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Abstract

In this paper we study ambiguouschanceconstrainedproblemswherethe distributions of the
random parametersin the problem are themselvesuncertain. We primarily focus on the special
casewhere the uncertainty set Q of the distributions is of the form Q = f Q : ½p(Q; Q0) ·
¯ g, where ½p denotes the Prohorov metric. The ambiguous chance constrained problem is
approximated by a robust sampledproblem whereeach constraint is a robust constraint centered
at a sample drawn according to the central measureQ0. The main contribution of this paper
is to show that the robust sampledproblem is a good approximation for the ambiguous chance
constrained problem with high probabilit y. This result is establishedusing the Strassen-Dudley
Representation Theorem that states that when the distributions of two random variables are
closein the Prohorov metric onecan construct a coupling of the random variablessuch that the
samplesare closewith high probabilit y. We also show that the robust sampledproblem can be
solved e±ciently both in theory and in practice.

1 In tro duction

A large class of decision problems in ¯nance and engineeringcan be formulated as optimization

problems of the form
min cT x

s.t. f (x ; h) = max1· i · l f f i (x ; h)g · 0;

x 2 X ;

(1)

wherex 2 X is the decisionvector, X µ R n is a closedconvex set, h 2 R m are problem parameters

and each of the functions f i (x ; h) : X £ H 7! R are convex in x for a ¯xed h. We assume,without

lossof generality, that the objective is linear and independent of h.
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The deterministic optimization approach to solving optimization problems computesa solution

to (1) assuming that the problem parameters h are known and ¯xed. In practice, however, the

parametersh are the result of somemeasurement or estimation process,and are, therefore, never

known for certain. This uncertainty is of serious concern in applications becausesolutions of

optimization problems are often very sensitive to °uctuations in the problem parameters. This

phenomenonis well documented in several di®erent application areas[3, 26].

Recently robustoptimization hasemergedasan attractiv e optimization framework for reducing

the sensitivity of the optimal solution to perturbations in the parameter values. In this framework,

the uncertain parametersh are assumedto belong to a bounded uncertainty set H and the robust

optimization problemcorresponding to the nominal problem(1) is given by

min cT x

s.t. f (x ; h) · 0; 8 h 2 H;

x 2 X

(2)

This framework was intro duced in Ben-Tal and Nemirovski [4, 5, 6]. There is also a parallel

literature on robust formulations of optimization problemsoriginating from robust control [18, 20].

In many applications the uncertainty set H is given by the con¯dence region around the point

estimatesof the parameter allowing one to provide probabilistic guaranteeson the performanceof

the optimal solution of the robust problem [26]. The robust problem (2) is solved by reformulating

the semi-in¯nite constraints, f (x ; h) · 0, for all h 2 H, as a ¯nite collection of constraints. Such

a reformulation is only possiblewhen the uncertainty set H and the function f (x ; h) satisfy some

regularity conditions. See[4, 6, 7] for robust formulations that can be solved e±ciently . Even when

the reformulation is possible,the resulting problem is typically harder than the nominal problem (1)

([7] proposesa new framework wherein the robust problem remains in the samecomplexity class

as the nominal problem). In general,however, the robust problem is intractable.

Another criticism of the robust framework is that it givesthe same\w eight" to all perturbations

h 2 H. Also, in certain applications one might have the °exibilit y of violating the constraints

corresponding to a small fraction of the setH . An alternativ eoptimization framework that mitigates

this criticism to some extent is called chance-constrained optimization. In this framework, one

assumesthe parameters are h are distributed according to a known distribution Q on H, and

replacesthe nominal problem (1) by the following chance-constrained problem

min cT x

s.t. x 2 X² (Q);
(3)

where

X² (Q) =
n

x 2 X : Q(H : f (x ; H ) > 0) · ²
o

; (4)

for some 0 < ² < 1. The parameter ² controls the probabilit y that the optimal solution of (3)

violates the constraints { as ² # 0 the chance-constrainedproblem starts to resemble the robust

2



problem (2). Although chance-constrainedproblemshave a long history dating back to at least the

work of Charnesand Cooper [12], they have not found wide applicabilit y. This is primarily because

computing the optimal solution for chance-constrainedproblems is extremely hard. To begin with

just evaluating Q(H : f (x ; H ) > 0) involvesa multidimensional integral that becomeshard as the

number of parameters grows. Moreover, even if the function f (x ; h) is convex (or even linear)

in x the feasible set X² (Q) of (3) is not convex. A detailed discussionof the chance-constrained

programs and, more generally, stochastic programs can be found in [35].

Recently , Cala¯ore and Campi [10, 11] and de Farias and Van Roy [14] independently proposed

tractable approximations to (3) basedon constraint sampling and statistical learning techniques. In

this approach, one approximates chance-constrainedproblem (3) by the following sampled problem

min cT x

s.t. f (x ; H i ) · 0; i = 1; :::; N ;

x 2 X ;

(5)

where H i , i = 1; : : : ; N , are N independent, identically distributed (I ID) samplesfrom the distri-

bution Q. de Farias and Van Roy [14] consider the special casewhere f (x ; h) = hT x + h0 and use

results from Computational Learning Theory [1, 30, 43] to show that for all N ¸ 4n
² ln

¡ 12
²

¢
+ 4

² ln
¡ 2

±

¢
,

the feasibleset of the sampled problem (5) is contained in X² (Q) with probabilit y at least 1 ¡ ±.

Thus, in this sampling basedmethod there are two possiblesourcesof errors: with probabilit y ±, the

feasibleset of (5) (and consequently , the optimal solution of (5)) may not be contained in X ² (Q);

and, in event that this is not the case, the feasible points of (5) can still violate the constraint

f (x ; H ) · 0 with a probabilit y ². The analysis in [14] can be extended to general f (x ; h) (see

Section 3 for details). Cala¯ore and Campi [10, 11] considergeneralconvex functions f (x ; h) and

show that for N ¸ 2n
² ln

¡ 12
²

¢
+ 2

² ln
¡ 2

±

¢
+ 2n; the optimal solution of the sampled problem (5) is

feasible for (3) with probabilit y at least 1 ¡ ±. On the one hand, this bound is weak in the sense

that it is only valid for the optimal solution, and not the entire feasibleset. On the other hand,

the number of samplesrequired to ensure that the optimal solution is feasible for (3) with high

probabilit y can be orders of magnitude lower. The result in [10, 11] is proved using a fundamental

fact that the optimal solution of a convex program is \supp orted" by at most n constraints. We will

brie°y review this work in Section 3.3. Recently , Nemirovski and Shapiro [33, 32] establishedloga-

rithmically separatedupper and lower bounds on the number of samplesrequired to approximate

a chanceconstrained problem when the measureQ has well de¯ned moment generating function.

Although the bounds on the samplesize N are distribution-free in the sensethat they do not

depend on the underlying measureQ, in order to construct the sampledproblem (5) one requires

samplesfrom this probabilit y measure.Also, there is an implicit assumptionthat the distribution Q

of the random parametersH is ¯xed. A major criticism raisedagainst chanceconstrainedproblems

and, more generally, stochastic programs is that, in practice, the measureis never known exactly.

Just as the point estimates for the parameters, the distribution Q is also estimated from data or
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measurements, and is, therefore, known only to within someerror, i.e. the measureQ 2 Q where

Q is a set of measures. Since our primary interest in the chance constrained problem (3) was to

use it as an approximation (or even a re¯nement) of the robust problem (2), the natural problem

to considerwhen the measureQ is uncertain is given by

min cT x

s.t. x 2 ¹X² ;
(6)

where
¹X² =

n
x 2 X : Q(H : f (x ; H ) > 0) · ²; 8Q 2 Q

o
: (7)

We will call (6) an ambiguouschance-constrained problem. A problem of the form (6) has two

sourcesof uncertainty: the distribution Q of the parameter h is uncertain, and, given a measure

Q, the particular realization of the parameter h is also uncertain. In the decisiontheory literature

the uncertainty in the distribution is referred to asambiguity, and hencethe namefor the problem.

Modeling ambiguit y and its consequencehas beenreceiving attention in several di®erent ¯elds.

The minimax formulation hasa long history in stochastic programing [44, 8, 16, 17, 29, 40, 38, 39].

Ruszczynskiand Shapiro [36] show the equivalencebetweenminimax stochastic programming and

minimizing a convex risk measure [2, 23] of the second-stagecost. [37] extends the minimax

approach to a multip eriod setting. The study of ambiguit y in Economics began with the work

of Gilb oa and Schmeidler [25]. This work was extended to a multip eriod setting by Hansen and

Sargent [27] and Epstein and his co-authors [13, 21, 22]. Ambiguit y in the context of Markov

decisionprocesseswas independently investigated by Iyengar [28] and El Ghaoui and Nilim [19].

The main contributions of this paper are as follows.

(a) We consider uncertainty sets Q of measuresthat are of the form Q = f Q : ½(Q; Q0) · ¯ g

where ½(¢; ¢) denotesa suitable metric betweenprobabilit y measures,i.e. the uncertainty sets

are \balls" centered around the central measureQ0. We approximate the ambiguous chance-

constrained problem (6) by a robust sampled problemde¯ned as follows

min cT x

s.t. f (x ; z) · 0; 8 z s.t. kz ¡ H 0
i k · ¯ ; i = 1; : : : ; N ;

(8)

where H 0
i , i = 1; : : : ; N , denote I ID samplesdrawn according to the central measureQ0 and

the norm k ¢k on the H space is related to the probabilit y metric ½(¢; ¢) (details are given

in Section 4). Results in [7] imply that for a large class of constraint functions f (x ; h) and

suitably de¯ned norms k ¢k the robust sampledproblem (8) is in the samecomplexity classas

the nominal problem (1).

(b) We combine results from Computational Learning Theory with results for coupling of random

variables [42] to compute upper bounds on the number of samplesN required to ensurethat

the feasible set of the robust sampled problem (8) is contained in ¹X² with high probabilit y.

This bound dependson the Vapnik-Chervonenkis (VC) dimension of the function f (x ; h).
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(c) We usecoupling to extend the results of Cala¯ore and Campi [10, 11] to the ambiguouschance

constrained problems, i.e. we compute upper bounds on the number of samplesrequired to

ensure that the optimal solution of the robust sampled problem (8) is contained in ¹X² with

high probabilit y. The bound in this casedependson the number of \supp ort" constraints, and

is independent of the VC dimension of f (x ; h).

The issueof ambiguit y of measureswas also raised in [11] where the authors considereda ¯nite

uncertainty set Q. They proposeda solution strategy whereonesamplesfrom all of thesemeasures

and showed that the samplesfrom di®erent measure\help" each other. In contrast, we consider

the casewhere Q is uncountably in¯nite and we draw samplesfrom only the central measureQ0.

The rest of this paper is structured as follows. In Section 3 we brie°y review the known results

for chanceconstrained problem. The results in this section are not new { they have beenincluded

to set the context for our extensions. Section 4 intro ducesprobabilit y metrics, coupling and the

Strassen-DudleyRepresentation Theorem. Section5 usesthis Representation Theorem to establish

bounds for ambiguous chanceconstrained problems. In Section 6 we identify particular classesof

functions f (¢; ¢) and norms k¢k on the parameter spaceH that allow the robust sampledproblem (8)

to be solved e±ciently . Section 7 has someconcluding remarks.

2 Notation

Setswill be denoted by calligraphic letters, e.g. A . For a ¯nite set A , we will denote the sizeof A

by jAj . All (deterministic) vectors will be denoted by boldface lowercaseletters, e.g. x . Random

vectors and samplesof random vectors will be denoted by boldface uppercaseletters, e.g. H , and

measureswill be denoted by mathematical boldface letters, e.g. P. We will denote that a random

vector H has distribution Q by H » Q, a ¾-algebra on a spaceH by F (H), and the set of all

probabilit y measureson H by M (H). We will denotethe n-th binomial coe±cient N !
(N ¡ n)!n! by

¡ N
n

¢
.

3 Chance constrained problems and Learning Theory

In this sectionour goal is to relate the sampledproblem (5) to the chanceconstrainedproblem (3).

We assumethat the distribution Q of the perturbations H is known and ¯xed. Let H 1;N =

f H 1; H 2; :::; H N g denote N I ID samplesof the random vector H » Q. Then the feasibleset of the

sampledproblem (5) is given by

Y[H 1;N ] = f x 2 X : f (x ; H i ) · 0; i = 1; :::; N g (9)

In the sequel,we will often abbreviate Y[H 1;N ] as Y[N ] with the understanding that the set Y[N ]

is de¯ned using a particular sequenceof I ID samplesH 1;N of length N . In the ¯rst half of this

section we appropriately interpret concepts from Computational Learning Theory [1, 43, 30] to

5



establish bounds on the number of samplesN required for Y[N ] to be a good approximation for

the feasibleset X² = f x : Q(H : f (x ; H ) · 0) · ²g of the chanceconstrainedproblem (3). Next, we

brie°y summarizethe result in [10, 11] that provides a bound for the number of samplesrequired to

ensurethat the optimal solution of the sampledproblem (5) is contained in X ² with high probabilit y.

As mentioned in Section1, the results in this sectionare not new { they simply provide the context

for the new results in Section 5.

3.1 Decision vectors, concepts and Vapnik-Cherv onenkis (V C) dimension

With each decisionvector x 2 X we associate the concept or classi¯cation

Cx = f h 2 H : f (x ; h) · 0g:

Let Cf = fCx : x 2 X g denote the classof all conceptsinduced on H as the decisionvector x runs

over the set X . Thus, the set X² = f x 2 X : Q(H 62Cx ) · ²g. To apply the results from Learning

Theory to the problem at hand we pretend that our goal is to learn the set X0 of conceptsCx that

cover H with probabilit y 1, i.e. X0 = f x : Q(H 2 Cx ) = 1g. Since Learning algorithms only have

accessto a ¯nite number of samplesof the random variable H , it is impossibleto learn the concepts

in X0; instead any such algorithm will have to be satis¯ed with learning a conceptwith a small error

², i.e. a concept Cx with Q(H 62Cx ) · ² or equivalently x 2 X² . For the particular caseconsidered

in this paper, learning X² is equivalent to producing a good approximation for the function f (x ; ¢)

using a ¯nite number of samples. Thus, one should expect that the complexity of learning X ²

when the function f (x ; h) = hT x is linear, or equivalently the associated concept Cx is a half

space,should be smaller than the complexity of learning X² when the function f (¢; ¢) is nonlinear.

Learning Theory quanti¯es the complexity of a concept classCf by its Vapnik-Chervonenkis(VC)

dimension [43].

Let S = f s1; : : : ; sN g ½ H denote a ¯nite subsetof H with jSj = N . De¯ne

¦ f (S) =
©¡

1Cx (s1); : : : ; 1Cx (sN )
¢

: x 2 X
ª

; (10)

where 1C(¢) denotesthe characteristic function of the set C. The set ¦ f is the set of dichotomies

or behaviors induced by the concept classCf , or equivalently the function f (¢; ¢). From (10), it is

clear that the number of elements j¦ f (S)j · 2N . We say that a set S is shattered by the concept

classCf if ¦ f (S) = f 0; 1gN , or equivalently j¦ f (S)j = 2N . Note that if a set S is shattered by the

conceptclassCf it doesnot yield any information about the conceptclass. Thus, the sizeof largest

shattered set is a measureof the complexity of the concept classCf .

De¯nition 1 (V C dimension of f (¢; ¢)) The VC dimension df of the function f (¢; ¢) is the car-

dinality of the largestset S ½ H that is shattered by the concept classCf , i.e

df = sup
©

jSj : ¦ f (S) = f 0; 1gN ª
;

= sup
©

jSj : j¦ f (S)j = 2N ª
: (11)
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In the sequelwe will ¯nd it convenient to work with the growth function ¼f (N ) de¯ned as follows.

¼f (N ) = max fj ¦ f (S)j : jSj = N g: (12)

The growth function ¼f is another measureof the complexity of the concept class: the faster this

function grows, the more behaviors on setsof sizem that can be realized by Cf ; consequently , the

lessis the information that this ¯nite set conveysabout the classCf . A surprising and fundamental

result in Computational Learning Theory assertsthat if the VC dimension df < 1 , the growth

function ¼f (N ) is bounded by a polynomial in N of degreedf .

Prop osition 1 (Sauer's Lemma [9, 1, 30]) Supposethe VC dimension df of the function f (¢; ¢)

is ¯nite. Then

¼f (N ) · 1 +
µ

N
1

¶
+

µ
N
2

¶
+ ::: +

µ
N
df

¶
·

µ
eN
df

¶ df

; (13)

where e denotesthe baseof natural logarithm.

In this paper we assumethat the VC dimension df < 1 . This is not a very restrictiv e assumption

sincemany functions f (¢; ¢) usedin practice have ¯nite VC dimension.

Prop osition 2 Let df denote the VC dimension of the function f (¢; ¢).

(a) X = R n , H = f (h0; h) : h0 2 R ; h 2 R ng = R n+1 and f (x; h) = h0 + hT x. Then df · n.

(b) X = R n , H = f (A ; b; u; v) : A 2 R p£ n ; b; c 2 R n ; v 2 R g, and f (x; h) = kAx + bk ¡ uT x ¡ v.

Then df · O(n2).

(c) Supposethe VC dimension of the function f i (¢; ¢) is di , i = 1; : : : ; l . Then the VC dimension df

of the function f (x ; h) = max1· i · l f f i (x ; h)g is bounded above by df · O(10l max1· i · l f di g).

Pro of: Part (a) is proved on p.77 in [1] (seealso [14]), part (b) is establishedin [9] and part (c)

can be establishedusing techniques in [31].

Part (c) states that the best known bound on the VC dimension of a pointwise maximum of

l functions grows exponentially in l . Thus, the VC dimension of the concept class induced by

constraint function f (¢; ¢) of the nominal problem (1) can be quite large. We will remark on this at

the end of the next section.

3.2 Learning the chance constrained set X²

For x 2 X let err(x) = Q(H 62Cx ). Thus, X² = f x 2 X : err(x) · ²g. The feasibleset Y[N ] of

the sampled problem (5) is the set of all decision vectors x, or equivalently conceptsCx , that are

consistent with the given sampleH 1;N . Intuitiv ely speaking, if the samplesizeis large enoughone

would expect that Y[N ] is a good estimate of the set X² . The next two results make this rigorous.
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Lemma 1 Fix ² > 0. Suppose ¹x 2 X with err ( ¹x) > ². Then, for all N ¸ 1,

QN (H 1;N : ¹x 2 Y[N ]) · e¡ ²N ; (14)

where QN denotesthe product measure Q £ Q £ : : : £ Q with N terms.

Pro of: Recall that H 1;N are I ID samplesof the random vector H » Q. Therefore,

QN (H 1;N : ¹x 2 Y[N ]) = (Q(H : f ( ¹x ; H ) · 0))N · (1 ¡ ²)N · e¡ ²N ;

where the last inequality follows from the fact that 1 ¡ ² · e¡ ² .

Lemma 1 establishesthat the probabilit y that a given concept Cx with err(x) > ² is contained

in Y[N ] decays exponentially with the number of samplesN . Supposethe set X is ¯nite. Then

the union bound implies that QN (H 1;N : Y[N ] 6µX² ) · jX j e¡ ²N · ±, for all N ¸ 1
² log

³
jX j
±

´
, i.e

O
³

1
² log

³
jX j
±

´´
samplesare neededto learn X² with a probabilit y of error bounded by ±. Since

the complexity of learning a concept is determined by the VC dimension of the concept class,we

expect that a similar bound should hold with jX j replacedby ¼f (N ).

Lemma 2 (Prop osition 8.2.3 in [1]) Let ¼f denotethe growth function associated with concept

classCf induced by f (¢; ¢). Then, for all N ¸ 8=²,

QN (H 1;N : Y[N ] 6µX² ) · 2¼f (2N )2¡ ²N =2: (15)

This result and the upper bound (13) imply the following corollary.

Corollary 1 Fix ²; ± > 0. Suppose the VC dimension df of f (¢; ¢) is ¯nite. Then

QN (H 1;N : Y[N ] 6µX² ) · ±;

for all

N ¸ max
½

8
²

;
µ

4df

²
log

³ 12
²

´
+

4
²

log
³ 2

±

´ ¶¾
:

We concludethis section with the following lower bound.

Lemma 3 (Theorem 3.5 in [30]) Suppose the VC dimension df of the function by f (¢; ¢) is ¯-

nite. Then the worst casenumber of samplesrequired to learn X² is ­( df =²).

Corollary 1 and Lemma 3 establish that the number of samplesN = £( df =²). From Proposi-

tion 2 (c) we have that the VC dimensionof the constraint f (¢; ¢) in the nominal problem (1) could

be as large as 10l max1· i · l f di g where di is VC dimension of the functions f i , i = 1; : : : ; l . Thus,

the number of samplesrequired to learn X² could be prohibitiv e even for well behaved constraint

functions.
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3.3 Qualit y of the optimal solution of the sampled problem

In this section the goal is more modest { we want to compute the number of samplesrequired

to ensure that only the optimal solution of the sampled problem (5), as opposed to the entire

set Y[N ], is feasible for the chance constrained problem (3) with high probabilit y. Cala¯ore and

Campi [10, 11] recently showed that N = O(n=²) is enoughto achieve this goal. In this section we

brie°y review the results in [10, 11].

Let (P) denote the following convex program

min cT x

s.t. f i (x) · 0; i = 1; : : : ; N ;

where f i (x) is a convex function of x for all i = 1; : : : ; N . Let bx denote the unique optimal solution

of (P). Let (Pk ) denotethe convex program obtained by dropping the k-th constraint, k = 1; : : : ; N ,

and let bxk denote the unique optimal solution of the problem (Pk ). See[10, 11] for the casewhere

the optimal solutions are not unique.

De¯nition 2 (Supp ort constrain t) The k-th constraint f k (x) · 0 is called a support constraint

for the problem(P) if cT bxk < cT bx.

Theorem 3 (Theorem 2 in [11]) The convex program has at most n support constraints.

Lemma 4 Fix ² > 0. Let bx denote the optimal solution of the sampled problem (5). Then

QN (H 1;N : bx 62X² ) ·
¡ N

n

¢
e¡ ²(N ¡ n) .

Pro of: The sampled problem (5) is a convex program with N constraints. Let I µ f 1; : : : ; N g

with jI j = n. Let H N
I = f (h1; : : : ; hN ) : (h i ) i 2I are the support constraintsg. Then Theorem 3

implies H N = [ fI µf 1;:::;N g:jI j= ngH N
I . Thus,

QN (H 1;N : bx 62X² ) =
X

fI µf 1;:::;N g:jI j= ng

QN (H 1;N 2 H N
I : bx I 62X² )

=
X

fI µf 1;:::;N g:jI j= ng

³
Qn (H i 2 I : bx I 62X² )

Y

i 62I

Q(H i : f (bx I ; H i ) · 0jA I )
´

;

where bx I denotes the optimal solution of the sampled problem (5) with only the samplesi 2 I

present, A I is the event A I = f H i 2 I : bx I 62X²g and each probabilit y in the sum can be written as

a product becauseH 1;N are I ID samples.Sincebx 62X² , it follows that Q(H i : f (bx I ; H i ) · 0jA I ) ·

(1 ¡ ²), for all i 62I . Thus,

QN (H 1;N : bx 62X² ) · (1 ¡ ²)(N ¡ n)
X

fI µf 1;:::;N g:jI j= ng

Qn (H i 2 I : bx I 62X² )

·
µ

N
n

¶
(1 ¡ ²)(N ¡ n) ·

µ
N
n

¶
e¡ ²(N ¡ n) :

Lemma 4 immediately implies the following.
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Corollary 2 Fix ²; ± > 0. Let bx denote the optimal solution of the sampled problem(5). Then

QN (H 1;N : bx 6µX² ) · ±;

for all

N ¸
2n
²

log
³ 1

²

´
+

2
²

log
³ 1

±

´
+ 2n

4 Probabilit y metrics and Coupling

In Section 1 we had intro duced the following robust chanceconstrained set (see(7))

¹X² =
n

x 2 X : sup
Q2Q

Q(H : f (x ; H ) > 0) · ²
o

;

where Q = f Q : ½(Q; Q0) · ¯ g for an appropriately chosen metric ½ on the space M (H) of

probabilit y measureson H. Recall that X µ R n , H µ R m and we denote the norm in H space

by k ¢k. In this section we ¯rst review properties of some basic probabilit y metrics. Next, we

intro duce the concept of coupling of random variables that plays an important role in constructing

approximations of the robust chance constrained set ¹X² via samples. In this paper we will be

primarily using the Prohorov metric ½p de¯ned as follows.

½p(Q1; Q2) = inf
©

² : Q1(B) · Q2(B² ) + ²; 8B 2 F (H)
ª

; (16)

where

B² =
n

x 2 X : inf
z2B

kx ¡ zk · ²
o

:

Although the de¯nition appears asymmetric, ½p is a metric. It plays an important role in prob-

abilit y becauseit metrizes weak convergence. Moreover, ½p(Q1; Q2) is the minimum distance \in

probabilit y" between random variables distributed according to Qi , i = 1; 2. Someother metrics

of interest are as follows.

(a) Wassesteinor Kantorovich metric ½w :

½w(Q1; Q2) = sup
½¯

¯
¯
¯

Z

H
g(h)

¡
Q1(dh) ¡ Q2(dh)

¢
¯
¯
¯
¯ : g 2 C1;1(H )

¾
;

where C1;1(H ) denotes the set of Lipschitz continuous functions with Lipschitz constant at

most 1.

(b) Total variation metric ½tv :

½tv (Q1; Q2) = supfj Q1(B) ¡ Q2(B)j : B 2 F (H)g:
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(c) Hellinger metric ½h : Let f i , i = 1; 2 denote the densitiesof measuresQi , i = 1; 2, with respect

to a common dominating measure(e.g. Q = (Q1 + Q2)=2). Then

½h(Q1; Q2) =
³ Z

H

¡p
f 1 ¡

p
f 2

¢2Q(dh)
´ 1

2 :

(d) Relative entropy distance½e: Let f i , i = 1; 2 denote the densitiesof measuresQi , i = 1; 2, with

respect to a common dominating measure(e.g. Q = (Q1 + Q2)=2). Then

½e(Q1; Q2) =
Z

H
f 1(h) log

³ f 1(h)
f 2(h)

´
dh

The relative entropy distance½e is not a metric becauseit is not symmetric and doesnot satisfy

the triangle inequality.

The following lemma relates the Prohorov metric ½p to the other distance functions.

Lemma 5 ([24 ]) The distances ½w , ½h , ½tv and ½e are related to the Prohorov metric as follows.

(a) Prohorov and Wassersteinmetrics: ½2
p · ½w · (diam (H) + 1)½p, where diam (H) = supfk h1 ¡

h2k : h i 2 H; i = 1; 2g.

(b) Prohorov and Total variation metrics: ½p · ½tv

(c) Prohorov and Hellinger metrics: ½p · ½h

(d) Prohorov metric and the relative entropy distance: ½p ·
p

½e=2

These bounds imply that for any uncertainty set of the form Q = f Q : ½(Q; Q0) · ±g, where the

metric ½is given by ½w , ½tv , ½h or ½e, onecan choose¯ (±) > 0 such that Q µ ~Q = f Q : ½p(Q; Q0) ·

¯ (±)g, i.e. ~Q is a conservative approximation of Q. Next we intro duce the concept of coupling of

random variables and relate it to the probabilit y metrics.

De¯nition 3 (Coupling of random variables) A random variable ~X is said to be a copy or a

representation of the random variable X if and only if they havethe samedistribution, i.e. ~X D= X .

A collection of random variables f ~X ® : ® 2 Ag de¯ned on a common probability space (­ ; F (­) ; P)

is said to be a coupling of the collection f X ® : ® 2 Ag if and only if ~X ® D= X , for all ® 2 A.

Note that only the individual ~X ® are copiesof the individual X ®, the whole collection is f ~X ® : ® 2

Ag is not a copy of f X ® : ® 2 Ag, i.e. the joint distribution of f ~X ® : ® 2 Ag neednot be the same

as that of f X ® : ® 2 Ag.

Theorem 4 (Strassen-Dudley) Let X 1 » Q1 and X 2 » Q2 be two random variables taking

valuesin H . Suppose½p(Q1; Q2) · ¯ . Then there exists a coupling ( ~X 1; ~X 2) of (X 1; X 2) such that

P
³

k ~X 1 ¡ ~X 2k > ¯
´

· ¯ : (17)

11



Pro of: This result was established by Strassen[41] for complete separablemetric spacesand

extended to arbitrary separablemetric spacesby Dudley [15]. Seealso Rachev [34].

This result establishesthat if two probabilit y measuresQi , i = 1; 2, are \close" in the Prohorov

metric then there existsa coupling ( ~X 1; ~X 2) such that the samplesare \close" with high probabilit y.

This result can be improved if the random variables X i , i = 1; 2, are bounded w.p.1.

Theorem 5 Let X 1 » Q1 and X 2 » Q2 are two random variables taking values in H . Suppose

½p(Q1; Q2) · ¯ and kX i k · R a.s., i = 1; 2. Then there exists a coupling ( ~X 1; ~X 2) of (X 1; X 2)

such that

E
³

k ~X 1 ¡ ~X 2k
´

· (1 + 2R)¯ ; (18)

where the expectation is with respect to the common probability measure P.

Pro of: The Wassersteinmetric ½w(Q1; Q2) between probabilit y measuresQ1 and Q2 can be

equivalently characterized as follows.

½w(Q1; Q2) = inf
n

E
h
k ~X 1 ¡ ~X 2k

i
: X i » Qi ; i = 1; 2; ( ~X 1; ~X 2) is a coupling of (X 1; X 2)

o
:

Since kX i k · R a.s., one can without loss of generality assumethat diam (H) · 2R. Thus, the

bound ½w · (diam (H) + 1)½p together with the characterization above, yields the result.

5 Robust chance constrained sets

In this section we show how to construct sampling based approximation for the robust chance

constrained set
¹X² =

n
x 2 X : sup

Q2Q
Q(H : f (x ; H ) > 0) · ²

o
;

where Q = f Q : ½p(Q; Q0) · ¯ g, and ½p denotes the Prohorov metric. Note that the bounds in

Lemma 5 imply that onecan conservatively approximate an uncertainty set de¯ned in terms of any

of the metrics discussedin Section 4 by a set de¯ned in terms of the Prohorov metric. The main

results of this section are the robust analogsof Lemma 1, Lemma 2 and Lemma 4.

In this section we de¯ne err(x) as follows.

err(x) = sup
Q2Q

Q(H : f (x ; H ) > 0) (19)

Thus, ¹X² = f x 2 X : err(x) · ²g. Let H 0
1;N = f H 0

1; : : : ; H 0
N g denote N I ID samplesdrawn

according to the central probabilit y measureQ0. Let Y[N ; ¯ ] denote the set

Y[N ; ¯ ] =
©

x : f (x ; z) · 0; 8z s.t. kz ¡ H 0
i k · ¯ ; i = 1; : : : ; N

ª
: (20)

As in Section3, the set Y[N ; ¯ ] is de¯ned using a particular sequenceof I ID samplesH 0
1;N of length

N drawn according to the measureQ0.

12



Lemma 6 Fix ² > 0. Suppose ¹x 2 X with err( ¹x) > ². Then, for all N ¸ 1,

QN
0

¡
H 0

1;N : ¹x 2 Y[N ; ¯ ]
¢

· e¡ (²¡ ¯ )N : (21)

Remark 1 The probability QN
0 ( ¹x 2 Y[N ; ¯ ]) decays exponentially with N only if ² > ¯ . Thus,

uncertainty in the measure manifests itself as a lower bound on the acheivableerror probability.

Pro of: Fix 0 < ´ · ². Since err( ¹x) > ² we can select Q1 2 Q such that Q1(H : f ( ¹x ; H ) >

0) > ² ¡ ´ . Let H 0 » Qi , i = 1; 2. Since ½p(Q1; Q0) · ¯ , the Strassen-DudleyRepresentation

Theorem implies that there exists a coupling ( ~H 1; ~H 0) of the pair (H 1; H 0) such that (17) holds,

i.e. P
¡
k ~H 1 ¡ ~H 0k > ¯

¢
· ¯ . Let

©
( ~H 1

1; ~H 0
1); : : : ; ( ~H 1

N ; ~H 0
N )

ª
denote N I ID samplesof the jointly

distributed pair of random vectors ( ~H 1; ~H 0). Let ~Y[N ; ¯ ] denote the set

~Y[N ; ¯ ] =
n

x : f (x ; z) · 0; 8z s.t. kz ¡ ~H 0
i k · ¯ ; i = 1; : : : ; N

o
: (22)

SinceH 0 D= ~H 0 and ¹x is ¯xed, we have that

QN
0

¡
H 0

1;N : ¹x 2 Y[N ; ¯ ]
¢

= PN
³

~H 0
1;N : ¹x 2 ~Y[N ; ¯ ]

´
: (23)

Moreover,

PN
³

~H 0
1;N : ¹x 2 ~Y[N ; ¯ ]

´
=

NY

i =1

P
³

~H 0
i : f ( ¹x ; z) · 0; 8kz ¡ ~H 0

i k · ¯
´

;

=
³

P
³

~H : f ( ¹x ; z) · 0; 8kz ¡ ~H 0k · ¯
´ ´ N

: (24)

Each term in (24) can be bounded as follows.

P
³

f ( ¹x ; z) · 0; 8kz ¡ ~H 0k · ¯
´

= P
³

f ( ¹x ; z) · 0; 8kz ¡ ~H 0k · ¯ ; k ~H 1 ¡ ~H 0k · ¯
´

+ P
³

f ( ¹x ; z) · 0; 8kz ¡ ~H 0k · ¯ ; k ~H 1 ¡ ~H 0k > ¯
´

;

· P
³

f ( ¹x ; ~H 1) · 0
´

+ P
³

k ~H 1 ¡ ~H 0k > ¯
´

; (25)

· (1 ¡ ² + ´ ) + ¯ ; (26)

where (25) follows from the fact that the probabilit y only increasesif one removesrestrictions, and

(26) follows from the bound (17) and the fact that ~H 1 D= H 1. From (23), (26) and (24), we have

QN
0

¡
H 0

1;N : ¹x 2 Y[N ; ¯ ]
¢

= PN
³

~H 0
1;N : ¹x 2 ~Y[N ; ¯ ]

´
· (1 ¡ ² + ¯ + ´ )N · e¡ N (²¡ ¯ ¡ ´ ) : (27)

Since´ · ² was arbitrary , the result follows.

Note that weonly generatesamplesaccordingto the central measureQ0. The coupling is a construct

neededto translate the bound on extremal measurethat achieves the supremum in the de¯nition

of err(x) to the measureQ0.
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SupposeQ(H : kH k > R) = 0 for all Q 2 Q. De¯ne the set Y¸ [N ] as follows.

Y¸ [N ] =
©

x : f (x ; z) · 0; 8z s.t. kz ¡ H 0
i k · ¸¯ ; i = 1; : : : ; N

ª
(28)

Then Theorem 5 and Markov's inequality implies the following corollary.

Corollary 3 Fix ² > 0 and ¹x 2 X with err( ¹x) > ². Suppose Q(H : kH k > R) = 0 for all Q 2 Q.

Then

P(¹x 2 Y¸ [N ]) ·
³

1 ¡ ² +
1 + 2R

¸

´ N
: (29)

Unlike in Lemma 6, here we have a parameter ¸ that can be controlled to achieve any desired

probabilit y of error ².

Next, we establish a robust analog of Lemma 2. We show that if the VC dimension df of the

function f (¢; ¢) is ¯nite, ½p(Q; Q0) · ¯ , and the number of samplesN = O( df
²¡ ¯ ) (a precisebound

is given in Lemma 7),

QN
0

¡
H 0

1;N : Y[N ; ¯ ] µ X² (Q)
¢

¸ 1 ¡ ±:

This result should be interpreted as follows. The distribution of the parametersH is uncertain and

is only known to lie in the uncertainty set Q = f Q : ½p(Q; Q0) · ¯ g and we want to characterize

the set of decisionsx that satisfy Q(H : f (x ; H ) > 0) · ² no matter which probabilit y measure

Q is selectedfrom the uncertainty set Q. The bound above shows that for N = O( df
²¡ ¯ ) the set

Y[N ; ¯ ] is a good approximation for X² (Q) for any ¯xed Q with high probabilit y.

Lemma 7 Fix ± > 0, ² > ¯ and Q1 2 Q. Suppose the VC dimension df of the function f (¢; ¢) is

¯nite and ¯ + 2¡ ¯ =2 < 1. Then QN
0

³
H 0

1;N : Y[N ; ¯ ] 6µX² (Q1)
´

· ±; for all N satisfying

N ¸ max
n

d; 8
² ; 2df

e(1¡ ¯ ) ln
³

e
1¡ ¯

´
+ 2

1¡ ¯ ln
³

e
(e¡ 1)±

´
+ 1;

4df
²¡ ¹ log

³
12

²¡ ¹

´
+ 4

²¡ ¹ log
³

2
±(1¡ ¯ )

´ o
;

where ¹ = 2
¡ ²

2 + log(¯ + 2¡ ²=2)
¢
.

Remark 2 Since ¯ = 0 implies ¹ = 0, we recover the non-robust result in Lemma 2 when ¯ = 0.

Pro of: Since the measureQ1 2 Q is ¯xed, we will abbreviate X² (Q1) by X² . Let X c
² denote the

complement of the set X² . As in the proof of Lemma 6, let H i » Qi , i = 1; 2 and let ( ~H 1; ~H 0)

denote a coupling of the pair (H 1; H 0) such that (17) holds, i.e. P
¡
k ~H 1 ¡ ~H 0k > ¯

¢
· ¯ : Let

©
( ~H 1

1; ~H 0
1); : : : ; ( ~H 1

N ; ~H 0
N )

ª
denoteN I ID samplesof the jointly distributed pair of random vectors

( ~H 1; ~H 0). Then

QN
0

¡
H 0

1;N : Y[N ; ¯ ] 6µX²
¢

= PN
³

H 0
1;N : ~Y[N ; ¯ ] \ X c

² 6= ;
´

;

=
NX

j =0

PN
³

~Y[N ; ¯ ] \ X c
² 6= ; ; jI j = j

´
;

14



where I =
©

i 2 f 1; :::; N g : k ~H 1
i ¡ ~H 0

i k · ¯
ª

. For a set I ½ f 1; : : : ; N g let A (I ) denote the event

A (I ) =
n

( ~H 0
i ; ~H 1

i ) i =1 ;:::;N : k ~H 1
k ¡ ~H 0

kk · ¯ ; 8k 2 I ; k ~H 1
k ¡ ~H 0

kk · ¯ ; 8k 62I
o

and let Y[I ; ¯ ] =
©

x : f (x ; z) · 0; 8z s.t. kz ¡ ~H 0
i k · ¯ ; i 2 I j

ª
: Fix I 1; I 2 µ f 1; :::; N g with

jI 1j = jI 2j. Sincef ( ~H i
1
; ~H i

0
)g, i = 1; :::; N are I ID, it is clear that

PN
³

( ~H 0
i ; ~H 1

i ) i =1 ;:::;N : ~Y[N ; ¯ ] \ X c
² 6= ; ; A (I 1)

´

= PN
³

( ~H 0
i ; ~H 1

i ) i =1 ;:::;N : ~Y[N ; ¯ ] \ X c
² 6= ; ; A (I 2)

´
: (30)

Set I 0 = ; , and I j = f 1; : : : ; j g, j = 1; : : : ; N . Sincethere are
¡ N

j

¢
possibleselectionsfor the set I j

of cardinalit y j , (30) implies that

NX

j =0

PN
³

( ~H 0
i ; ~H 1

i ) i =1 ;:::;N : ~Y[N ; ¯ ] \ X c
² 6= ; ; jI j = j

´

=
NX

j =0

µ
N
j

¶
PN

³
( ~H 0

i ; ~H 1
i ) i =1 ;:::;N : ~Y[N ; ¯ ] \ X c

² ; A (I j )
´

;

·
NX

j =0

µ
N
j

¶
PN

³
( ~H 0

i ; ~H 1
i ) i =1 ;:::;N : X c

² \ Y[I j ; ¯ ] 6= ; ; A (I j )
´

(31)

=
NX

j =0

µ
N
j

¶
Pj

³
( ~H 0

k ; ~H 1
k )k2I j : X c

² \ Y[I j ; ¯ ] 6= ; ; A (I j )
´

¢

PN ¡ j
³

( ~H 0
k ; ~H 1

k )k62Ij : k ~H k
¹®

¡ ~H k
0
k > ¯ ; 8k 62I j

´
; (32)

·
NX

j =0

µ
N
j

¶
¯ N ¡ j Pj

³
( ~H 0

i ; ~H 1
i ) i =1 ;:::;j : X c

² \ Y[I j ; ¯ ] 6= ; ; A (I j )
´

(33)

·
NX

j =0

µ
N
j

¶
¯ N ¡ j Pj

³
~H 1

1;j : 9x 2 X c
² s.t. f (x ; ~H 1

k ) · 0; 8k 2 I j

´
; (34)

where (31) and (34) follows from the fact that the probabilit y only increasesif one removesrestric-

tions, (32) follows from the fact that f ( ~H i
1
; ~H i

0
)g, i = 1; :::; N are I ID, and (33) follows from the

bound (17). Note that the bound (34) only involves the random vector H 1, or equivalently the

(unknown) true measureQ1. Thus, onceagain we have usedcoupling to translate a bound in terms

of the central measureQ0 to one involving the measureQ1. We do not needcoupling beyond this

stageof the proof. In the rest of this proof we bound (34) using Lemma 2 applied to the (unknown)

15



measureQ1. Let N0 = b8
² c. Then

NX

j =0

µ
N
j

¶
¯ N ¡ j Pj

³
~H 1

1;j : 9x 2 X c
² s.t. f (x ; ~H 1

k ) · 0; 8k 2 I j

´

=
N0X

j =0

µ
N
j

¶
¯ N ¡ j Pj

³
~H 1

1;j : 9x 2 X c
² s.t. f (x ; ~H 1

k ) · 0; 8k 2 I j

´

+
NX

j = N 0+1

µ
N
j

¶
¯ N ¡ j Pj

³
~H 1

1;j : 9x 2 X c
² s.t. f (x ; ~H 1

k ) · 0; 8k 2 I j

´
;

·
N0X

j =0

µ
N
j

¶
¯ N ¡ j +

NX

j = N 0+1

µ
N
j

¶
¯ N ¡ j Pj

³
~H 1

1;j : 9x 2 X c
² s.t. f (x ; ~H 1

k ) · 0; 8k 2 I j

´

·
N0X

j =0

µ
N
j

¶
¯ N ¡ j +

NX

j = N 0+1

µ
N
j

¶
¯ N ¡ j

µ
2ej
df

¶ df

21¡ ²j =2; (35)

where (35) follows from Lemma 2 and the bound (13). The rest of this proof is tedious algebra to

prove a \nice" bound on (35).

N0X

j =0

µ
N
j

¶
¯ N ¡ j +

NX

j = N 0+1

µ
N
j

¶
¯ N ¡ j

µ
2ej
df

¶ df

21¡ ²j =2

=
N0X

j =0

µ
N
j

¶
¯ N ¡ j

Ã

1 ¡
µ

2ej
df

¶ df

21¡ ²j =2

!

| {z }
¿1

+
NX

j =0

µ
N
j

¶
¯ N ¡ j

µ
2ej
df

¶ df

21¡ ²j =2

| {z }
¿2

(36)

To complete the proof we show that if N is large enough the terms ¿1 and ¿2 are bounded by

¿1 · ±̄ and ¿2 · ±(1 ¡ ¯ ), which implies that ¿1 + ¿2 · ±. We can bound ¿1 as follows. Let

d0 = bdf
e c where e is the baseof natural logarithm. Then

¿1 =
d0X

j =0

µ
N
j

¶
¯ N ¡ j

Ã

1 ¡
µ

2ej
df

¶ df

21¡ ²j =2

!

+
N0X

j = d0+1

µ
N
j

¶
¯ N ¡ j

Ã

1 ¡
µ

2ej
df

¶ df

21¡ ²j =2

!

:

Note that for df
e · d0 + 1 · j · N0 · 8

² . Thus, we have

1 ¡
µ

2ej
df

¶ df

21¡ ²j =2 · 1 ¡
µ

2ej
df

¶ df

21¡ ²N 0=2;

· 1 ¡
µ

2ej
df

¶ df

21¡ ² 8
2² ;

= 1 ¡
µ

2ej
df

¶ df

2¡ 3;

· 1 ¡
µ

2edf

df e

¶ df

2¡ 3;

= 1 ¡ 2df ¡ 3 · 0:
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The last inequality follows from the assumption that df > 3. Therefore,

¿1 ·
d0X

j =0

µ
N
j

¶
¯ N ¡ j

Ã

1 ¡
µ

2ej
d

¶ d

21¡ ²j =2

!

;

·
d0X

j =0

µ
N
j

¶
¯ N ¡ j ;

·
¯ N

N ¡ d0

d0X

j =0

µ
N ¡ 1

j

¶
¯ N ¡ 1¡ j ;

·
N ¯ (1 ¡ ¯ )¡ d0

N ¡ d0

d0X

j =0

µ
N ¡ 1

j

¶
¯ N ¡ 1¡ j (1 ¡ ¯ ) j ;

=
µ

N ¯ (1 ¡ ¯ )¡ d0

N ¡ d0

¶
P(1 ¡ ¯ ; N ¡ 1; d0); (37)

whereP(p;N ; s) denotesthe probabilit y of at most s successesin N I ID Bernoulli trials, each with

a successprobabilit y p. Let µ = 1 ¡ d0
(N ¡ 1)(1¡ ¯ ) . Then, Cherno®bound implies that

¿1 ·
N ¯ (1 ¡ ¯ )¡ d0

N ¡ d0
exp

½
¡

(N ¡ 1)(1 ¡ ¯ )
2

+ d0

¾
:

For N ¸ df ¸ ed0 we have N
N ¡ d0

· e
e¡ 1 . Therefore,

¿1 ·
e¯ (1 ¡ ¯ )¡ df =²

e¡ 1
exp

½
¡

(N ¡ 1)(1 ¡ ¯ )
2

+
d
²

¾
: (38)

Thus, ¿1 · ±̄ for all

N ¸
2df

e(1 ¡ ¯ )
ln

µ
e

1 ¡ ¯

¶
+

2
1 ¡ ¯

ln
µ

e
(e ¡ 1)±

¶
+ 1 (39)

Next, we bound ¿2 as follows.

¿2 =
NX

j =0

µ
N
j

¶
¯ N ¡ j

µ
2ej
df

¶ df

21¡ ²j =2;

= 2
µ

2e
df

¶ df NX

j =0

µ
N
j

¶
j df ¯ N ¡ j 2¡ ²j =2;

· 2
µ

2e
df

¶ df

N df

NX

j =0

µ
N
j

¶
¯ N ¡ j 2¡ ²j =2;

· 2
µ

2e
df

¶ df

N df (¯ + 2¡ ²=2)N ; (40)
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Since¯ + 2¡ ²=2 · ¯ + 2¡ ¯ =2 < 1, ¹ = 2( ²
2 + log(¯ + 2¡ ²=2)) is well de¯ned. Then an analysissimilar

to the one given in [9] (seealso [1] pg. 95 for details) shows that

¿2 · 2
µ

2e
df

¶ df

N df (2¡ (²¡ ¹ )=2)N

Thus, ¿2 · (1 ¡ ±)¯ for all

N ¸
4df

² ¡ ¹
log

µ
12

² ¡ ¹

¶
+

4
² ¡ ¹

log
µ

2
±(1 ¡ ¯ )

¶
(41)

The result follows from (36), (39), and (41).

The last result in this section is the robust analog of Lemma 4.

Lemma 8 Fix ² > 0. Let bx denote the optimal solution of the robust sampled problem (8). Then

QN
0 (H 0

1;N : bx 62 ¹X² ) ·
¡ eN

n

¢ne¡ (²¡ ¯ )( N ¡ n) .

Pro of: The robust chanceconstrained problem (8) has constraints of the form

f (x; z) · 0; kz ¡ H 0
i k · ¯ ; i = 1; : : : ; N :

Supposea constraint of the form f (x; ¹z) · 0 is a support constraint for the robust chance con-

strained problem (8). Wewill associate this support constraint with k = argmin
©

i : k¹z ¡ H 0
i k · ¯

ª
.

Let I µ f 1; : : : ; N g with jI j · n and let

H N
I = f (h1; : : : ; hN ) : all support constraints are associated with somei 2 I g:

Then Theorem 3 implies H N = [ fI µf 1;:::;N g:jI j· ngH N
I . Thus,

QN
0 (H 1;N : bx 62 ¹X² )

=
X

fI µf 1;:::;N g:jI j· ng

QN
0 (H 1;N 2 H N

I : bx I 62 ¹X² )

=
X

fI µf 1;:::;N g:jI j= ng

³
Qn

0 (H i 2 I : bx I 62 ¹X² )
Y

i 62I

Q0(H i : f (bx I ; z) · 0; 8kz ¡ H i k · ¯ jA I )
´

;

where bx I denotes the optimal solution of the robust sampled problem (5) with only the robust

constraints corresponding to the samplesi 2 I present, A I is the event A I = f H i 2 I : bx I 62 ¹X²g

and each term in the sum can be written as the product becauseH 0
1;N are I ID samples.Lemma 1

implies that Q0(H : f (bx I ; z) · 0; 8kz ¡ H k · ¯ jA I ) · e¡ (²¡ ¯ ) . Thus,

QN
0 (H 1;N : bx 62X² ) · e¡ (²¡ ¯ )( N ¡ n)

X

fI µf 1;:::;N g:jI j= ng

Qn
0 (H i 2 I : bx I 62 ¹X² );

· e¡ (²¡ ¯ )( N ¡ n)
³ nX

k=1

µ
N
k

¶ ´
·

³ eN
n

´ n
e¡ (²¡ ¯ )( N ¡ n) ;

where the last inequality follows from the bound (13).
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6 Tractabilit y of the robust sampled problem

In Section1 we intro duced the robust sampledproblem (8) asan approximation for the ambiguous

chanceconstrained problem (6) and in Section 5 we establishedbounds on the number of samples

N required to approximate the robust feasibleset ¹X² and also on the number of samplesrequired

to only ensurethat the optimal solution bx of the robust problem (8) is feasiblefor (6). All along we

have implicitly assumedthat the robust sampledproblem (8) is e±ciently solvable. In this section,

we characterize the functions f (¢; ¢), the probabilit y metric ½and the norm k ¢k on the parameter

spaceH for which the robust sampledproblem (8) is tractable both in theory and in practice. The

results in this section are motivated by [7].

We restrict attention to the following two classesof constraint functions.

(a) A±ne functions: X = R n , H = R n+1 , and f (x ; (h0; h)) = h0 + hT x.

(b) Second-orderconefunctions: x 2 R n , H =
©

h = (A ; b; u; v) : A 2 R p£ n ; b 2 R p; u 2 R n ; v 2 R
ª

,

and f (x ; h) =
p

(Ax + b)T (Ax + b) ¡ uT x ¡ v.

The uncertainty set Q consideredin this paper is given by Q = f Q : ½p(Q; Q0) · ¯ g where ½p

denotesthe Prohorov metric. Since the Prohorov metric is de¯ned in terms of the norm k ¢k on

the spaceH, we ¯rst select this norm. We restrict attention to norms that satisfy

kuk = k juj k; (42)

where juj denotes the vector obtained by taking the absolute value of each of the components.

For a given norm k ¢k, the constant ¯ de¯ning the uncertainty set Q is set by the desired level of

con¯dence. Note that ¯ can also be set in terms of any distance measurethat is an upper bound

for the Prohorov metric. SeeSection 4 for details.

First we consider the case of a±ne constraint functions f (x ; h) = h0 + hT x. Let ej , j =

1; : : : ; n+ 1 denotethe j -th basisvector in R n+1 . De¯ne U(h) =
©

z : z = h +
P n+1

i =1 wj ej ; kwk · ¯
ª

.

Then the robust sampledproblem (8) is given by

min cT x

s.t. z0 + zT x · 0; 8z 2 U(H 0
i ); i = 1; : : : ; N ;

x 2 X :

(43)

Results in [7] show that (43) can be reformulated as follows.

min cT x

s.t. f (x ; H 0
i ) · ¡ ¯ yi ; i = 1; : : : ; N ;

jx j j · t i
j ; j = 1; : : : ; n; i = 1; : : : ; N ;

1 · t i
n+1 ; i = 1; : : : ; N ;

kt i k¤ · yi ; i = 1; :::; N ;

y 2 R N ; t i 2 R n+1 ; i = 1; : : : ; N ;

x 2 X :

(44)
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whereksk¤ = maxfk r k· 1gf sT r g denotesthe dual norm of k¢k. For the L 1 or L 1 norms (44) reduces

to a linear program; whereaswhen the norm k ¢k is an L p-norm, p 6= f 1; 1g , (44) is equivalent to

a second-orderconeprogram.

Next, consider the sameof the second-orderconeconstraints. Let ej 2 R (p+1)( n+1) denote the

j -th standard basisvector in R (p+1)( n+1) . For A = [a1; : : : ; an ] 2 R p£ n let

vec(A ) =
h
aT

1 ¢¢¢ aT
n

i T
2 R pn ;

and, for h 2 R (p+1)( n+1) , de¯ne U(h) =
©

z : z = h +
P (p+1)( n+1)

j =1 wj ej ; kwk · ¯
ª

. It is shown

in [7] that any feasiblesolution to the problem (45) below is also feasible for the robust sampled

problem (8).

min cT x

s.t. f (x ; H 0
i ) · ¡ ¯ yi ; i = 1; : : : ; N ;

gi
j (x) · t i

j ; j = 1; : : : ; (p + 1)(n + 1); i = 1; : : : ; N ;

kt i k¤ · yi ; i = 1; : : : ; N ;

y 2 R N ; t i 2 R (p+1)( n+1) ; i = 1; : : : ; N ;

x 2 X ;

(45)

where

gi
j (x) =

8
>>>><

>>>>:

jx l j j = p(l ¡ 1) + k; k = 1; : : : ; p; l = 1; : : : ; n;

1 j = pn + k; k = 1; : : : ; p

jx l j j = (p + 1)n + l; l = 1; : : : ; n

1 j = (p + 1)(n + 1);

The problem (45) is a second-orderconeprogram for all L p norms.

7 Conclusion

In this paper we extend the sample complexity results known for chanceconstrained problems to

ambiguouschanceconstrainedproblemswherethe uncertainty set is givenby a ball de¯ned in terms

of the Prohorov metric. We approximate the ambiguous chance constrained problem by a robust

sampledproblem whereeach constraint is a robust constraint centered at a sampledrawn according

to the center of the uncertainty set de¯ning the ambiguous chanceconstrained problem. The main

contribution of this paper is to show that the robust sampledproblem is a good approximation for

the ambiguous chanceconstrained problem with high probabilit y. Our extensionsare basedon the

Strassen-DudleyRepresentation Theorem that states that when the distributions of two random

variables are close in the Prohorov metric one can construct a coupling of the random variables

such that the samplesare closewith high probabilit y. Coupling is just a construct neededto prove

the results; it is never usedin computing the solution to the robust sampledproblem.
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The results in this paper should be viewed as a ¯rst step towards solving ambiguous chance

constrainedproblems. Several issuesstill remain unresolved. Weonly consideruncertainty setsthat

are norm balls de¯ned in terms of the Prohorov metric. One could consider\tiling" a more general

uncertainty set by norm balls of a given radius and construct a robust sampledproblem by drawing

samplesaccordingto the centers of the balls (a simpli¯ed versionof this idea appearsin [11]). Since

the constant ² that controls the violation probabilit y in the ambiguouschanceconstrainedproblem

has to be greater that the radius ¯ of the norm ball, such an approach is attractiv e even when the

uncertainty is a norm ball. However, it is not clear how to e±ciently select the centers of the balls

to \tile" the uncertainty set.

In Section 4 we intro duce several probabilit y metrics and show that uncertainty set Q = f Q :

½(Q; Q0) · ±g can be conservatively approximated by a uncertainty set ~Q = f Q : ½p(Q; Q0) · ±(¯ )g

de¯ned in terms of the Prohorov metric. However, we have no way of measuring the \blo w-up"

of the uncertainty set that occurs in changing the metrics. This issuecan be resolved by either

establishing tight lower bounds on the Prohorov metric or by constructing Representation results

for the other metrics. Ideally one would like to get logarithmically separated upper and lower

bounds as in [32, 33].

Finally, there is the issueof proving worst-caselower boundson the number of samplesrequired

to learn the solution of an ambiguous chance constrained problem, i.e. a re¯nement of Lemma 3

that accounts for ambiguit y in the measure.
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