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Abstract

The past decadehas seena growing interest in inverse optimization. It has been shown
that duality yields very e+cient algorithms for solving inverselinear programming problems.
In this paper, we consider a special classof conic programs that admits a similar duality and
show that the corresponding inverseoptimization problems are etciently solvable. We discuss
the applications of inverse conic programming in portfolio optimization, inverse quadratically
constrained quadratic programming and utilit y function identi cation.

1 Intro duction
Consider an optimization problem of the form

minimize f (X; )

: —. 1)
subjectto x 2 S();

where (i; ) are parametersand x is the decisionvariable. The goal of this problem, called the
forward problem[25], is to compute an optimal decisioncorresponding to an estimate (H;b) of the
parameters. The inverse optimization problem[25] assa&iated with (1) is the following: Given an
obsened decision k, characterize the set £ (k) of parameters(p; ) for which k is optimal; and if
desired, solve

minimize k(w; )i (f; )k

- — . ()
subject to  (; ) 2 £ (R);

where (ft;¥) are somenominal parametersand k ¢k is an appropriate norm.

Inverse optimization problems appear in at least three di®erent contexts. The rst is system
identi cation; e.g., suppose seismic waves resulting from an earthquake are assumedto travel
along shortest paths [10, 11, 23, 25]; then estimating terrain properties from the obsened paths
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of seismic waves can be formulated as an inverse optimization problem. The secondcortext is
selecting parameters(t};b) to force a desiredresponse®; e.g., supposethe tratc °ow in a network
is assumedto be the solution of an optimization problem with arc costs as parameters;then the
problem of determining the minimal toll that ensuresa prescribed °ow is an instance of inverse
optimization [12, 13]. A third context is optimization in uncertain ervironments. Let k denote
the current decisionand let £ = f(;7) : k(i; )i (i, )k - 2g denote a con dence set for the
unknown parameters. An inverseoptimization basedstrategy, to managethe trade-o®betweenthe
cost assaiated with modifying a decisionand the higher value from a new decision, is as follows:
solve (2); for optimal values of at most 2, keepthe current decisionk, otherwise, shift to the new
solution corresponding to (ft;*). We discussan application of such a policy in Section 3.
Inverseoptimization is related to robust optimization [5, 6, 16]. Howewer, there are important
distinctions. The robust optimization problem assaiated with a set of parameters£ is given by

maximize °

subjectto (x;°)2 X = f(x;°):8(u; )2 E£;f(x;pn), °;x2S()g:
Thus, in a robust problem, the decisionx must be feasiblefor all parameter values ; whereas,in
an inverseproblem, a given decisionk must be optimal for some(u; ) 2 £. Clearly, the robust
methodology is not appropriate for the rst two contexts discussedabove. In the third context,
one or both of thesemethodologiesmay be appropriate (e.g. [16] proposesa robust formulation for
the portfolio selection problem discussedin Section 3).

Inverse optimization problems were rst formulated in the context of shortest path prob-
lems[10, 11]. Subsequetly, inverseoptimization problems corresponding to seweral combinatorial
optimization problems have beeninvestigated [2, 14, 24, 26, 27]. See[17] for a recert survey. For
this class of inverse optimization problems, the feasible set S( ) is polyhedral and xed (i.e
known and "xed) and the objective function f (x;p) = p'x (i.e. linear in the unknown p). Sudh
problems are called inverselinear programs (LPs). It follows from LP duality that inverseLPs can
be reformulated as LPs when the norm k ¢k in (2) isthe L, or the L1 norm [2].

This paper is motivated by the fact that a more general class of problems called conic pro-
grams[7] hasa duality theory very similar to LPs. It is shown that replacing LP duality with conic
duality allows one to conclude that inverseconic programs, where only the objective function is
uncertain and the gradient of the objective function is an atne function of the parameter y, can
be reformulated as conic programs when the norm in (2) is an Lg-norm, g, 1, rational. The em-
phasisof this paper is not on mathematical innovation (the extensionto inverseconic programsis
fairly straightforward), but on modeling inverseproblems. Sincequadratic programs, quadratically
constrained programs, and semide nite programs can all be reformulated as conic programs [7]
and these programs can be solved exciently [22], our extensionimplies that a much wider classof
inverseoptimization problems can be exciently solved in practice.

The organization of this paper is as follows. In Section 2, we formulate inverseconic programs
and usestandard results from corvex analysisto establishthat inverseconic programscan be solved
exciently. In Section 3, we discussan inverse optimization basedportfolio selection strategy. In
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Section 4, we describe inverse quadratically constrained programs. In Section 5, we dewvelop an
inverseoptimization basedpolicy for identifying utilit y functions. In Section 6, we conclude with
somecommerts and remarks.

2 Inverse conic programming
We assumethat the forward problem (1) has the following form:

minimize f (x; W)
subjectto g(x)° g O; )
Ax = b;

wherex 2 R" is the decisionvariable, p 2 RP is a parameter, A 2 R'¥" and b 2 R'!. For "xed
u 2 RP, the function f (x;u) : R" 7! R, is assumedto be convex and di®erertiable in x; and, for
‘xed x 2 R", the gradient r «f (x; ) with respect to x is assumedto be an atne function of p.
Functions f (x; p) that satisfy these conditions include:

f(x;p) = pix; rf OGH) = 1
f(x; ) = KAX + pk3; rfOGu) =2ATAX + AT);
FOGU) =xTQx + 29"+ °; 1 f(x;u) = 2(Qx + q); wherep = (Q11;Q12; ¢¢¢; Qnn;Q):

The notation ° ¢ (resp. Ax) denotesthe partial (resp. strict) order on R™ induced by a proper
coneK %LR™ i.e. x°ky (resp. x Ax y) i®x | y 2 K (resp. x | y 2 int(K)). We assumethat
K= Ki £ Ky £ ¢¢¢Ky, where ead coneK; belongsto one of the following three classes:

©
(i) Linear cone(LC): Kj= x2R":x;, Oi=1;:::;r
n p (0]
(i) Second-ordercone(SOC): Kso= X = (Xo;X) 2 R™ 1xg, %Tx ;

©
(i) Semide nite cone (SDC): Kgg = X 2 R : mat (x) © 0 ; where mat (x) 2 R"" with
mat (X)ij = X;(j; 1)+j, and A © 0 denotesA = AT and positive semide nite.

The dual cone K” of the coneK is given by K® = fy : yTx , 0;8x 2 Kg. The coneskK;, Kgo
and Kgq are self-dual [22); therefore, K® = (K1 £ Ky £ ¢0¢K )" = Ky £ Ko £ ¢0¢Ky, = K, i.e. K is
self-dual.

The function, g : R" I R™, is assumedto be di®erertiable and concave with respect to the
partial ordering © g, i.e. for all x1, x 2 R", and, 2 [0;1], g(, x1+ (i ,)X2) °« ,Q(x1)+

parameter . Problems of the form (3) are called conic programs [7].
We make the following constraint quali cation:

Assumption 1 There existsan xo 2 R" with Ax g = b and g(xo) Ak 0.



Lemma 1 The set£ (k) of parameter valuesfor which a feasible k is optimal for (3) is given by
n X0 0
£(R)= H2RP:9u2K;v2R'suchthatr ,f (k;p) ;i uir xg(®)j ATv=10; u'g(k)=0 :
i=1
4)
The assiated inverse optimization problem
minimize kp i fik

) _ (5)
subjetto p 2 £ (k);

is a conic program, and can be solvel exciently provided the k ¢k is an L4 norm, g, 1, rational.

Pro of: To establish the rst part, note that the Lagrangian L(x;u;v) of (3) is given by
L(x;u;v) = f(x;u)i uTg(x)i vI(Ax | b), whereu 2 R™ andv 2 R'. From Assumption 1, it
follows that a feasiblek is optimal for (3) i®it satis esthe Karush-Kuhn-T ucker (KKT) conditions:
9u2R™ v2R!'sud that

xn

ryL®;u;v) = ryf(Rp)i uir xgi(®)i ATv = 0; (6)
i=1

u °%ge 0; @)

uTgk) = o (8)

Sincer «f (k; 1) is assumedo beazne in Y, the set£ (k) is corvex; speci cally, it is the intersection
of an atne spacewith acone. Consequetly, (5) is a conic program [7]. Resultsin [7] imply that (5)
can be solved exciently for Lq norms, q, 1, rational. [ |
Typically, the vectorsu satisfying (8) belongto a subspacewith dimensionconsiderablysmallerthan
m; therefore, formulating (5) in this subspacecan yield signi cant computational bene ts. To this

simpli'es the constraint uTz = 0 for the conesK|, Kso and Kgg.
Lemma 2 Fix z 2 K. Let U % K" denotethe set of vectors u 2 K® suchthat uTz = 0. Then for
(1) linear cone, K = K; %.R" : U= fu, 0:u; = 0;8] suchthat z; > Og.

(2) second-order cone, K = Kgo %2R

8
2 éso; a 270
U=_ (uot):b=j 202 uo, 05 z2Dbd(Kso)nfOg ;

(3) semide nite cone, K = Kgq Y2 R™ : Letr, = rank (mat (z)) and Qe QT denote the spectral

decomposition of mat (z) where = = diag (, 1;:::;,r,;0) and | 's are eigenvaluesof mat (z).
Then ( A ! )
0 O . .
U= u:mat(u)=Q QT;Uyp 2 RUITDECIT)yyy0
0 Ux



Pro of:  The results follow from standard results for conic complemenary sladknessconditions
(CSCs). For the second-ordercone CSCssee[4] and for the semide nite cone CSCssee[3]. For
the completenessof this report we have included the proof below.
Part (1) follows from linear programming duality. See[2] for details.
Let u = (uo;b);z= (20;%) 2 Kso 2R"*1. Lemma 15 in [4] implies that
A !
z"u

u'z=0 |, utz’ =0
UoZ + zol

We have the following three mutually exclusive cases:

() zo = 0: In this case¥ = 0, thereforeuTz = 0 for all u 2 Ksq.
3

(i) z2 int(Kg): The 3secondid,entity inz+u = 0 impliesd = j ‘Z’—g ¥. Therefore,0= u'z =
p___
UTZ+ upzp = upzo 1j ki—'z‘% : Sincez 2 int(Kso), We have zo > ¥T%. Thus, up = 0, and
0
hence,u = 0.
s -
(i) z2 bd(Kso), z6 0: In this casel = | %o %,

This establishespart (2).
Let U = mat (u) and Z = mat (z). Thenu'z = Tr(UZ). SinceU;Z° 0, Tr(UZ) = 0if and
only if UZ = ZU = 0 [3]. Let A |
QTuUQ = Uir Uz
UL Uz
whereU ;= U], 2 R™872 U, 2 R™2E( 12) jand Uy = Upp 2 RITT2)E(NI T2) | SinceU © 0, we
havethat U417 ° 0 and Uy, © 0. Next,

A ! A !
aU 17 aU 1

ZU=0 , ° 0 QTuoy=o |, - 0
0 0 0 0
Thus, U3 = 0 and U1, = 0. This establishespart (3). [ |
As was noted in the introduction, the results in this section readily follow from known results
in convex duality theory. Our goalis, in fact, to show that inverseconic programming is no harder
than inverseLPs, and therefore, one should not hesitate to useit in modeling applications. In the
following three sections,we describe three applications of inverseconic programming.

3 Portfolio selection

Consider a market with n risky and 1 risk-free asset.Let r » N (* ;§), § A 0, denotethe random
exa@ssreturn vector (i.e. return in excessof the risk-free rate) of the risky assets. Let A denote
the optimal solution of
1 TA
max P (9
tAaA b1TA=1g ATSA
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where A A - b imposesside constraints, e.g.,the no-short salesconstraint correspondsto (A;b) =

(i 1;0). The portfolio A is called the Sharpe optimal portfolio and the corresponding optimal

value s(* ) is called the Sharpe ratio. Supposeinvestorsin this market have concase non-decreasing
utilit y functions. Then, the 2-fund separationtheorem [18] statesthat the optimal portfolio A® for
any investor is givenby A® = W (e + (1i )A,), wheree denotesthe risk-free asset,W is the

investor's capital, the weight — 2 [0; 1] is dictated by the investor's utilit y function.

In a typical market the covariance matrix 8 is relatively stable [20]; howewer, the expected
return vector * is not. Let b denote the current estimate of * and let R denote corresponding
Sharpe optimal portfolio. Thus, A" = W( e + (1 _)}Sl). Suppose new information (e.g. new
obsenations of daily returns) becomesavailable; and the new estimate for * is * (6 b). Now, the
newA® = W("e + (1; ")A), whereA is Sharpe optimal for . Markets typically have transaction
costs; therefore, rebalancing to the new A® would result in a loss. On the other hand, the new A®
is likely to have a higher risk-adjusted return. Thus, in order to maximize the overall return the
investor needsg trade-o®transaction cost with higher gxpected return.

let Co = * 2 R":(*j t)Tgil ; 1) . & denotethe ®condence interval for 1
(we have implicitly usedthe fact that § is relatively stable). Sinceall * 2 Cg are statistically
indistinguishable, an inverseoptimization basedstrategy to managethe trade-o®betweencostsand
higher return is asfollows: rebalanceonly if the current portfolio R is not optimal for any * 2 Ceg,
i.e. q

Co - minimize (% j jL)T§I% GRS o (10)
subjectto t 2 £(R)E 1 :Risoptimal for (9) ands(*), O :

Remark 1 Sharpe ratio s(* ), 0is a minimal requirement{ no investor will consider investing
in risky assetsunlessthere is a portfolio of risky assetswith positive exassreturns.

For this application one may also adopt a robust approad and use the minimax Sharpe optimal

portfolio A_ 2 argmax; A.a A. p.17 A=14MiN1 2¢4 q%g‘A instead of the Sharpe optimal portfolio A

corresponding to * . This approad is discussedin [16].
As a rst step towards solving (10) we reformulate (9) as an optimization problem of the
form (3).

Claim 1 Suppsethe Sharpe ratio s(* ) , 0. Then (9) is equivalent to

5

maximize 1 Tx

subjetto 1Tx » = 0
i AX + b» | 0 (12)

» 0;

[1;Lx] °x O

where » is a homagenizingvariable, § = LTL, and the cone K = Kgo %2 R"*1,



Proof.  Let A® be optimal for (9). Since§ A 0 and 1TA® = 1, it follows that A* 6 0,
(ATSA > 0and (i) = Pogrbere(A 1) is feasiblefor (12). Also * Tx = p&%,
thus the optimal value of (11) is at least as large asthe Sharpe ratio s(* ).
Since§ A 0 and the constraint [1;Lx] © x O is equivalert to = xT8&x - 1, (x;») feasible
for (11) are bounded. Let (x”;»") denote any optimal solution of (11). Since (0;0) is feasiblefor
(11), t Tx® | 0. Therefore, we only needto considerthe following three cases:

(i) »> 0: Dene A= Lx" Aisfeasiblefor (9). Since(x")"8x - 1, g 1,TA _ - p X
7 AT§A T (x)T8xe

1 Tyo:

(i) »=0and®Tx"> 0: SinceAx "= 0,1"x"= 0and! "x”> 0, we must have (x")T8x " = 1.
Let A denote any feasible portfolio for (9). Dene A. = A+ °x® ° > 0. Then, for all

o , ] I . 1TA,
°, 0, A. is feasible. Moreover A. 6 0, therefore, Al 8§ A. > 0, and lim-y; qﬁ =
1Tym — 1 Tyno.
(x*)T § x= X

(i) »*=0and?® Tx”= 0: Since® Tx”, s(*), and, by assumption,s(* ) , 0, we haves(*) = 0.

B

This establishesthe result. |
Lemma 1 and Lemma 2 lead to the following simpli cation of the inverseproblem (10).

Claim 2 Suppse there exists a portfolio A, with AA, < b and 1TA; = 1. Let? dgnote the

new estimate of T . Let R denote any feasible portfolio for (9), and let (:9) ~ (R:1)= R'sR.
Then (10) is equivalent to

¢

- . . ¢
minimize (AT i 1bT)u; + voSki 1 '§i (AT 1bT)u; + voShi T ;

, (12)
subjetto u;, 0; vo, O

where | = fi:a'k = hbg, A, and b, are the respctively the submatrix of A and subvetor of b
correspnding to rowsin |, and u; 2 RI'I,

Pro of: The existenceof A, ensuresthat Agsumption 1 holds.
Let £ (b;@ = 1: (b;Q) is optimal for (11) . Then, Lemma 1 implies that * 2 £ (b;Q) i® there
existw2 R,u, O,ug, O,and(vo;V)° g, O sud that
B # " # "# "#
1 i AT 0 LT 1
i = u+ Up + Vv + W,
0 bT 1 0 il
and
uT(ARi b =0 ub=0 wv+viLk=0:

Since¥> 0, up = 0andw = bTu. Lemma 2 part (1) implies that u, = O for all k 62| = fi :
al ki b= 0g. Thus, we can restrict attention to the componerts u, corresponding to the index



setl. It is easyto seethat we must have "8k = 1, i.e. kLkk = 1. Hence,Lemma 2 part (2)
implies that v = j vgLk, and

a

©
£ =1=(ATi 1b/)u +v§h:u , O;vo, O :

i ¢
Since (0;0) is always feasiblefor (11), 0- * T~ (TR)="R'8RZ . s)forall* 2 £ (9
Therefore, by Claim 1,

n iwT o g0 0
E®Y= 1:5t), 01T CTR)=R 8RZ=51) =£ (R):

|
Two interesting special casesare as follows:
(a) No side constraints, i.e. (A;b) = (0;0): In this case(12) reducesto
minimize iV0§ kit ¢T§ i 1iVO§ kit ¢; (13)
subjectto vp, O
(b) No short sales,i.e. (A;b) = (j I;0): In this case(12) reducesto
minimize ii up + Vo8 Hhj 1¢r§‘1ii U+ vo8HRij 1¢; (14)

subjectto u;, 0; vo, O

Next, we report on our preliminary computational experiments with this inverseoptimization based
investmert policy. We investedin stocks belonging to the SP500index for the period Jan. 1st,
1994to Mar. 26th, 2002and no short saleswere permitted. At the starting date tg the investmert
policy randomly selectedn = 50 stocks and managedthe portfolio asfollows:

(1) The investmert period p was set equalto p = 40 trading dates. At beginning of ead period,
we computed an estimate * for ! using a trailing window of 3p trading datesand an estimate
8§ using the entire history. If particular stock was removed from the SP500we assumedthat
our investmert in that stock was lost ertirely.

© .
(2) For achosen®?2 [0;1), we constructed the ®-con dencesetCe= * 2 R": (| 1)T§ 1(1 i
1) - AZ(®)=p , where A3(®) denotesthe ®-critical value of a A>-distribution with p degreesof
freedom.

(3) Next, we solved (14) with § = & . For optimal valuesof at most A§(®)=p, we did not rebalance;
otherwise, we rebalancedto the Sharpe optimal portfolio corresponding to the estimate 2 .

The goal of our experiments was to study the value added by step (3), whether choosing an
® > 0 in markets with transaction costsyields an investmen policy that improves over the naive
policy (i.,e. ® = 0), and if so, what is the improvemen ? The performance of the strategy was
studied for the rate of proportional transaction cost, = 0:05% 1%; 2:5%; 5% and the con dence
parameter ® = 0;0:05; 0:5; 0:95;0:99. The performance measurewas the nal wealth returned by

8



the policy over 15p periods for an initial investmert of $1 on the starting date to. The values
reported are averagedover N = 100 independert runs. (Each independert run chose 50 stocks
randomly.)

The results for tg = Nov. 1st, 1999are reported in Table 1. This table is labeled \°at/do wn"
market becausethe SP500 index was °at or moderately down. For ead1 ., the di®erencein
performance between any pair (® 6 0;® = 0) is signi cant at 5%, except for the pair (® =
0:05,® = 0) for , = 0:05. The performanceof the strategy improveson increasing® for all levels
of transaction costs,i.e. being consenative in reacting to new information leadsto higher returns.

Table 2 reports the results for tg = Nov. 1st, 1994. Sincethe SP500index was sharply rising
in this period we labeled this table \up market". Here, for ead , , the di®erencein performance
betweenany pair (® 6 0;® = 0) is signi cant at 5%. Again, the performanceinitially improves
on increasing®; howewer, it appearsto marginally decreasewhen ® is increasedfrom 0:95 to 0:99.
Although the decreaséds not signi cant, it suggeststhat if one becomestoo consenative one might
not able to take advantage of short term opportunities that are presern in an up-market.

4 Inverse quadratically constrained quadratic programming

A genericcorvex quadratically constrained quadratic program (QCQP) is given by

minimize xTQox + 29{x;

15

subjectto xTQix+ 29/ x+° - 0 i=1::;m; (15)

wherex 2 R" and Q; © 0, i = 1;:::;m. The special caseof (15) where all the constraints are
linear, i.e. Q; = 0,i = 1;:::;m, appearsin the corntext of linear quadratic cortrol.

Our interest in the inverseproblem assaiated with (15) is motivated by possibleapplications in
systemidenti cation. Traditional systemidenti cation is focusedon systemsthat are modeled by
systemsof di®ererial or di®erenceequations. However, improvemerts in computing hasled to the
dewvelopmert of systemswhosedynamics are determined by real-time optimization. ldenti cation
proceduresfor such systemswould nd applications in identifying recedinghorizon cortrollers and
other control techniquesthat rely on online optimization. [15] recertly proposedsud a technique
for identifying a cortroller that at every time stept solvesthe LP

minimize c'x;
subject to Ax = by;
x, 0;

5

where the objective vector c is a constart but the constraints (A¢; b¢) are time dependert. The

problem of characterizing the set C of possiblevectors ¢ consistert with an obsened sequenceof

constraints f(A¢;b¢) :t, 1g and corresponding corntroller decisionsfR; : t | 1g reducesto solving

a seriesof inverseLPs. If insteadthe controller wereassumedto be a linear quadratic cortroller, i.e.

it solved a QP to determine the cortrols, the identi cation problem reducesto solving a sequence
of inverse QPs or more generally inverse QCQPs.
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Let Qi = V[V, for someV; 2 RPEN Then

2 3
3Li 2a7xi °)
xTQix+2gq'x+° - 0 9%(1+ 297 x + °)5 ° k; O;
Vix
where K; %2 RPi*2 js an SOC. Thus, the forward problem is equivalert to the conic program
minimize §TQOX + 290 x;
@i 297 xi °)
subject to 9%(1+ 29T x+°)5°%k, 0; i=1::;m;
VX

(16)

In typical applications it is easyto establish that (15), or equivalertly (16), has a strictly feasible
solution, the gradiert r f = 2(QoXx + (o) of the objective f in (16) is atne in the unknown
parameters ¢ = (Qo;qo), and int(Ky) 6 ;. Thus, Assumption 1 holds. Therefore, Lemma 1
and Lemma 2 imply that the set Q of parameters (qo; Qo) consistert with the obsened optimal
solution k is given by © a
Q=£()\ (d0;Q0):Qo0° 0 : 17)

In the context of identifying a linear quadratic receding horizon cortroller, (17) implies that the
set of admissible objective matrix (Qo;go) is given by a collection of SOC constraints, one for eath
decisionepoch of the cortroller, and one semide nite constraint.

5 Identi cation of utilit y functions

Consider a data network N with n nodesand m arcs. Let ¢ 2 R denote the capacity of the m
arcsand let A 2 R" ™ denote the node-arc incidence matrix of the network [1].

Consider a user of this network who wishesto send °ow from a designatednode s to another
nodet (this °ow may be spreadover a number of paths). Let x 2 RT" denote the °ow on ead arc,
and let y denote the total °ow of x from s to t. Then the setF of feasiblepairs (y; x) is given by

F=1f(y;x):Ax =yd;0- x- cg;

whered 2 R™ with d(s) = j 1,d(t) = +1 andd(j) = 0, 62fs;tg. Let ¥y = maxfy : (y;x) 2 Fg
denote the maximum s-t °ow in this network. P

Consider a user of this network who wishesto send °ow from s to t. Let r(y) = L:l ®Eyk
denote the reward accruedto the userfrom atotal s{t °ow y. The function r(y) is assumedto be
non-decreasingand concave over the interval [0;¥]. Let s: R™ 7! R, denotethe price charged by
the network to route a certain arc °ow vector. Then the utilit y U(y;x) derived by the user from
the ow (y;x) 2 F isgivenby U(y;x) = r(y) i s(x).

We assumethat the network administrator knows the form of the reward function r(9, i.e. the
maximum degreel is known, and alsothat r (9 is non-decreasingand concave; however, the precise
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values of parameters®"“ are not known. In this section, we describe an inverseoptimization based
method for estimating ®" by suitably cortrolling the price function s(¢).

Although the problem of learning the objective function of an optimization problem by setting
parameters is of signi cant practical importance, it has not received much attention. Biel and
Wein [9] discussan inverseoptimization basedmulti-round procuremern auction mecanism where
the auctioneer usesa slightly di®erert scoring rule in ead round to learn the suppliers' cost func-
tions. Eppstein [14] brie°y mertions using inverseoptimization to learn player strategiesin a game
setting.

Sincer (¢ is concave, it follows that rqQy) , 0, for ally 2 [0;¥], i® r{¥y) . 0. Thus, the initial
estimate £ (9 of the parameters®" is given by

X X 0

n
£O= ®:1q9)= k@Y1, 0 andry)=  k(kj D&Y 2. 0;8y2[0;¥] :
k=1 k=2

P .
It is well known [21, 8] that the polynomial r%y) =~ |12 (k + 1)(k + 2)@®u2y* - Oforall y 2 [0;¥]

.....

P
A I 0 = ijivj=2ki Ui K=00nl 2

P i 2; m P (18)
i e 'k, 'm (Mm+ 1M+ 2)®me2y™ = sz Uis k=005l 2
i
n 0
o) — k . P | ki 1 . 0 iofvi
Thus, £ = ®2R*: |, k&Y *, 0,9U ° 0 satisfying (18) .
Supposethe administrator setsa corvex price function s;(¢§ and obsenesa °ow k. Sincethe
user setsthe °ow by solving the convex optimization problem

maximize U(y;x) = r(y)i si(x)

. (19)
subjectto  (y;x) 2 F;
the KKT conditions imply that there exist, 2 RT', °© 2 R" suc that
e = o g
rs)i ., Al i i2Ro; (20)

rs()y = AT° i i i6Ry;

corresponding to the arc i. Thus, the new estimate for ®" is given by

o

n
£EW= ®2£©:9° 2R";, 2 RT satisfying (20) : (21)

LY

Repeating this processwith di®eren cost functions s(x) leads to improved localization of the
parameter ®".

Next, we illustrate this technique on a simple example. The network N consistsof n = 2 nodes
and m = 4 parallel arcs. In this casethe maximum °ow ¥ = 17c. The reward function r(y) is
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assumedto be quadratic (i.e. r(y); ®y + ®y? and | = 2). Thus,the initial estimate £ © of the
parameters®® is givenby £ © = (®;®) :® - 0; ®, | 2¥®, .

In order to improve the estimate of ®” the network administrator randomly setsthe price vector
b2 RT (i.e. the pricing function is sS(Ax ) = BT x). Next, the user setsthe °ows x by solving

max @fy+ ®y?; B'x;
subjectto y= 1Tx; (22)
0- x- c:

In this special casethe update (21) can be simpli ed as follows:

Case(i) 9i suhthat 0< R <c:£D =f®2£© :p'® = K.
a

©
Case(i) ®isuhthat0< ki< c:£® = ®2£©O :maxp-0,/Bg- D'®  mingy=cqfbg .

This processis repeated until the set £ reducesto a point, i.e. the parameter ®" is perfectly
estimated, or when the administrator is satis ed with £ .

Tables3 and 4 display the progressof the estimation algorithm on two instancesof the problem.
For the instance displayed in Table 3, the capacity vector ¢ = 1, the true (unknown) parameter
®" = (10;i 1) and the random price vectors b were generated using the MATLAB function b
= unidrnd(50,4,1)/10 . The function unidrnd(z,4,1) , z 2 Z, generatesvectors in R* with
eadh componert uniformly chosenfrom the setf1;2;:::;zg. In ead iteration, the estimate £
was simpli ed as far as possible. For the instance in Table 3, the estimation algorithm correctly
estimatesthe parameter in 3 iterations. For the instance displayed in Table 4, the capacity vector
c = [2;1;2;1]", the true (unknown) parameter ®® = (25;j 2) and the random price vectors b
were generated using the MATLAB function b = unidrnd(190,4,1)/5 . For this instance, the
estimation algorithm correctly estimatesthe parameter in 6 iterations.

6 Conclusion

In this paper we extend the inverse mathematical programming methodology to include inverse
conic programs. Since a very wide class of corvex optimization problems can be modeled as
conic programs [4, 7], this extension signi cantly expandsthe classof etciently solvable inverse
problems. We presern three applications of inverse conic programs. We would like to especially
draw the reader'sattention to the application in Section5 where a network administrator attempts
to learn a users' utilit y function by manipulating the price of arcs. We discussthe casewhere the
price vector is randomly generated. Clearly, one can do better if one can choosea price vector by
that \maximally" reducesthe sizeof £ (X, At this time we are not aware of any strategy that is
guararteed to do better than the random strategy.

We would also like to reiterate that we considerthe casewhere only the objective function is
uncertain. Inverseoptimization in its full generality remains an interesting and open problem.
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= 005%|, =1%|, = 25%|, = 5%
®=0 |0.7719 0.7181 | 0.5769 | 0.3978
®= 0:05 | 0.7582 0.7536 | 0.7401 | 0.7184
®= 0:50 | 0.7872 0.7855 | 0.7805 | 0.7724
®= 0:95 | 0.8136 0.8128 | 0.8102 | 0.8058
®= 0:99 | 0.8157 0.8150 | 0.8129 | 0.8093

Table 1: Return on $1 over 15 periods starting on to = Nov. 1st 1999 (°at/do wn market)

= 005%]|, = 1%/, = 25% | . = 5%
®=0 | 1.4005 1.3142 | 1.0842 | 0.7825
®= 0:05 | 1.7486 1.7462 | 1.7390 | 1.7270
®= 05 | 1.7534 1.7521 | 1.7481 | 1.7415
®= 0:95 | 1.7532 1.7520 | 1.7485 | 1.7426
®= 0:99 | 1.7509 1.7503 | 1.7482 | 1.7448

Table 2: Return on $1 over 15 periods starting on tg = Nov. 1st 1994 (up market)

‘ Iter k ‘ price vector ‘ estimate £ () R
0 (@®) @ 0@, 8D, )
1 [4.21.61.90.1] n(®1;®2):®2- 0;®, j 8®;35- ® + 6(3)2 4:2
2 [1.0443510]| (®;®): 14 @ 0@+ 658, = 35 ~ ]
3 [4.31.93.53.0] (®;®) :® + 65, = 35,® + 5:7® = 43 = (10;j 1)

i ¢
Table 3: Utilit y estimation 'm = 4,c=1,®" = (10;i 1)
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‘ Iter k ’ price vector

] estimate £ (k)

O

0 (@i®) @ 0, |80 ]
1 [18.016.618.81.2] n(®l;®2) ® - O;®, | 8®;9%2- ®+ 6® - 154 o
2 [5.69.015.49.0] R(®1;®2) t® - 0;®, | 8®y; 124 - q®1+ 6®, - 154
2 ® - 0;®, |88 2
3 [18.47.24.018.8] | _(®;®): 84- @ + 48 - 18
'8 124 ® + 6®; - 15:4’9
% ® - O;®, j 8By g
84 - - 18 -
4 [9.212.48.416.4] E(®1;®2) : 12'4-®¢1>1++4§)2®2 e
n 72- ® +8®,- 164 o
5 [0.49.40.416.0] In(®1;®2) 1j 221754 ® - O0;® + 97®, = 5:2
6 [18.00.215.08.4] | (®1:®): ® + 97® = 5:6:@ + 7:88, = 9:4 = (25| 2)

i ¢
Table 4: Utilit y estimation lm =4,c=[2121]", ® = (25;i 2)
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