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Abstract

In this paper we study ambiguouschanceconstrained problemswherethe distributions of the
random parametersin the problem are themselesuncertain. We primarily focuson the special
casewhere the uncertainty set Q of the distributions is of the form Q = fQ : %(Q; Qo) -
~ g, where ¥4 denotes the Prohorov metric. The ambiguous chance constrained problem is
approximated by a robust sampledproblem where ead constraint is a robust constraint certered
at a sampledrawn according to the certral measureQg. The main cortribution of this paper
is to shaw that the robust sampledproblem is a good approximation for the ambiguous chance
constrained problem with high probability. This result is establishedusing the Strassen-Dudley
Represemation Theorem that states that when the distributions of two random variables are
closein the Prohorov metric one can construct a coupling of the random variables such that the
samplesare closewith high probability. We also shaw that the robust sampled problem can be
solved exciently both in theory and in practice.

1 Intro duction

A large classof decision problems in nance and engineeringcan be formulated as optimization
problems of the form

min c'x
s.t. f(x;h) = maxq. . ffi(x;h)g- O D)
X2 X;

wherex 2 X is the decisionvector, X pu R" is a closedcorvex set,h 2 R™ are problem parameters
and ead of the functions fi(x;h) : X £ H 7! R are cornvex in x for a xed h. We assume,without
loss of generality, that the objective is linear and independert of h.

“Submitted to Math. Prog.

YIEOR Department, Columbia University, New York, New York 10027. Email: eel68@columbia.edu Researt
partially supported by NSF grant CCR-00-09972.

?IEOR Department, Columbia University, New York, New York 10027. Email: garud@columbia.edu. Researt
partially supported by NSF grants CCR-00-09972, DMS-01-04282and ONR grant N0O00140310514.



The deterministic optimization approacd to solving optimization problems computesa solution
to (1) assumingthat the problem parameters h are known and xed. In practice, howewer, the
parametersh are the result of somemeasuremen or estimation process,and are, therefore, never
known for certain. This uncertainty is of serious concern in applications becausesolutions of
optimization problems are often very sensitive to °uctuations in the problem parameters. This
phenomenonis well documerted in seweral di®erern application areas|3, 26].

Recenly robustoptimization hasemergedas an attractiv e optimization framework for reducing
the sensitivity of the optimal solution to perturbations in the parameter values. In this framework,
the uncertain parametersh are assumedto belongto a bounded uncertainty set H and the robust
optimization problem corresponding to the nominal problem (1) is given by

min cTx
st. f(x;h)- 0, 8h2H,; (2)
X2 X

This framework was introduced in Ben-Tal and Nemirovski [4, 5, 6]. There is also a parallel
literature on robust formulations of optimization problems originating from robust corntrol [18, 20].
In many applications the uncertainty set H is given by the con dence region around the point
estimates of the parameter allowing oneto provide probabilistic guaranteeson the performance of
the optimal solution of the robust problem [26]. The robust problem (2) is solved by reformulating
the semi-in nite constraints, f (x;h) - 0, for all h 2 H, asa nite collection of constraints. Suc
a reformulation is only possiblewhen the uncertainty set H and the function f (x; h) satisfy some
regularity conditions. See[4, 6, 7] for robust formulations that can be solved exciently. Evenwhen
the reformulation is possible,the resulting problem is typically harder than the nominal problem (1)
([7] proposesa new framework wherein the robust problem remains in the samecomplexity class
asthe nominal problem). In general,however, the robust problem is intractable.

Another criticism of the robust framework is that it givesthe same\w eight" to all perturbations
h 2 H. Also, in certain applications one might have the °exibilit y of violating the constraints
corresponding to a small fraction of the setH. An alternativ e optimization framework that mitigates
this criticism to some extent is called chan@-oonstrained optimization. In this framework, one
assumesthe parameters are h are distributed according to a known distribution Q on H, and
replacesthe nominal problem (1) by the following chanee-oonstrained problem

min c'x | @)
st. x2 Xz(Q),
where n 0
X2(Q)= x2X:QMH:f(x;H)>0): 2 ; 4

for some0 < 2 < 1. The parameter 2 cortrols the probability that the optimal solution of (3)
violates the constraints { as 2 # 0 the chance-constrainedproblem starts to resenble the robust
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problem (2). Although chance-constrainedproblems have a long history dating badk to at leastthe
work of Charnesand Cooper [12], they have not found wide applicability. This is primarily because
computing the optimal solution for chance-constrainedproblemsis extremely hard. To begin with
just evaluating Q(H : f (x;H) > 0) involvesa multidimensional integral that becomeshard as the
number of parameters grows. Moreover, even if the function f (x;h) is corvex (or even linear)
in X the feasible set X:(Q) of (3) is not corvex. A detailed discussionof the chance-constrained
programs and, more generally stochastic programs can be found in [35].

Recerly, Cala ore and Campi [10, 11] and de Farias and Van Roy [14] independertly proposed
tractable approximations to (3) basedon constraint sampling and statistical learning techniques. In
this approad, one approximates chance-constrainedproblem (3) by the following samplel problem

min c¢c'x
sit. f(x;Hi) - 0; i=1;::N; (5)
X2 X;
whereH;, i = 1;:::;N, are N independen, identically distributed (IID) samplesfrom the distri-
bution Q. de Farias and Van Roy [14] considerthe special casewheref (x;h) = hTx + ho and, u%e

results from Computational Learning Theory [1, 30, 43]to shaw that forall N | %2 in' 12+ 4n'2

the feasible set of the sampled problem (5) is contained in X:(Q) with probability at least1j =+
Thus, in this sampling basedmethod there are two possiblesourcesof errors: with probability +, the
feasible set of (5) (and consequetly, the optimal solution of (5)) may not be contained in X:(Q);
and, in event that this is not the case,the feasible points of (5) can still violate the constraint
f(x;H) - 0 with a probability 2. The analysis in [14] can be extendedto general f (x;h) (see
Section 3 for details). Cala gre and Campi [10, 11] consider general corvex functions f (x; h) and
shaw that for N | 20 1n'12"+ 2n '% + 2n; the optimal solution of the sampled problem (5) is
feasiblefor (3) with probability at least1j + On the one hand, this bound is weak in the sense
that it is only valid for the optimal solution, and not the entire feasibleset. On the other hand,
the number of samplesrequired to ensurethat the optimal solution is feasible for (3) with high
probability can be orders of magnitude lower. The result in [10, 11] is proved using a fundamertal
fact that the optimal solution of a corvex program is \supp orted" by at most n constraints. We will
brie°y review this work in Section3.3. Recerily, Nemirovski and Shapiro [33, 32] establishedloga-
rithmically separatedupper and lower bounds on the number of samplesrequired to approximate
a chance constrained problem when the measureQ has well de ned momert generating function.
Although the bounds on the samplesize N are distribution-free in the sensethat they do not
depend on the underlying measureQ, in order to construct the sampled problem (5) one requires
samplesfrom this probability measure.Also, there is animplicit assumptionthat the distribution Q
of the random parametersH is xed. A major criticism raised against chanceconstrained problems
and, more generally, stochastic programsis that, in practice, the measureis never known exactly.
Just asthe point estimatesfor the parameters, the distribution Q is also estimated from data or
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measuremets, and is, therefore, known only to within someerror, i.e. the measureQ 2 Q where
Q is a set of measures. Since our primary interest in the chance constrained problem (3) was to
useit asan approximation (or even a re nement) of the robust problem (2), the natural problem
to considerwhen the measureQ is uncertain is given by

min c'x
st. x 2 X:; ©)
where n o]
Xe= x2X:Q(H :f(x;H)>0)- 2 8020Q : (7)

We will call (6) an ambiguouschane-mnstrained problem A problem of the form (6) has two
sourcesof uncertainty: the distribution Q of the parameter h is uncertain, and, given a measure
Q, the patrticular realization of the parameter h is also uncertain. In the decisiontheory literature
the uncertainty in the distribution is referredto asambiguity, and hencethe namefor the problem.
Modeling ambiguity and its consequencéas beenreceiving attention in se\eral di®erert elds.
The minimax formulation hasa long history in stochastic programing [44, 8, 16, 17, 29, 40, 38, 39].
Ruszczynskiand Shapiro [36] shav the equivalencebetweenminimax stochastic programming and
minimizing a corvex risk measure[2, 23] of the second-stagecost. [37] extends the minimax
approac to a multip eriod setting. The study of ambiguity in Economics began with the work
of Gilboa and Scdimeidler [25]. This work was extendedto a multip eriod setting by Hansenand
Sargen [27] and Epstein and his co-authors [13, 21, 22]. Ambiguity in the context of Markov
decision processewas independertly investigated by lyengar[28] and EI Ghaoui and Nilim [19].
The main cortributions of this paper are as follows.

(&) We consider uncertainty sets Q of measuresthat are of the form Q = fQ : 4Q; Qo) - ¢
where %£¢ § denotesa suitable metric between probability measures,i.e. the uncertainty sets
are \balls" certered around the certral measureQq. We approximate the ambiguous chance-
constrained problem (6) by a robust samplel problemde ned as follows

min c'x ®)
st. f(x;z2)- 0, 8zs.t kzj HPk- T i= 10N,
whereHiO, i = 1;:::;N, denote | ID samplesdrawn according to the certral measureQq and

the norm k ¢k on the H spaceis related to the probability metric £¢ ¢ (details are given
in Section 4). Resultsin [7] imply that for a large class of constraint functions f (x;h) and
suitably de ned norms k ¢k the robust sampledproblem (8) is in the samecomplexity classas
the nominal problem (1).

(b) We combine results from Computational Learning Theory with results for coupling of random
variables [42] to compute upper bounds on the number of samplesN required to ensurethat
the feasible set of the robust sampled problem (8) is contained in X. with high probability.
This bound dependson the Vapnik-Chervonenkis (VC) dimension of the function f (x; h).
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(c) We usecoupling to extend the results of Cala ore and Campi [10, 11] to the ambiguous chance
constrained problems, i.e. we compute upper bounds on the number of samplesrequired to
ensurethat the optimal solution of the robust sampled problem (8) is cortained in X. with
high probability. The bound in this casedependson the number of \supp ort" constraints, and
is independent of the VC dimension of f (x; h).

The issue of ambiguity of measureswas also raised in [11] where the authors considereda nite
uncertainty setQ. They proposeda solution strategy where one samplesfrom all of thesemeasures
and showed that the samplesfrom di®erert measure\help” ead other. In contrast, we consider
the casewhere Q is uncourtably in nite and we draw samplesfrom only the certral measureQo.

The rest of this paper is structured asfollows. In Section 3 we brie°y review the known results
for chance constrained problem. The results in this sectionare not new { they have beenincluded
to set the context for our extensions. Section 4 intro duces probability metrics, coupling and the
Strassen-DudleyRepresetiation Theorem. Section5 usesthis Represemation Theoremto establish
bounds for ambiguous chance constrained problems. In Section 6 we identify particular classesof
functions f (¢ ¢ and norms kdk on the parameter spaceH that allow the robust sampledproblem (8)
to be solved exciently. Section7 has someconcluding remarks.

2 Notation

Setswill be denoted by calligraphic letters, e.g. A. For a nite set A, we will denote the sizeof A

by jAj. All (deterministic) vectorswill be denoted by boldface lowercaseletters, e.g. x. Random

vectors and samplesof random vectors will be denoted by boldface uppercaseletters, e.g. H, and

measureswill be denoted by mathematical boldface letters, e.g. P. We will denote that a random

vector H has distribution Q by H » Q, a ¥algebra on a spaceH by F(H), and the set of all
N ! N

probability measureson H by M (H). We will denotethe n-th binomial coexcient N7yt by ' N

3 Chance constrained problems and Learning Theory

In this sectionour goalis to relate the sampledproblem (5) to the chanceconstrained problem (3).
We assumethat the distribution Q of the perturbations H is known and xed. Let Hyy =
fH1;H2; i Hyg denoteN 11D samplesof the random vector H » Q. Then the feasibleset of the
sampledproblem (5) is given by

YHin]=fx2 X f(X;Hi) - 0i=1:5Ng 9

In the sequel,we will often abbreviate Y[H 1.ny] as Y[N] with the understanding that the set Y[N ]
is de ned using a particular sequenceof IID samplesH 1.y of length N. In the rst half of this
section we appropriately interpret conceptsfrom Computational Learning Theory [1, 43, 30] to



establish bounds on the number of samplesN required for Y[N] to be a good approximation for
the feasiblesetX: = fx : Q(H : f (x;H) - 0) - 2g of the chanceconstrained problem (3). Next, we
brie°y summarizethe result in [10, 11]that providesa bound for the number of samplesrequired to
ensurethat the optimal solution of the sampledproblem (5) is contained in X: with high probability.
As mentioned in Sectionl, the resultsin this sectionare not new { they simply provide the context
for the new results in Section 5.

3.1 Decision vectors, concepts and Vapnik-Cherv onenkis (V C) dimension
With ead decisionvector x 2 X we assaiate the concept or classi cation
G=fh2H:f(x;h) - 0g:

Let G = fCy : x 2 X g denote the classof all conceptsinduced on H asthe decisionvector x runs
over the set X. Thus,the setX: = fx 2 X : Q(H 62C) - 2g. To apply the results from Learning
Theory to the problem at hand we pretend that our goalis to learn the set X of conceptsGC; that
cover H with probability 1, i.e. Xo = fx :Q(H 2 G) = 1g. Since Learning algorithms only have
accesdo a nite number of samplesof the random variable H , it is impossibleto learn the concepts
in Xp; instead any sud algorithm will have to be satis ed with learning a conceptwith a small error
2 i.e. aconcept G, with Q(H 62G,) - 2 or equivalently x 2 X.. For the particular caseconsidered
in this paper, learning X: is equivalert to producing a good approximation for the function f (x; ¢
using a nite number of samples. Thus, one should expect that the complexity of learning X-
when the function f (x;h) = hTx is linear, or equivalertly the assaiated concept G, is a half
space,should be smaller than the complexity of learning X= when the function f (¢ ¢ is nonlinear.
Learning Theory quanti es the complexity of a conceptclassG by its Vapnik-Chervonenkis(V C)
dimension [43].

©;j ¢ a

1 i(S)= 1g(s1);:iii1lg(sn) (x2 X (20)
where 1c(9 denotesthe characteristic function of the set C. The set | ; is the set of dichotomies
or behaviorsinduced by the conceptclassG, or equivalertly the function f (¢§. From (10), it is
clear that the number of elemerts j! ( (S)j - 2V. We say that a set S is shattered by the concept
classG if ! {(S) = f0;1g", or equivalertly j! ;(S)j = 2N. Note that if a setS is shattered by the
conceptclassG it doesnot yield any information about the conceptclass. Thus, the sizeof largest
shattered set is a measureof the complexity of the conceptclassG .

De nition 1 (V C dimension of f(¢ @) The VC dimension d¢ of the function f (¢ ¢ is the car-
dinality of the largestset S %2 H that is shattered by the concept class G, i.e

a

© .

sup jSj:i¢(S)="fo1gN ;
© a

sup jSj:jl¢(S)j=2N (11)
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In the sequelwe will nd it conveniert to work with the growth function ¥ (N) de ned as follows.
Y4 (N) = maxfj; 1 (S)j:jSj= Ng: (12)

The growth function % is another measureof the complexity of the concept class: the faster this
function grows, the more behaviors on setsof sizem that can be realized by G ; consequetly, the
lessis the information that this nite setcorveysabout the classG . A surprising and fundamertal
result in Computational Learning Theory assertsthat if the VC dimensionds < 1 , the growth
function % (N) is bounded by a polynomial in N of degreed: .

Prop osition 1 (Sauer's Lemma [9, 1, 30]) Suppsethe VC dimensiond; of the function f (¢ ¢

is nite. Then
1 T T T e T
4 (N) - 1+ 1 + 2 + o+ o : r ;

whetre e denotesthe base of natural logarithm.

(13)

In this paper we assumethat the VC dimensiond; < 1 . This is not a very restrictive assumption
sincemany functions f (¢ ¢ usedin practice have nite VC dimension.

Prop osition 2 Let d; denotethe VC dimension of the function f (¢ ¢.

(@ X =R" H

f(ho;h) :ho 2 R;h 2 R"g= R™! andf (x;h) = hg+ hTx. Thendi - n.

(b) X = R", H="f(A;b;u;v):A 2RPE":b;c2 R";v2 Rg, andf (x;h) = kAx + bkj uTxj v.
Then d; - O(n?).

of the function f (x;h) = maxy. i. (ffi(x;h)g is boundel atove by di - O(10' max;. ;. if dig).

Pro of: Part (a) is proved on p.77 in [1] (seealso [14]), part (b) is establishedin [9] and part (c)
can be establishedusing techniquesin [31]. |
Part (c) states that the best known bound on the VC dimension of a pointwise maximum of
| functions grows exmnentially in [. Thus, the VC dimension of the concept class induced by
constraint function f (¢ ¢ of the nominal problem (1) can be quite large. We will remark on this at
the end of the next section.

3.2 Learning the chance constrained set X.

For x 2 X let err(x) = Q(H 62C). Thus, X: = fx 2 X : err(x) - 2g. The feasibleset Y[N] of
the sampled problem (5) is the set of all decisionvectors x, or equivalertly conceptsC;, that are
consistert with the given sampleH 1.y . Intuitiv ely speaking, if the samplesizeis large enoughone
would expect that Y[N] is a good estimate of the set X.. The next two results make this rigorous.



Lemma 1 Fix 2> 0. Supmse% 2 X with err(X) > 2. Then, for all N |, 1,
QN(Hun :%x2Y[N]) - & ™N; (14)
where QN denotesthe product measure Q£ Q£ ::: £ Q with N terms.

Pro of: Recallthat H 1N are lID samplesof the random vector H » Q. Therefore,
QY (Hin X2 YN = (QH :F(GH) - OV - (1 N - @™,

where the last inequality follows from the fact that 1 2 - ei”’. |
Lemma 1 establishesthat the probability that a given concept G, with err(x) > 2 is contained
in Y[N] decays exponertially with the number of samplesN. Supposethe set X is nite. Then
the union boynd implies that QN (Hyin :Y[N]6pX:) - jXjei™ . + forall N, Zlog 'XT‘ ,i.e

O ilog 1X] samplesare neededto learn X. with a probability of error bounded by +. Since

+

the complexity of learning a conceptis determined by the VC dimension of the concept class,we
expect that a similar bound should hold with jXj replacedby %4 (N).

Lemma 2 (Prop osition 8.2.3 in [1]) Let% denotethe growth function assaiated with concept
classG induced by f (¢ §. Then, for all N , 8=2,

QN (Hin 1 Y[N]6pXz) - 2% (2N)21 N2 (15)
This result and the upper bound (13) imply the following corollary.
Corollary 1 Fix 2;+> 0. Supmwsethe VC dimension d; of f (¢ ¢ is nite. Then
QY (Hyn @ Y[N]6UX2) - %

for all 1 . X 7
8 Hage  °12 PR
N, max -; ——log — + ~log

H1N

We concludethis section with the following lower bound.

Lemma 3 (Theorem 3.5 in [30]) Supmsethe VC dimension d; of the function by f (¢ ¢ is -
nite. Then the worst case number of samplesrequired to learn X: is -( di =2).

Corollary 1 and Lemma 3 establish that the number of samplesN = £(d¢=?). From Proposi-
tion 2 (c) we have that the VC dimension of the constraint f (¢ ¢ in the nominal problem (1) could

the number of samplesrequired to learn X: could be prohibitiv e even for well behaved constraint
functions.



3.3 Qualit y of the optimal solution of the sampled problem

In this section the goal is more modest { we want to compute the number of samplesrequired
to ensurethat only the optimal solution of the sampled problem (5), as opposedto the ertire
set Y[N], is feasible for the chance constrained problem (3) with high probability. Cala ore and
Campi [10, 11] recertly shavedthat N = O(n=2) is enoughto achieve this goal. In this sectionwe
brie°y review the results in [10, 11].

Let (P) denote the following convex program

min c’x
sit. fi(x)- 0 i=1:::;N;
wheref;(x) is a convex function of x for all i = 1;:::;N. Let k denotethe unique optimal solution

and let ky denote the unique optimal solution of the problem (Py). See[10, 11] for the casewhere
the optimal solutions are not unique.

De nition 2 (Supp ort constrain t) The k-th constraint f(x) - 0Ois called a support constraint
for the problem (P) if c"®y < c'k.

Theorem 3 (Theorem 2 in [11]) The convexprogram hasat most n support constraints.

Lemma 4 Fix 2 > 0. ¢Let k denote the optimal solution of the sampla problem (5). Then
QN (Hin 1k 62X:) - 'ﬂ gl 2(Nin)

QN (Hin @1 62X:) QY (Hin 2 HY 1 hy 62X)
fl pf ;5N gl j= ,
2 X glti=ng, v |
= Q"(Hizi 1l 62X:)  Q(H; :f(k;Hi)- QA,) ;
fl pf 1;:5Ngijl j=ng 621

where R, denotesthe optimal solution of the sampled problem (5) with only the samplesi 2 |
preser, A, isthe event A, = fHjz : k) 62X.g and ead probability in the sum can be written as
a product becauseH 1.y are 11D samples.Sincek 62X, it followsthat Q(H; : f (b ;H;) - 0A,) -
(1 2), foralli62. Thus,

_ X
QN(Hyn (R 62%:) - (1 2)(Nim Q"(Hiz : Ry 62X2)
u q fl pf 1;:5N gl jangﬂ
N @i z)Nim . N g 2(Nin).
n n

Lemma 4 immediately implies the following.



Corollary 2 Fix 2;+> 0. Let k denotethe optimal solution of the samplal problem (5). Then
QN (Hin 1R 6pX:) - £

for all 3 - 3

4 Probabilit y metrics and Coupling

In Section 1 we had intro duced the following robust chance constrained set (see(7))

n 0
2= x2X:supQ(H :f(x;H)>0)- 2 ;
Q2Q

where Q = fQ : 4Q;Qp) - g for an appropriately chosen metric %20on the spaceM (H) of
probability measureson H. Recallthat X p R", H g R™ and we denote the norm in H space
by k ¢k. In this section we rst review properties of some basic probability metrics. Next, we
intro duce the concept of coupling of random variablesthat plays an important role in constructing
approximations of the robust chance constrained set X: via samples. In this paper we will be
primarily using the Prohorov metric % de ned as follows.

a

. © .
¥%(Q% Q%) = inf 2:QY(B) - Q*B’)+28B2F(H) ; (16)

where n 0

2

B'= x2X:infkxij zk- 2 :
z2B

Although the de nition appearsasymmetric, %3 is a metric. It plays an important role in prob-
ability becauseit metrizes weak corvergence. Moreover, %(Q1; Q2) is the minimum distance \in
probability" betweenrandom variables distributed accordingto Q;, i = 1;2. Someother metrics
of interest are as follows.

(&) Wassesteinor Kantorovich metric ¥:
Yoz _ ¢E Ya
- i
Ya(Q1,Q2) = sup — g(h) Qi(dh)i Qz(dh) —:g2 Cpa(H) ;
H

where C1.1(H) denotesthe set of Lipschitz continuous functions with Lipschitz constart at
most 1.

(b) Total variation metric Y, :

Yo (Q1; Q2) = supfj Qu(B) i Q2(B)j: B2 F(H)g:
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(c) Hellinger metric ¥: Let f;, i = 1;2 denote the densitiesof measuresQ;, i = 1; 2, with respect
to a common dominating measure(e.g. Q = (Q1 + Q2)=2). Then
37 .
iP— PG 3
4(Q1;Q2) = fii  fz Q(dh) *:
H
(d) Relative entropy distance%: Let f;, i = 1;2 denotethe densitiesof measuresQ;, i = 1;2, with
respect to a common dominating measure(e.g. Q = (Q1 + Q2)=2). Then

Z 3 .
N . _ f1(h)
/2(Q1; Q2) ., f1(h)log f,(h)

The relative entropy distance Yz is not a metric becausat is not symmetric and doesnot satisfy

dh

the triangle inequality.

The following lemma relates the Prohorov metric %4 to the other distance functions.

Lemma 5 ([24]) The distances %y, %, ¥4, and ¥z are related to the Prohorov metric as follows.

(a) Prohorov and Wassersteinmetrics: 1/% - Ya - (diam (H)+ 1)%, where diam (H) = supfk hyj
hok:hi 2 H;i = 1;29.

(b) Prohorov and Total variation metrics: % - %

(c) Prohorov and Hellinger metrics: % - %

(d) Prohorov metric and the relative entropy distance: %3 - P Ya=2

These bounds imply that for any uncertainty set of the form Q = fQ : 4Q; Qo) - g, where the
metric Yis given by Y4, %&,, ¥a or ¥, onecanchoose () > Osudthat Q u Q= fQ : %(Q; Qo) -
" (g, i.e. Q is a conservative approximation of Q. Next we introduce the concept of coupling of
random variables and relate it to the probability metrics.

De nition 3 (Coupling of random variables) A random variable X is said to be a copy or a
represenation of the random variable X if and only if they havethe samedistribution, i.e. X 2 X.
A collection of random variablesf X® : ® 2 Ag de ned on a common probability space (- ;F (-) ;P)
is said to be a coupling of the collection fX®: ®2 Ag if and only if X®2 X, for all ®2 A.

Note that only the individual X® are copiesof the individual X ®, the whole collectionis f X®: ® 2
Ag is not a copy of fX®: ®2 Ag, i.e. the joint distribution of fX®:®2 Ag neednot be the same
asthat of fX®:®2 Ag.

Theorem 4 (Strassen-Dudley) Let X! » Q; and X2 » Q, be two random variables taking
valuesin H. Supmse¥(Q1;Q2) - . Then there existsa coupling (X 1;X2) of (X 1;X2) suchthat

3

P kX1 Xok>— - 7 (17)
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Pro of:  This result was established by Strassen[41] for complete separable metric spacesand
extendedto arbitrary separablemetric spacesby Dudley [15]. Seealso Rachev [34]. |
This result establishesthat if two probability measuresQ;, i = 1;2, are \close" in the Prohorov
metric then there existsa coupling (X 1; X 2) such that the samplesare \close" with high probability.
This result can be improved if the random variables X, i = 1;2, are boundedw.p.1.

Theorem 5 Let X! » Q; and X2 » Q, are two random variables taking valuesin H. Suppse
%(Q1;Q2) - and kXjk - R as., i = 1;2. Then there exists a coupling (X1;X2) of (X1;X2)
such that 3

E kX1i X2k - (1+2R); (18)

whetre the expectation is with respect to the common probability measure P.

Pro of: The Wassersteinmetric ¥ (Q?'; Q%) between probability measuresQ! and Q? can be

equivalently characterized as follows.
n h i ‘ o
Y%,(Q1;Q2) = inf E kX1 X2k :X'» Qj;i = 1;2; (X1;:X?) is a coupling of (X *; X ?)

SincekX ik - R a.s., one can without loss of generality assumethat diam (H) - 2R. Thus, the
bound %, - (diam (H) + 1)% together with the characterization above, yields the result. |

5 Robust chance constrained sets

In this section we shav how to construct sampling based approximation for the robust chance
constrained set n 0

X2= x2X:supQ(H :f(x;H)>0)- 2 ;
Q2Q

where Q = fQ:%(Q;Qo) - 9, and % denotesthe Prohorov metric. Note that the bounds in
Lemma5 imply that onecan consenatively approximate an uncertainty setde ned in terms of any
of the metrics discussedin Section4 by a set de ned in terms of the Prohorov metric. The main
results of this section are the robust analogsof Lemma 1, Lemma 2 and Lemma 4.

In this sectionwe de ne err(x) asfollows.

err(x) = supQ(H :f(x;H) > 0) (29)
Q2Q

Thus, X. = fx 2 X :em(x) - 2g. Let HY\ = fH®:::;HY g denote N 11D samplesdrawn
accordingto the certral probability measureQg. Let Y[N; ] denote the set

©
YIN;7]= x:f(x;2)- 0;8zst kzj Hk- T;i=1:: N (20)

As in Section3, the setY[N; ]is de ned using a particular sequenceof IID samplesH ‘f;N of length
N drawn accordingto the measureQq.
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Lemma 6 Fix 2> 0. Supmwsek 2 X with err(X) > 2. Then, for all N | 1,
[ ¢ -
QB'IH&);N:XZY[N;_] . el Ci N (21)

Remark 1 The probability Q) (X 2 Y[N;™]) decays expnentially with N only if 2 > ~. Thus,
uncertainty in the measure manifests itself as a lower bound on the acheivableerror probability.

Proof: Fix 0< ~ - 2 Sinceerr(X) > 2 we can selectQ; 2 Q suc that Q:(H : f(X;H) >
0)>2j . Let H » Q;, i = 1;2. Since%(Q1;Qo) - ~, the Strassen-Dudley Represetation
Theoriem implies that &here exists@§t coupling (F1; H?) of the pair (H 1:HO) such that (17) holds,
ie. PkAY| A% > " - ". Let (HLHY;:::;(AY;AL) denoteN 11D samplesof the jointly
distributed pair of random vectors (F*; F?). Let Y[N; ] denote the set

n 0
YIN;7]= x:f(x;z)- 0;8zs.t kzj Ak - ~;i=1;:::;N - (22)

SinceH? 2 HY and % is xed, we have that
3

QY 'HOy 1k 2 yN:] = PN HOy X2 YIN; 7] : (23)
Moreover,
3 . ¥ o3 ,
PN Ay ik 2 YIN;T] = P HAO:f(x;2)- 0;8kzj A%k — ;
1, S
= P H:f(X;2): 0;8kzj A% - — (24)

Each term in (24) can be bounded as follows.
3

P f(i(;g)- 0;8kzj A% -
= P fgk;z)- 0;8kzi H° - —;kAl; A% . ,
+3P f(x;z) - Q;8k23i Ok - _;kFrli, A% >~
Pf(HY . 0 +P kH'j A%> " ; (25)
Liz2+7)+ (26)

where (25) follows from the fact that the probability only increasesf oneremaovesrestrictions, and
(26) follows from the bound (17) and the fact that F 2 H1. From (23), (26) and (24), we have

3

- ¢ e
QY 'HOy tx 2 Y[N; T = PN ROy k2 VN;T] - (@ 2+ + )N . @ NG (27)

Since” - 2 was arbitrary, the result follows. |
Note that we only generatesamplesaccordingto the certral measureQg. The coupling is a construct
neededto translate the bound on extremal measurethat achievesthe supremum in the de nition
of err(x) to the measureQp.
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SupposeQ(H :kHk> R) = Ofor all Q 2 Q. De ne the setY [N] asfollows.

©
Y [N]= x:f(x;z)- 0,8z s.t kzj Hiok- Ti=1000N (28)

Then Theorem 5 and Markov's inequality implies the following corollary.

Corollary 3 Fix 2> 0and %X 2 X with err(X) > 2. SupwseQ(H : kHk> R) = 0 for all Q 2 Q.
Then 3

1+ 2R N
P(x2Y [N])- 1j 2+

: (29)

5

Unlike in Lemma 6, here we have a parameter , that can be controlled to achieve any desired
probability of error 2.

Next, we establish a robust analog of Lemma 2. We shaw that if the VC dimension d; of the
function f (¢ @ is nite, “%4(Q;Qo) - , and the number of samplesN = O(Z?l) (a precisebound

is givenin Lemma 7),

i _ ¢
QY "HO tYIN: T Xe(Q), 1i %

This result should be interpreted asfollows. The distribution of the parametersH is uncertain and
is only known to lie in the uncertainty setQ = fQ : %(Q; Qo) - g and we want to characterize
the set of decisionsx that satisfy Q(H : f (x;H) > 0) - 2 no matter which probability measure
Q is selectedfrom the uncertainty set Q. The bound above shaws that for N = O(Z?’—) the set
Y[N; ]is agood approximation for X:(Q) for any xed Q with high probability.

Lemma 7 Fix > 0,2>  and Q3 2 Q. Supmsethe VC dimension d; of the function f (¢ 9 is
nite and ~ + 21 < 1. Then QY HY\ :Y[N;7]16uX:(Q1) - % for all N satisfying

n 3 °

.8, 2k o e 2 n —e_ -

N N max d, 2 3 e(li'_) In l| o 3+ 11 7Jno (el 1)i * l,
4d; 12 4 2 .
zrlog =5 +xrlog g

L oz .
whee ! = 2 5+ log( + 2 7°) .
Remark 2 Since = 0implies® = 0, we recover the non-robustresultin Lemma2 when = 0.

Pro of: Sincethe measureQ; 2 Q is xed, we will abbreviate X:(Q1) by X.. Let X£ denote the

complemen of the set X.. As in the proof of Lemma 6, let H' » Q;, i = 1;2 and qu'g (HL; A9
%enote a coupling of the pair (H!;H®) sud that (17) holds, i.e. P'kALl; A% > — . : Let
GEHD NG ;H%) denoteN [ID samplesof the jointly distributed pair of random vectors

(H1;H9). Then
3

. . ¢ . ’
QY 'HOy : Y[N; 7] 6piXe PN HO\ YN TN XE6

3

PN OYIN;TI\ X8 jlj=

j=0

14



© a
wherel = i 2f1:;Ng: kAl APk - ~ . Forasetl %f1;:::;Nglet A(l) denotethe evert
n 0
Al)= (A%ADz.on ckAL] Ak T;8k21 kAL APk- ~;8k 62
© a
andlet Y[I; ]= x :f(x;z) - 0;8zs.t kzj HPk - 512 1) TFix Ig;12 p f1;:5Ng with
it =l ). Sincef(H“il; H“io)g, i = 1;::5; N arelID, it is clear that

3

.....

= PV (A% ALz N YN TN XS 6 5 A(LD) (30)

)(\| 3
PN (HiO,Hil)i:l;:::;N CYIN; TN X6 5501 =
j=0
X uNﬂ N3 0. 141 - c
= P (H{ A )iz1;n C YING TV X A(L)
=0
X HNﬂ N3 0. 141 c - ,
j PY (A7 A )i=tn - XS\ Y516 55 A() (31)
j=0
— X\lp‘Nﬂja 0.1 .y C . .. ,
- J P (Hk’Hk)k2|j Xz\ Y[IJ, ]6 ,,A(IJ) ¢
j=0 , . ,
PNIT (A A l)keay KHK i Hi k> 58k 62 ; (32)
woH T s ’
j NP (E ANz XN Y[TT8 5 A() (33)
i=0
w oo e ‘
] NP | cox 2 XE st (X HE) - 08k 215 (34)
J:

where (31) and (34) follows from the fact that the probability only increasesif oneremovesrestric-
tions, (32) follows from the fact that f(I—Til; H’; 0)g, i = 1;::; N arelID, and (33) follows from the
bound (17). Note that the bound (34) only involves the random vector H?!, or equivalertly the
(unknown) true measureQ;. Thus, onceagain we have usedcoupling to translate a bound in terms
of the certral measureQq to oneinvolving the measureQ:. We do not needcoupling beyond this
stageof the proof. In the rest of this proof we bound (34) using Lemma 2 applied to the (unknown)
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measureQ;. Let Ng = b&c. Then

w oo s
“Nijpl H%;j 19X 2 X£ st f(x;HE) - 0;8K 2 I

j=0 !
Xo HN'H o3
= j NP HT cox 2 XS st f(xHE) - 08k 2 1
j=0
wo BT s ’
+ c NP FL rox 2 XS st f(xHE) - 08k 215
j=N0+1 J
LNV R VL A
Ny N niip Fi i 9x 2 XE st f(x;HE) - 0,8k 21
j=0 J j=No+1
V| V| VI
R N" iy X N“nig 28 g2, (35)
=0 =N+ o

where (35) follows from Lemma 2 and the bound (13). The rest of this proof is tedious algebrato
prove a \nice" bound on (35).

TH| TS| VO |
ROENT Ny, N" i 28] i} oli 4 =2
j=0 J J'=N%:r1 J dr |

T THN ¥ - T [N TRI ¥

< N oy e N o T s g

=0 f =0 f

i 2 - z )

a é2

To complete the proof we show that if N is large enoughthe terms ¢; and ¢» are bounded by

éa - £ and ¢ - %1 ), which implies that ¢; + ¢o - = We can bound ¢; as follows. Let
do = b%c where e is the baseof natural logarithm. Then

A ! A !
j=0 | f j=dor1 ) f
Note that ford?f- do+1- j - Ng- & Thus,wehave
o, . Tq o, . Tq
1j Zﬂ f21i j=2 1j Zﬂ f21i 2N =2.
d ds '
M
26 " 128
1j =2 2litw;
| dfﬂ
M, . 1ld
2 T3
= 1; = 23
L
1; uzeckﬂdf i3
i dre ;
= 1 2%i3. 0



The last inequality follows from the assumptionthat di > 3. Therefore,

A !
I o, 1 '
i * N TN g 2] OI21i2j=2
. d b
j=0 !
o T
)Qo N —Nijj.
j=o !
_N )QO HNi lﬂ—Nilij_
Nido, , ]
N~ _)ido)Qo uNi 1ﬂ—N'1'j .
N i do i=0 J
M1 —yido T
N (1 i do _
= # P(Li N Ldo); (37)
N i do

where P (p;N; s) denotesthe probability of at most s successes N |ID Bernoulli trials, ead with
a succesrobability p. Let p= 1 (NIS% Then, Cherno®bound implies that

—_ .. %3 _ Ya
NT@i i® o (N DR D)
N i do : 2 0
ForN , df , edywe haveﬁ- Tel Therefore,
_ _ Ya Ya
e (Lj )i Ni 1)@i ) d
aoee e @)
Thus, ¢, - £ for all
M T H T
2ds e 2 e
— — + —
N, ol )In 1 1 In e 1t +1 (39)
Next, we bound ¢, as follows.
PN (VRSN P
o = X NTonig 28 g2
= | df ’
H, g BT
2 2_e X N jdf_Nij212j=2;
df iz |
H, Tqg T
2 2e defX\l N —Nijoi 4 =2,
udfﬂ iz |
d
2 s_e N (T + 20 =N, (40)
f
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Since™ + 21 2. T+2 < 1,1 = 2(5+ log(" + 21 *2)) is well de"ned. Then an analysissimilar
to the one given in [9] (seealso[1] pg. 95 for details) shows that

no Ta
- 2 = N 9 (21 (3 1)=2)N
d

Thus,¢é2 - (1 2 for all

ag M2t T

2 i 1 Iog 2 i 1 + 2 i 1 Iog i(l i _)
The result follows from (36), (39), and (41). |
The last result in this sectionis the robust analog of Lemma 4.

N, (41)

Lemma 8 Fix 2 > O._Let¢b denote the optimal solution of the robust samplal problem (8). Then
QY (HY, k622 - e e (i (NI,

Pro of: The robust chance constrained problem (8) has constraints of the form
f(x;z)- 0, kzj Hiok- ;o i= 1N

Supposea constraint of the form f (x;%) - 0 is a support constraint for theéobust chance cop-
strained problem (8). Wewill assaiate this support constraint with k = argmin i : k¥ j Hiok- N

QY (H 1:n :bxﬁzx*z)
= Qy (Hl;N 2 H|N R 62)%2)
fl pf 1;:5N gl j- .
H % gjlj- ng, v ~
= QB(Hizi tdoy 62%:)  Qo(Hi:f(Ri;z)- 0; 8kzi Hik:- TjA() ;
fl pf 1;::5N gl j=ng 62l
where b, denotesthe optimal solution of the robust sampled problem (5) with only the robust
constraints corresponding to the samplesi 2 | presen, A, is the evert A = fHj2 : & 62)&9
and ead term in the sum can be written asthe product becauseH ‘{;N are 11D samples.Lemma 1
implies that Qo(H : f (R ;z) - 0; 8kzj Hk- “jA;) - e (i ). Thus,

_ X

Q0 (Hin 1 62%:) - el (NI Qb(Hizi < hy 62%:);

fl pf 1;:::;Nﬁ:jl j=ng

3 V1 ’ 3
g Ciomim X UNT TN ).
k b

k=1
where the last inequality follows from the bound (13). |
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6 Tractabilit y of the robust sampled problem

In Section 1 we introducedthe robust sampledproblem (8) asan approximation for the ambiguous
chance constrained problem (6) and in Section5 we establishedbounds on the number of samples
N required to approximate the robust feasibleset X: and also on the number of samplesrequired
to only ensurethat the optimal solution k of the robust problem (8) is feasiblefor (6). All alongwe
have implicitly assumedthat the robust sampledproblem (8) is exciently solvable. In this section,
we characterize the functions f (¢ ¢, the probability metric %2and the norm k ¢k on the parameter
spaceH for which the robust sampledproblem (8) is tractable both in theory and in practice. The
results in this section are motivated by [7].

We restrict attention to the following two classesof constraint functions.
(@) Axne functions: X = R", H = R"*! and f (x; (ho;h)) = ho+ hTx.

a

(b) Second-orderconefunctions: x 2 R", H = ©h = (A;b;u;v):A2RPEMBb2RPU2R™ V2R ,

andf(x;h)=" (Ax +b)T(Ax +b)j uTxi v.

The uncertainty set Q consideredin this paper is given by Q = fQ : %(Q; Qo) - g where %
denotesthe Prohorov metric. Sincethe Prohorov metric is de ned in terms of the norm k ¢k on
the spaceH, we rst selectthis norm. We restrict attention to norms that satisfy

kuk = kjujk; (42)

where juj denotesthe vector obtained by taking the absolute value of eat of the componerts.
For a given norm k ¢k, the constart = de ning the uncertainty set Q is set by the desired level of
con dence. Note that =~ can also be set in terms of any distance measurethat is an upper bound
for the Prohorov metric. SeeSection4 for details.

First we consider the caseof atne constraint functions féx;h) = ho+ h™x. Let &, 7
1;:::;n+ 1denotethe j -th basisvectorin R"!. Deme U(h) = z:z= h+ w; g ; kwk -
Then the robust sampled problem (8) is given by

min c’x
st. zp+2z'x- 0, 82UH?; i=1::;N; (43)
X2 X:

Resultsin [7] show that (43) can be reformulated as follows.

min  cTx
st. fOGHD) - i Ty i=1:::;N;
it =40 i=100N;
1 thegs =100 N; (44)
kt'ke - Vi; i=1:5N;
y2RN; t' 2 R™; i=1;:00N;
X2 X:
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wherekska = maxg rk. 19f s"rg denotesthe dual norm of k¢k. For the L1 or L1 norms (44) reduces
to a linear program; whereaswhen the norm k ¢k is an L p-norm, p & f1;1g , (44) is equivalert to
a second-ordercone program.

Next, considerthe sameof the second-ordercone constraints. Let e; 2 R(P*D("*1) denote the

h it
vec(A) = a] ¢¢¢ al 2RPY

— © P _
and, for h 2 R(P*D("*Y) "dehe U(h) = z:z= h+ j('fll)(””) wjej; kwk - . It is shown
in [7] that any feasible solution to the problem (45) below is also feasible for the robust sampled
problem (8).

min c¢'x
st. FOGHD) - i Ty i= 1N
gj'(x)- t; j.=1;222;(p+ D(n+1); i=1:::;N; (45)
kt'ka - Vi; i=1::::N;
y2RN;ti2R(p+1)(”+1); i=1:::N:
X2 X;
where 8
§ ixip j=pli D+k k=1:0p =100
- j =pn+k, k=1,
goo=_ o 1" IR
ij” j=(+Ln+l; I=1:::n

1 j=(p+1(n+1);

The problem (45) is a second-ordercone program for all L, norms.

7 Conclusion

In this paper we extend the sample complexity results known for chance constrained problems to
ambiguouschanceconstrained problemswherethe uncertainty setis givenby a ball de ned in terms
of the Prohorov metric. We approximate the ambiguous chance constrained problem by a robust
sampledproblem where ead constraint is a robust constraint certered at a sampledrawn according
to the certer of the uncertainty set de ning the ambiguous chanceconstrained problem. The main
contribution of this paper is to shaw that the robust sampledproblem is a good approximation for
the ambiguous chance constrained problem with high probability. Our extensionsare basedon the
Strassen-DudleyRepresemiation Theorem that states that when the distributions of two random
variables are closein the Prohorov metric one can construct a coupling of the random variables
such that the samplesare closewith high probability. Coupling is just a construct neededto prove
the results; it is never usedin computing the solution to the robust sampled problem.

20



The results in this paper should be viewed as a rst step towards solving ambiguous chance
constrained problems. Seweral issuesstill remain unresolved. We only consideruncertainty setsthat
are norm balls de ned in terms of the Prohorov metric. One could consider\tiling" a more general
uncertainty set by norm balls of a given radius and construct a robust sampledproblem by drawing
samplesaccordingto the certers of the balls (a simpli ed versionof this idea appearsin [11]). Since
the constart 2 that controls the violation probability in the ambiguous chanceconstrained problem
hasto be greater that the radius  of the norm ball, such an approad is attractiv e even when the
uncertainty is a norm ball. However, it is not clear how to exciently selectthe certers of the balls
to \tile" the uncertainty set.

In Section 4 we intro duce seweral probability metrics and show that uncertainty setQ = fQ :
£Q; Qo) - *g canbe consenatively approximated by a uncertainty setQ = fQ : %(Q; Qo) - + )g
de ned in terms of the Prohorov metric. Howewer, we have no way of measuring the \blo w-up"
of the uncertainty set that occurs in changing the metrics. This issue can be resolved by either
establishing tight lower bounds on the Prohorov metric or by constructing Represeiation results
for the other metrics. Ideally one would like to get logarithmically separated upper and lower
boundsasin [32, 33].

Finally, there is the issueof proving worst-caselower boundson the number of samplesrequired
to learn the solution of an ambiguous chance constrained problem, i.e. a re nement of Lemma 3
that accourts for ambiguity in the measure.

References

[1] M. Anthony and N. Biggs. Computational Learning Theory. Cambridge University Press,
1992.

[2] P. Artzner, F. Delbaen, J-P. Eber, and D. Heath. Coherert risk measures. Math. Finance,
9(203-228),1999.

[3] A. Ben-Tal and A. Nemirovski. Robust truss topology designvia semide nite programming.
SIAM J. Optim., 7(4):991{1016,1997.

[4] A. Ben-Tal and A. Nemirovski. Robust convex optimization. Math. Oper. Res, 23(4):769{805,
1998.

[5] A. Ben-Tal and A. Nemirovski. Robust solutions of uncertain linear programs. Oper. Res.
Lett., 25(1):1{13, 1999.

[6] A. Ben-Tal and A. Nemirovski. Lectureson Modern ConvexOptimization. SIAM, Philadelphia,
PA, 2001.

[7] D. Bertsimasand M. Sim. Robust conic optimization. Under review in Math. Prog., May 2004.

21



[8] J. R. Birge and J. R. B. Wets. Designing approximation schemesfor stochastic optimization
problems, in particular for stochastic programswith recourse.Math. Prog. Study, 27(54-102),
1986.

[9] A. Blumer, A. Ehrenfeudtt, D. Haussler,and M. K. Warmuth. Learnability and the Vapnik-
Chervonenkis dimension. Journal of the ACM, 36(4):929{965, Oct 1989.

[10] G. Cala ore and M. C. Campi. Uncertain corvex programs: Randomized solutions and con -
dencelevels. To appear in Math. Prog., 2003.

[11] G. Cala ore and M. C. Campi. Decision making in an uncertain environment: the scenario-
basedoptimization approad. Working paper, 2004.

[12] A. Charnesand W. W. Cooper. Uncertain cornvex programs: randomized solutions and con -
dencelevels. Mgmt. Sc., 6:73{79, 1959.

[13] Z. Chenand L.G. Epstein. Ambiguity, risk and assetreturns in continuoustime. Mimeo, 2000.

[14] D. P. de Farias and B. Van Roy. On constraint sampling in the linear programming approac
to approximate dynamic programming. To appear in Math. Oper. Res, 2001.

[15] R. M. Dudley. Distance of probability measuresand random variables. Ann. Math. Stat.,
39:1563{1572,1968.

[16] J. Dupacov@. The minimax approadc to stochastic program and illustrativ e application.
Stochastics 20:73{88, 1987.

[17] J. Dupacov@. Stochastic programming: minimax approad. In Encyclopedia of Optimization.
Kluwer, 2001.

[18] L. El Ghaoui and H. Lebret. Robust solutions to least-squaresproblems with uncertain data.
SIAM J. Matrix Anal. Appl., 18(4):1035{1064,1997.

[19] L. El Ghaoui and A. Nilim. The curseof uncertainty in dynamic programming and how to X
it. To appearin Oper. Res. UC Berkeley Tech Report UCB-ERL-M02/31, Novenber 2002.

[20] L. El Ghaoui, F. Oustry, and H. Lebret. Robust solutions to uncertain semide nite programs.
SIAM J. Optim., 9(1):33{52, 1998.

[21] L. G. Epstein and M. Sdcneider. Recursive multiple priors. Tednical Report 485, Rochester
Center for Economic Researt, August 2001. Available at http://rcer.econ.ro chester.edu.To
appearin J. Econ. Theory.

[22] L. G. Epstein and M. Schneider. Learning under Ambiguity. Tednical Report 497, Rochester
Center for Economic Researt), October 2002. Available at http://rcer.econ.ro chester.edu.

22



[23] H. FAllmer and A. Sdied. Convex measuresof risk and trading constraints. Fin. and Stoch.,
6:429{447,2002.

[24] A. L. Gibbs and F. E. Su. On choosing and bounding probability metrics. Intl. Stat. Rev.,
7(3):419{435, 2002.

[25] I. Gilboaand D. Schmeidler. Maxmin expected utilit y with non-unique prior. J. Math. Econ.,
18(2):141{153,1989.

[26] D. Goldfarb and lyengarG. Robust portfolio selectionproblems. Math. Oper. Res., 28(1):1{38,
2003.

[27] L. P. Hansenand T. J. Sargen. Robust corntrol and model uncertainty. American Economic
Review, 91:60{66, 2001.

[28] G. lyengar. Robust dynamic programming. To appear in Math. Oper. Res. Available at
http://www.corc.ieor.colum bia.edu/reports/tec hreports/tr-2002-07.pdf, 2002.

[29] R. Jagannathan. Minimax procedurefor a classof linear programs under uncertainty. Oper.
Res, 25:173{177,1977.

[30] M. J. Kearns and U. V. Vazirani. An introduction to computational learning theory. MIT
Press,Cambridge, MA, 1997.

[31] P. M. Long. The complexity of learning according to two models of a drifting environment.
Machine Learning, 37(3):337{354,1999.

[32] A. Nemirovski. On tractable approximations of randomly perturbed convex constraints. In
Proc. 42nd IEEE Conf. Dec. Contr. (CDC), volume 3, pages2419{ 2422,2003.

[33] A. Nemirovski and A. Shapiro. Scenarioapproximations of chance constraints. To appear in
Prohabilistic and randomizel methads for designunder uncertainty, 2004.

[34] S. T. Rachev. Probability metrics and the stability of stochastic models John Wiley & Sons,
1991.

[35] A. Ruszczynskiand A. Shapiro, editors. Stochastic Programming. Handbook in Operations
Researth and Managemen Science.Elsevier, 2003.

[36] A. Ruszczynski and A. Shapiro. Optimization of risk measures. Available at
http://www.optimization-online.org/DB _HTML/2004/02/822.h tml, 2004.

[37] A. Ruszczynski and A. Shapiro. Optimization of risk measures. Available at
http://ideas.rep ec.org/p/wpa/wu wpri/0407002.html, 2004.

23



[38] A. Shapiro. Some recen dewvelopmerts in stochastic program-
ming. ORB  Newsletter, 13, March 2004. Available  at
http://www.ballarat.edu.au/ard/itms/CIA  O/ORBNewsletter/issuel3.shtml#11.

[39] A. Shapiro and S. Ahmed. On a classof minimax stochastic programs. To appearin SIAM J.
Opt., 2004.

[40] A. Shapiroand A. J. Kleywegt. Minimax analysisof stochastic problems. Optimization Methods
and Software.

[41] V. Strassen. The existenceof probability measureswith given marginals. Ann. Math. Stat.,
36:423{439,1965.

[42] H. Thorisson. Coupling, Stationary, and Regenertion. Probability and its Applications.
Springer-Verlag, 2000.

[43] V. N. Vapnik. The Nature of Statistical Learning Theory. Springer, New York, NY, 1995.

[44] J. Z8§ckov@. On minimax solutions of stochastic linear programs. Cas. Pest. Mat., pages
423{430, 1966.

24



