O

Now we are ready to state the global convergence properties of Algorithm 3.1. We ignore the
case that Algorithm 3.1 stops with a S-stationary point in a finite number of iterations.

THEOREM 4.8. Suppose Assumptions A1-Aj hold and Algorithm 3.1 generates an infinite
sequence of iterates. Then any limit point of either the sequence {x*, y* A\*¥} or the sequence
{aF, yF 1 N satisfies the S-stationarity conditions for problem (1.6).

Proof. First note that the sequence {z*,4*, z¥ A\*} is uniformly bounded by Lemma 4.2. Con-
sider any infinite index set K on which {2¥} — &, {(y*,\*)} — (g, A) and {(y*+1, AF1)} — (5, X)
as k € K — oo. There are two cases to consider.

Case 1. There is an infinite index set K C K such that |R(z*,y*, 2%)||" > é for some & > 0 and
all k € K large enough. There are two subcases.

Case 1.1. There is an infinite index set K C K such that €k,j, > € for some € > 0 and all k € K
large enough. Then it follows from Lemma 4.4 that oy ;, > & for some & > 0 and all k£ € K large
enough. Assumption A3 and the continuous differentiability of f(x) imply that f(x) is bounded
below on the feasible region of problem (1.6). Therefore, we know from the Armijo condition (3.18)
that {Vf(zF)T Az*7*} — 0 as k € K — oo. Hence, it follows from Lemma 4.3 that (7,7, \) satisfies
the S-stationarity conditions for problem (1.6).

Case 1.2. There is an infinite index set K C K such that {5, ;,} — 0 as k € K — oo. Then it
follows from Lemma 4.6 that (Z,9,\) satisfies the S-stationarity conditions for problem (1.6).

Case 2. There is an infinite index set X C K such that {||R(z*,y*,2%)||} — 0 as k € K — oo.
We know from Lemma 4.7 that (Z,§j, A) satisfies the S-stationarity conditions for problem (1.6). O

5. Quadratic local convergence. In this section, we assume that Algorithm 3.1 generates
an infinite sequence of iterates and for some infinite index set K, {z*} — x*, {(y*,\¥)} — (g, )
and {(y**1, \ET1)) — (9, ) as k € K — co. By Theorem 4.8, x* is a S-stationary point of problem
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(1.6). Under Assumption A2, there is a unique multiplier vector (y*, A*) associated with z*. Again
we have from Theorem 4.8 that either (7,A) = (y*, A\*) or (,A\) = (y*,A\*). To establish the fast
local convergence of Algorithm 3.1, we need the following assumptions in addition to A1-A4.

A5. The MPLCC-SOSC hold at x* — see Definition 2.6.

AG6. Strict complementarity holds at (z*,y*, \*) — see Definition 2.7.

Assumptions A5 and A6 are usually required to prove fast local convergence of NLP based
algorithms. In our case Assumption A5 has two purposes. First, it allows the KKT error |R(z,y, 2)||
to properly measure the distance from a nearby point to the solution. On the other hand, it
guarantees that the exact Hessian can be eventually used without any modification by Algorithm
3.1. Moreover, in order for the final active set to be correctly identified using the error bound

IR (z,y, 2)||", we need the parameter z5** in Algorithm 3.1 to be chosen large enough so that

A A5,
(5.1) 25" > 25 = min {0, — i€ AL\ A (e7); — i Ag(x*)\Alg(x*)} :

*
2, 1,2

Similarly to NLPs, a first-order solution of problem (1.6) is a strict local optimal solution under
the MPLCC-SOSC and strict complementarity. This result can be proved in a straightforward way
using the stability results in [29]. The next result is an easy consequence of the strict local optimality
of z*.

LEMMA 5.1. Under Assumptions A1-A6, x* is an isolated accumulation point of the sequence
{x*} generated by Algorithm 3.1.

Proof. First it follows from Theorem 7 in [30] that under Assumptions A5 and A6, z* is a strict
local minimizer of problem (1.6). This implies that there is a small neighborhood of z* in which
there are no other first-order solutions to problem (1.6). Since by Theorem 4.8 any accumulation
point of z¥ is a first-order solution to problem (1.6), the result follows immediately. 0

The original version of the next result is from [19]. Here we cite a slightly different version given
by Proposition 5.4 in [18].

PROPOSITION 5.2. Assume that w* € R is an isolated accumulation point of a sequence {w*} C
Rt such that for every subsequence {w*}g converging to w*, there is an infinite index set KcCKk
such that {||w** — w¥||}x — 0. Then the whole sequence {w*} converges to w*.

Let 2§ = A} + z5z5 and 25 = A5 + zi27. Clearly, «* is a KKT point of problem (2.5) and
(y*, 2*) is an associated multiplier vector. The next result shows that the sequence {(z*,y*, 2% A\¥)}
converges to (¥, y*, z*, \*).

LEMMA 5.3. Suppose Assumptions A1-A6 and (5.1) hold. If there exists an infinite index set
K C K such that T(z*) C IF, A;(z*) C A¥ and Ax(x*) C A5 for all k € K, then the entire sequence
{(z®, 9%, 2% M)} converges to (zF,y*, 2%, \*).

Proof. Since {H*} is bounded by Assumption A4 and Z and A are finite sets, there exists an
infinite index set K C K such that {H*}z — H and ZF, TF, Tk A¥, Ak, ApTe - ABIs AFI* and

l’z’ll”’“ (I = 1,...,13) are all fixed on K. Suppose they are _f, I, 14, :le, Ay, Ay, Ay, Aio and
B (1=1,...,13), respectively. Let E = [eg;,7 € I; e1,,i € A1; €24, € Ag]. Consider the following
linear system in (d,, dy, d»)

de +ATdy *EdA - *Vf(l’*%
(5.2) Ad, = 0,
ETd, = 0.

Since Z(z*) C IF, Ai(x*) C Af and Ay(2*) C A5 for all k € K, it follows from (2.2), (2.3) and
(2.4) that (0, y*, ET)\*) is a solution of (5.2). On the other hand, by Step 1.1 of Algorithm 3.1 and

Assumption A2, [AT, E] has full column rank. Assumption A4 implies that H is positive definite on
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the null space of [AT, E]". Therefore, similarly to Lemma 3.1, we conclude that the matrix in (5.2) is
nonsingular and thus (5.2) has the unique solution (0, y*, ETA\*). By continuity, taking limit in (3.10)
as k € K — oo yields (5.2). In particular, {(Az",y*+1, ETAM 1)} e — (0,y*, ETA*). Notice that by
Step 2.1 of Algorithm 3.1, the multipliers in A**! for which the corresponding primal variables are
not in the working set are set to zero. Hence, it follows that {(Az", y* T AFF 1) e — (0,y*, A*).
Now we show {w®Jr} . — 0. First it follows from (3.15) that {wo’“},C — —aj,, Vi€ Iy and

{wo T }e — —Ab, Vi € I_. From the definition of Z¥ and 7%, we know zf; < Aj; for i € I and
x5, = Ap,; fori € 7Z_. This together with the complementarlty condition imply that zg, = 0 for
i €Zy and N}, = 0 for i € Z_. Hence, it follows that {cg’*}¢ — 0. Since every 2" is feasible to
problem (1.6), we have from (3.15) that for all k € K, wk Je 7:c’f’i =0, Vi e A\ A5 and w’;f’“ =
—ak, =0, Vie Ao\ Ay, Since i <A1, Vi€ By and m§ < A3, Vi € Big in view of (3.14), we
obtain from (3.15) and the complementarity condition that {wl’]" e — —z7, =0, Vi € Bio and
{wQ’j’v},C -3, =0, Vi € Bia. Also from (3.15), it follows that {wl’j’“},@ — =}, Vi€ B
and {wQ’]’“ }e — —Ab,, Vi € Bis. Now we show A, = 0, Vi € By1. Notice that by the definition
of BJ/* we have x’ii > ek, > 0, Vi € By1. Since every z* is feasible, we have :1c§z =0, Vi € By1.
Hence, if x* 5 =0 for some i € Biy, it follows that i € Ajz(x*). This together with Definition 2.4 of
S- statlonarlty implies that A} ; > 0. However, the definition of Blij" implies A} ; < a7 ;, Vi € Bi1.
Hence, it follows that A} = 0 On the other hand, if 7 - > 0 for some i € By1, we have from the
complementarity condition that /\* - = 0. Therefore, we obtain {w]ff’“},C — A1, =0, Vie Bi;. In
the same way we can derive {w2 z’“},C — A5, =0, Vi € B3 as well. There are two cases to analyze
the behavior of the remaining elements of w’“ Jk

Case 1. {apj, g — 0. Then it follows from Lemma 4.4 that {ey;, }¢ — 0. This implies
A1 C Ay (z%) and Ay C Ay(2*). Strict complementarity (Assumption A6) gives that Al >27,=0
and A3, >3, =0foralli € Aqs. Therefore, if follows from (3.14) that By = Apz and B, = 0, 1=

.,9. Hence, we have from (3.15) that {wl’]"},C — x7,; = 0 and {wQ’J"},@ — x5, = 0 for all
7 G Ul_l,...,9Bl

Case 2. ay,j, > & for some & > 0 and all k € K. Since f(z) is bounded below on the feasible
region of problem (1.6) by Assumption A3, it follows from (3.18) that {V f(z*)T AzkJr} . — 0. By
following the same analysis as in the proof of Lemma 4.3, we obtain relations (b5)-(b12) with Z and
A in them replaced by z* and \*, respectively. Hence, it follows from (3.15) that {w]ff" }e — 0and
{wQ’j’“} — 0foralli € ByUBy UBsUBgUBy. If ByUBs # 0, for any i € B4 U Bs, it follows from
(3. 14) and (b7) and (b8) in the proof of Lemma 4.3 that 27 ; = 0 and A} ; = 0. This contradicts the
strict complementarity assumption. Hence, B4 U Bs = (). Similarly, we can obtain Bg U By = = 0.

Summarizing the results above, we conclude that {7} & — 0. Therefore, letting & € K — oo,
(3.10) and (3.16) attain the same limit (5.2). Thus, {Az*J*}. — 0. By Lemma 5.1, 2* is an
isolated accumulation point of {z*}. Hence, we have from Proposition 5.2 that the whole sequence
{z*} converges to x*. Under the MPLCC-LICQ, (y*, \*) is the unique multiplier vector associated
with 2*. By Theorem 4.8, either {(y*, \¥)} or {(y**1, A¥*1)} converges to (y*, \*). Hence, the entire
sequence {(y*, \¥)} converges to (y*, \*) as {z*} — z*. Moreover, since (5.1) holds, letting k — oo
in (3.19) gives the convergence of {z*} to z*. O

We now show that the working set eventually identifies the active set at x*.

LEMMA 5.4. Suppose Assumptions A1-A6 and (5.1) hold. The entire sequence {(x*,y*, 2% \F)}
converges to (z*,y*, 2%, \*) and for all k large enough, Tk = I(x*), A¥ = Ay (2*) and A5 = Ay(z¥).

Proof. Suppose there is an infinite index set K C K such that R (z*, y*, 2F)||" > & for some & > 0
and all k € K. Then it follows from Lemma 4.1 that min{|R(z*, y*, 2%)||", er0} > min{é, c} > 0,
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where & is defined in Lemma 4.1. Hence, we have from (3.1) that Z(z*) C ZF, A;(a*) C A¥
and Ay (z*) C Ak for all k € K large enough. Thus, by Lemma 5.3, the entire sequence {z*,y*, z¥}
converges to the optimal primal-dual solution (z*, y*, z*) of problem (2.5). However, this contradicts
the assumption that the KKT error |R(z*,y*, 2*)| is bounded away from zero. Thus, it follows
that {”R(xka yk’ Zk)”}fc — 0.

Now by Lemma 4.7 we obtain the convergence of {y*, \*}x to (y*,\*), which is the unique
multiplier vector associated with x*. Since (5.1) holds, letting k — oo in (3.19) yields {z*}x — 2*.
Clearly, |R(z*,y*,2*)|| = 0. Notice that for any s € S(z*), where S(z*) is given in Definition 2.6,
we have

sTV2((@) Ta3)s =2 Z sTer e ;5= 22 $1,i82,; = 0.
ieA ' ieA
This implies s" V2, L(z*,y*, 2*)s = s V2f(x*)s for s € S(z*), where L(-) is given by (2.7). Notice
the null space of the active constraint gradients for problem (2.5) at z* is also S(z*). Hence, given
that the MPLCC-SOSC hold at z*, the SOSC for problem (2.5) hold with (z*,y*,2*). Thus, by
Theorem 2 in [8], there is a constant x > 0 such that

2% — 2| < xIR(*, 4", 27|

for all k € K large enough. This together with (3.1) and the fact that n € (0,1) imply ZF = Z(z*),
Ab = Aj(2*) and A5 = Ay(2*) for all k € K large enough. Hence we conclude from Lemma 5.3
that the entire sequence {z* y*, 2% A*} converges to (z*,y*,2*,\*). Finally, we again have from
Theorem 2 in [8] and (3.1) that ZF = Z(z*), A¥ = A;(z*) and A5 = As(2*) for all k large enough.
0

Let

(53) E* = [6071‘,1. € I(l’*), 6171‘,11 S Al(l'*), 627¢,’L' S AQ(.’E*)]

The next result shows the quadratic convergence of a full Newton step.

LEMMA 5.5. Suppose Assumptions A1-A6 and (5.1) hold. Then for all k large enough, (i)
wh0 = —(E*)Tak; (ii) HF = V2f(2®); (iii) ||2* + AP0 — 2| = O(||2* — 2%||?); (iv) there is a
constant i > 0 such that for all k large enough Vf(x )TAa:k O < | Azk0) 2.

Proof. First note that for every k, A1 = A¥ and A = AL, Hence, it follows from (3.14) that
Blk’o =0 (I =10,11,12,13) for every k. Since strict complementarity holds at z*, we obtain from
Lemma 5.4 and (3.14) that for all k large enough, Z% = Z(z*), ZF = 0, BI'" = Ak, = Aj5(2*) and
Blk’o =0 forl=2,...,9. Now result (i) follows from (3.15).

From (3.8) and Lemma 5.4, we have S¥ = S(z*) for all k large enough. Hence, the satisfaction
of the MPLCC-SOSC at z* implies that (3.7) eventually holds with the exact Hessian V?2f(z*).
Thus, by Steps 1.2 and 4 of Algorithm 3.1, we have H* = V2 f(z*) for all k large enough.

Combining the results above, we obtain from (3.16), (2.2), (2.3) and (2.4) that for j = 0 and all
k large enough,

2k + Ak _ p* r —Vf(ka) +V2f(xk)(xk —;U*) ATy* +E*(E*)T/\*
Mk yk+1,0 _ y* — A( x*)
- 4) /_\k+1,0 _ (E*)T)\* i (E*)T( —_r ) + w
o [ Vf(a*) = V") + V2 f(a*) (" - z*)
= 0
0

By Taylor’s theorem, we have

(5:5) IVF(z*) = Vf(a*) + V2f(2*) (2" = 2)|| = O(|la* — 2*|]*).
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Hence, we know from Lemma 4.2 and (5.4) that result (iii) holds for all large enough k.
From (3.16) for j = 0 and k large enough we have that
(56) Vf(.’ll‘k)TAZ‘k’o _ —(Axk’O)TVQf(Ik)Al‘k’O 4 (wk,O)T;\k+l,0.

Also from Definition 2.6 of the MPLCC-SOSC we have using a modified version of a lemma in [4;
pp. 296] that there exists a dp > 0 such that for any p, 0 < u < g, where p is specified in Definition
2.6,

(5.7) d" (V2 f(a) + 6E*(E*)")d > pl|d||®

for any d such that Ad = 0, whenever § > Jy. Finally, we have for k large enough, since (E*)TAl‘k 0=
(EF)T Agk0 = k0 = —(E*)T gk {3k+1, 0} — (E*)T)\* by (5.4) and (5 5) B0 =0 forl=2,..13,
and Z% = (), and w’f,’z =0forie Ak N\ ALY and wQJ =0 for i € AYO\ALY, that

(@hO)TAMFLO 4 § AR OB (E*) T Aah0 = — Ziezk (Ao — 5$(l§,i)$§ i
= Liewpo (A = 0ot )at + (0, — 0ah )k ] < 0.

The nonnegativity of the above follows from the facts that Af, > xf; for i € Z%, A}, > zf; and
)\’2“@ > xé“ﬂ- for i € BP"°. Combining (5.6), (5.7) and (5.8) and using the continuity of V2f(z) yields

(5.8)

Vf(l‘k)TAl‘k’O

— —(Amk’O)TV2f(x*)Axk’O 4 (wk,O)Tj\k-i-l,O
HATRO) (V2 f(2*) = V2 f(2¥)) Azt

< 7M|Axk,0”2 4 5(A$k’O)TE*(E*)TA:Uk’O + (wk,O)Tj\kJrl,O
HAZEO) T (V2 f(a) = V2 f () At

< —BlALHO.

Part (iv) of the Lemma follows by choosing i = £. O

LEMMA 5.6. Suppose Assumptions A1-A6 and (5.1) hold. Then z*t1 = oF + Ax®O for all k
large enough.

Proof. Since ayo = 1 for every k by Step 3.2 of Algorithm 3.1, it suffices to show that (3.17)
and (3.18) hold for j = 0 when k is large enough. Clearly, {Axk 9} — 0 by Lemma 5.5 (iii). Hence,
for all large enough k, xf, + Azko >0, Vi € I\I(z*), «}, + Azko >0, Vi € A\Al( *) and
xzz—l—Aa: >0, Vi e A\Ay(z ) Moreover by Lemma 5.5 (i), scOz—l-Axol = %z"‘wm =0, Vie
Z(z*), x“+Ax“ *x“er“ =0, Vi € A;(z*) and xlg’iJer:?’ 1’21+w21 =0, Vi e Ay(z).
Therefore, (3.17) holds for j = 0 and all large enough k.

Now consider (3.18). Using Taylor’s theorem, we have

f(xF + Agk0)
f xk 4 Vf(xk)TAxk’O ;(Axk,O)Tvzf(xk)Amk,o 4 o(||Axk’0||2)

ol

(z*
(")
(5.9) _ f(xk) f(;vk)TAxko—l— (Axk’O)TE*S\k+17O—l—o(”Axk’OHQ)
< ) TIETE0 ot
< J‘(x’“)+<7Vf(3:’“)T — (5 — o)[|[Aa™O% + o|| Az*0|J?)
< f@) +oVE(ak) T ALk,

where the second equality follows from (5.6), the first inequality follows from (5.8) and the fact
that w0 = (E*)T Az*0 and the last two inequalities follow from Lemma 5.5 (iv) and the fact that
o € (0,3). By (5.9), (3.18) holds eventually for j = 0. Hence, the lemma follows. O
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Combining the results in Lemma 5.5 (iii) and Lemma 5.6, we directly obtain that Algorithm 3.1
converges quadratically.

THEOREM 5.7. Suppose Assumptions A1-A6 and (5.1) hold. Then the sequence {z*} generated
by Algorithm 3.1 converges quadratically, i.e., ||zt — 2*|| = O(||a* — z*||?).

6. Conclusion. We have proposed an active set method for solving MPLCCs with smooth
objective functions. Under the MPLCC-LICQ, we have proved that the proposed method converges
to a S-stationary solution of the MPLCC. As far as we are aware, this result is stronger than any that
have been obtained for NLP based regularization or decomposition methods, which only guarantee
convergence to C- or M-stationary points under the MPLCC-LICQ. Assuming additional MPLCC-
SOSC and strict complementarity, we have shown the asymptotic rate of convergence of our method
is quadratic.

Our method has several distinguishing features compared with existing methods. First, it em-
ploys a projected Newton step with respect to the working set that is maintained at every iteration to
estimate the final active set. The working set defines a subspace for the primal variables. Elements
of the step direction corresponding to the subspace are determined according to the current dual
iterate. Other elements are computed through a Newton system. Our method is implementable at a
reasonable cost, involving mainly one matrix factorization for each major iteration. The line search
used in our method is a variant of a traditional backtracking line search, that not only guarantees the
feasibility of every iterate, but also ensures that at each iteration a sufficient reduction is achieved
in the objective function.

There are several issues that require further research. First, can fast local convergence occur
without strict complementarity? Also, fast local convergence was established under condition (5.1).
Although we can always choose parameter z5** large enough so that (5.1) holds, it is important in
practice to update z5*** dynamically to ensure (5.1). Finally, we would like to extend the proposed
active set approach to handle nonlinear constraints.
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