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Abstract

In this paper we study robust convex quadratically constrained programs, a subset of the
class of robust convex programs introduced by Ben-Tal and Nemirovski [4]. Unlike [4], our
focus in this paper is to identify uncertainty structures that allow the corresponding robust
quadratically constrained programs to be reformulated as second-ordercone programs. We
proposethree classesof uncertainty setsthat satisfy this criterion and preseri exampleswhere
these classesof uncertainty setsare natural.

1 Problem form ulation

A genericquadratically constrained program (QCP) is de ned as follows.

minimize c¢'x
subjectto xTQix+ 297 x + °; - O;i = 1:::;p;

1)
where the vector of decision variables x 2 R", and the data c 2 R", °; 2 R, g; 2 R" and

objective is linear. The QCP (1) is a corvex optimization problem if and only if Q; © 0 for all
i =1;:::;p, whereQ ° 0 denotesthat the matrix Q is positive semide nite.

SupposeQ ° 0. Then Q = VTV for someV 2 R™MEM and the quadratic constraint x ' Qx -
i (29"x + °) is equivalert to the second-ordercone (SOC) constraint [2, 18, 22]

" #e
° 2VX o
: °. 1i °j 29'x: 2

(1+°+297x)
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Thus, the convex QCP (1) is equivalert to the following second-ordercone program (SOCP)

minimize €l x 4o
. ° 2V ix ° . 3
subject to  ° ! S 1i % 27X i=Lip: 3)

(1+°i+2g9{x) °

where Q; = V[V, i = 1;:::;p. For adetailed discussionof SOCPsand their applications see[2,
18, 22].

The formulations (1) and (3) implicitly assumethat the parameters de ning the problem {
f(Qi;qi;®%);i = 1:::;pg { are known exactly. Howewer, in practice these are estimated from

data, and are, therefore, subject to measuremen and statistical errors [16]. Since the solutions
to optimization problems are typically sensitive to parameter °uctuations, the errors in the input
parameterstend to get ampli ed in the decisionvector. This, in turn, leadsto a sharp deterioration
in performance(3, 10].

The problem of choosing a decision vector in the presenceof parameter perturbation was for-
malized by Ben-Tal and Nemirovski [4, 5] as follows:

minimize c'x

4
subjectto F(x;») 2 K%R™; 8» 2 U; “)

where » are the uncertain parameters, U is the uncertainty set, x 2 R" is the decisionvector, K
is a convex coneand, for ‘xed » 2 U, the function F(x;») is K-concare [4, 6]. The optimization
problem (4) is called a robust optimization problem Ben-Tal and Nemirovski establishedthat for
certain classesof uncertainty setsU, robust counterparts of linear programs, quadratic programs,
quadratically constrained quadratic programs, and semide nite programs are themselestractable
optimization problems. Robustnessas applied to uncertain least squaresproblems and uncertain
semide nite programs was independertly studied by ElI Ghaoui and his collaborators [11, 12].

In keepingwith the formulation proposedby Ben-Tal and Nemirovski, a genericrobust corvex
QCP is given by

minimize c'x

H T T o . . .0 e e e . (5)
subjectto x'Qix+ 2q9; x+ °i - O;for all (Qi;qi;%) 2 Si;i = 1,:::;p:

Ben-Tal and Nemirovski [4] investigated a version of (5) in which the uncertainty structures S; are
generalizedellipsoids and shaved that the resulting robust optimization problem can be reducedto
a semide nite program (SDP) [1, 22, 26]. In this paper we explore uncertainty structures for which
the corresponding robust problems can be reformulated as SOCPs. Our interest in this classof
structures stemsfrom the fact that both the worst caseand practical computational e®ortrequired
to solve SOCPsis at least an order of magnitude lessthan that neededto solve SDPs [2].

The organization of the rest of this paper is as follows. In Section 2 we proposethree classes
of uncertainty setsfor which a robust corvex QCP can be reducedto an SOCP. In Section 3 we
presernt seweral applications where the natural uncertainty structures are combinations of those
preseried in Section2. Section4 contains someconcluding remarks.
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2 Uncertain ty structures

In this sectionwe introduce three classesof uncertainty setsfor which the robust corvex QCP (5)
can be reformulated as an SOCP.

2.1 Discrete and polytopic uncertain ty sets

The simplest classof the uncertainty setsis a discrete set de ned as follows.
© .
Sa= (Q;q;°):1(Q:;0;°) = (Qj;05;°1);Q; © 0;) = Liiryk (6)

The robust constraint xTQx + 2q™x + ° - 0for all (Q;q;°) 2 S, is equivalert to the k corvex
guadratic constraints
xTQjx+2q{x+° - 0, 8 = L1k (7

Thus, the resulting robust optimization problem is an SOCP.

The discrete uncertainty set (6) typically ariseswhen one wants to be robust against seweral
scenarios{ ead (Qj;qi;°i) corresponds to a particular scenario[17]. A closely related related
uncertainty structure is the polytopic uncertainty set de ned as follows.

n XK X 0
So= (Qa:°) (Qa:®) = L,j(Qj59:°%):Q)° 05,5, 08 ,j=1: (8)
j=1 j=1

The robust constraint x'Qx + 2q"x + ° - 0, for alg (Q;Qq;°) 2 Spis equivalent to the constraint

[Li(xXTQjx + 2g9{x+°;) - 0, forall,j, 0 ;,; =1 The latter constraint is, in turn,
equivalent to the set of constraints:
XTQ‘X+ 2q_TX+ oL 8J =1 k: (9)
] J | y y ey .

From (7) and (9), it follows that the SOCP reformulations of the robust problems corresponding
to the discrete and the polytopic uncertainty setsare identical.

2.2 Atfne uncertain ty sets

Next, we proposetwo closelyrelated atne uncertainty setsboth of which are restricted versionsof
the generalizedellipsoidal uncertainty setsintroduced by Ben-Tal and Nemirovski [4].

In the rst uncertainty set S, the parameter (Q;q;°) is atnely perturbed by a single set of
perturbation parametersu, i.e.

P, )
. .0 = . .0 + < . L. Y
SC= (Q1q1o) . (Q!0q1 ) _(QO!q010) .J_]_ ul(Q]!qjv j)’ (10)
Qj° 0;j=0::;ksu, Ojkuk- 1
Remark 1 In this case, the robust problem (5) is NP-hard if the sign constraint on u is relaxel

or if any of the Q;'s are inde nite [4].



The following lemma shows that the robust corvex quadratic constraint corresponding to S¢
can be reformulated as a collection of SOC constraints.

Lemma 1 The decision vector x 2 R" satis es the robustconstraint xTQx + 2q"x+ ° - 0 for all

(Q:q:;°) 2 S, where S; is de ned by (10), if and only if there existf 2 RX and© . 0 satisfying
" #e
. 2Vix oo L1+fpi i 200 x; j =1k
Li fj+ % 207X 4o
E 2V oX § . 140 (12)
1 °
kfk - i°i 2afxi °o;

Pro of: The constraint x'Qx + 2q'x + ° - 0for all (Q;q;°) 2 S is equivalert to

n X 0
xTQox + 29{x + °o + max U (xTQjx + 207 x + °j) - O (12)
fu:u, O;kuk- 1g =
Let f 2 RK with
fj, maxfxTQjx+ 2qfx +°j;0g; j = L1k (13)

Then (12) holds if and only if there exists f satisfying (13) and
xTQox + 290 x + °g+ kfk - O (14)

The result follows from rewriting (14) as a collection of linear and SOC constraints. |

In the uncertainty structure S; the perturbations in the quadratic term Q and the atne term
(g;°) is cortrolled by the sameparameter u. However, in many applications the uncertainty in
the quadratic and atne terms are independent [16]. We model this situation by the following
uncertainty structure,

(

Py .
= Qo+ XL uiQ;Q;° 0;j = 0::kikuk - 1;
Sd= (Q,q1o) Q QO ]—l ulg]lQ] 1J 1 1 Ny u ’

15
(0:°) = (Goi°0) + =g Vilji®p)ikvk - 1 (15)

Remark 2 Although we allow generl u, the constraint Q; © 0 implies that the worst case per-
turbation u® , 0. As in Remark 1, allowing inde nite Q; resultsin an NP-hard optimization
problem [4].

The following lemma establishesthat the robust convex QCP corresponding to Sy can be reformu-
lated asan SOCP.



Lemma 2 The decision vector x 2 R" satis es the robustconstraint xTQx + 2q"x+ ° - 0 for all
(Q:q;°) 2 Sy, wher Sy is de ned by (15), if and only if there existf;g 2 RX and©® , 0 suchthat

5

on & = quTx+°j; j=1:k
o 2V )
° 1_fo o 1+ fy; j= Lk
e oo
R
1 0°
kik+ kgk - i°i 295xi °o;

Pro of:  The robust convex quadratic constraint xTQx + 2q"x + ° - 0 for all (Q;q;°) 2 Sy is

equivalent to
n xk o] n xk 0
xTQox + 2g0x + °o + max Ui (xTQjx) + max vi(2gx +°j) - 0 (17)

fu:u, O;kuk- 1g i=1 fv:ikvk- 1g i=1

Thus, (17) holds if and only if there exist f;g 2 R* such that f; , xTQjx, g , 297x + °j,
j =1k, and
xTQox + 290 x + °o+ kfk + kgk - 0: (18)

The result follows from rewriting (18) as a collection of linear and SOC constraints. |

2.3 Factorized uncertain ty sets

The next classof uncertainty setsis de ned as follows.

; Q=VTEV:F=Fg+¢ Ao;¢q=¢T;|<Ni%¢Ni%k-';NAO;%
Se = B(Q;q;°o): V=Vo+W?2 Rm£n;ﬂikg: WTGW - %; 8i;G° 0; . (19)

' q=do+ 3;kKks= 37S3. £SAO0: ,
where W, i = 1;:::;n, is the i-th column of the matrix W and the norm kA k of a symmetric
matrix A isqeither given by the L,-norm, i.e. KAk = maxy. i. mfj, i(A)jg, or the Frobenius norm,
i.e. KAk = M. . 2(A), wheref {(A);i = 1;:::;mg are the eigenvalues of the matrix A. The
uncertainty structure S in (19) is quite general and includes as special cases: (i) xed F (e.g.,

F=1,i.e.Q=VTV)and (i) xed V, ie. only F is uncertain.

Although the uncertainty structure S, doesnot appear as natural asthe discrete or the atne
uncertainty sets, it capturesthe structure of the con denceregionsaround the maximum likelihood
estimates of the parameters. See[16] for a detailed discussionof the structure of this uncertainty
set and its parametrization.

Lemma 3 below establishesthat a robust quadratic constraint corresponding to (19) can be
reformulated as a collection of linear and SOC constraints.



Lemma 3 The decision vector x 2 R" satis es the robust convex quadmtic constraint x ' Qx +
2qTx+° - Ofor all (Q;q;°) 2 Se, Wwher S, is de ned by (19), if and only if there exist ¢;°; %r 2
R,u2R"andw 2 R™ suchthat

5 0;
o s C+ th
Yo - in(H);
4 Pmr:n( )
r 5 i=1 1/2u|;
U . Xj; =100
on #IZ .0 X j =10 (20)
o 2r o
o o - Yt g,
omn %l (‘,#O
o ZN' o .
: | S G W) 0= Linm
Gii % ti)
26°s1 25X - 0 208X °o;

wher H = Gi %(Fo+ "N)GI 5, H = QTaQ is the spectral decomposition of H, @ = diag (, i),
andw = QTH2G 2V ox.

Proof: FixV 2 S.. Dene ¢ = Ni 2¢N i%,yszx and S; = fF:F=Fg+ ¢ ° 0;¢ =
¢ T;kN2¢N 2k - “g. Then

maxtxTVTFVx :F 2 S;g = maxnyT(Fo+ ¢)y:¢ = ¢ T;kNZ¢N zk- ";Fo+ ¢ © 0O
= maxnyTFoy+ (Nzy)TE (NZy)  KE k- “:Fo+ NZEN 2 © oo;
maxnyTFoy + (N2y) ¢ (Nzy) : ke k - 'O; (21)
yTFoy + (NZy)T(NZy); (22)

where (21) follows from relaxing the constraint Fo + N 2¢N 2z © 0 and (22) follows from the
properties of the matrix norm. q
- . . I ~ . .
Sincek¢ k = maxfj , i (¢)jg or ,?(¢) and N A 0, the bound (22) is achieved by

¢~ 1
kN 2yk?

unlessy = 0. Thus, the right hand side of (21) is given by yT(Fg+ “N)y and is achieved by
¢ = % unlessy = 0. SinceFo+ N2¢ Nz © 0, it follows that the inequality (21) is, in
fact, an equality, i.e.

© 1 _ o1 .
max y' Fy =y (Fo+ N)y:

F2S1
Therefore,
O TOx + 2qTx + ° = °g+ 2qTx + kS Sxk + VT (Fo+ NI (23
max X X X = X =+ 2X max X X
(omax . Q q ot 20 nax (Fo ) (23)
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o X0 Y X
KWx ky=°  xjW;° - jXij KW kg - Yeixij; (24)
i=1 9 i=1 i=1

the optimization problem,

maximize KV oA + Wx k?

25
subject to  kWx kg - L Yeixij; @9

is a relaxation of
maximize KV ox + Wx k?

. . (26)
subject to kWikg- Yo 1=1;:::;n:

The objective function in (25) is corvex; therefore the optimal solution W “A lies on the boundary

W lies on the boundary only if the columns of the matrix W satisfy W; = Yv for somevector v
with kvkg = 1. But any suc choice of W is feasiblefor (26). Therefore (26) and (25) are, in fact,
equivalent.
Thusx"VT(Fo+ "N)Vx - © forall V 2 S, if and only if
. . ¢. ¢
'Vox + (1/2zjj)v¢”Fo+ N Vox + (Fjxjv - © 27)
for all kvk, - 1,i.e. 1j vIGv , 0. Deheyo= Vox andr = ¥ jxj then (27) is equivalert to

°i ya(Fo+ N)yoi 2ryg(Fo+ N)vi r2vT(Fo+ N)v, O (28)

for all v such that 1 v Gv , 0. Before proceedingfurther, we needthe following:

B

Lemma 4 (S-pro cedure) LetFi(x) = xTAix+ 2b[x+ ¢, i=0;:::;p be quadatic functions of
x 2 R". Then Fo(x) , Ofor all x suchthat Fi(x), 0,i= 1;:::;p, if there exist ¢; , 0 suchthat
" . # P " T #
@ bo T, G b ey
bo Ag bi Aj

i=1
Moreover, if p= 1 then the converseholdsif there exists xg suchthat F1(xg) > 0.

For a discussionof the S-procedureand its applications, see[7].
Sincev = 0 is strictly feasiblefor 1; v Gv , 0, the S-procedureimplies that (28) holds for
all 1; vIGv , 0if and only if there existsa ¢,, 0 such that
" #
°i ¢i Yo(Fo+ "N)yo iryf(Fo+ N)z
i r(Fo+ "N)2yo ¢Gi rll

5

M = 0: (29)



Let the spectral decomposition of H = Gi %(Fo + "N)GI > be QuQ T, wherea = diag(, ),
and dehe w = QTH2G2yo = 8 2QTG2y,. Observing that yo(Fo+ "N)yo = w'w, we have
that the matrix M © 0 if and only if

n T # n T # n T T 1 #
1 0 1 0 i i w'w jrwio?2
M = S M 1 - I ¢l ) i ) 2, 0
0 Q'G2 0 G2Q j razw Jlirem
The matrix M © 0 if andonly if ¢ . r2 i, foralli= 1;:::;m (i.e. ¢ . r2 max(H)), wj = O for
all i suc that ¢ = r? ;, and the Schur complemerl of the nonzerorows and columnsof ¢l j r2o
0 1
X W2 X w2
of siwwi r2@ T A =0 4 TR
i:e8r2 ¢i e, i:% 61 b7
where %= "". It follows that (27) holds for all v  Gv - 1 if and only if there exists ¢; %, 0 and
t2 RY satlsfylng,
° ., ¢+ 1Ty
2 — 3/
r = /4:,,
2 — . 3 A T . (30)
1.
Y cmax (H) "

It is easyto establishthat there exist ¢;%, 0,andt 2 R that satisfy (30) if and only if there
exist ¢;%, 0,andt 2 R that satisfy (30) with the equalities replacedby inequalities.

From [22] (seeSection 6.2.3) and [18], we have that for z2 R",x 2 R,andy2 R, x;y, O,
n #g
2z °

T oL X+Yy:
Xiy

z'z- Xy,

0Oo00O0O0

o

Note that the constraint r? - ¥ and¢,, Oimply that %, 0. Therefore, replacingthe equalitiesin
(30) and reformulating the inequalities as SOC constraints, we have that x TV T(Fg+ “N)Vx - ©
for all V 2 S, if and only if the following system of linear and second-ordercone constraints holds,

& . 0
(o] s 6+ 1Tt
Ya - F)min (G);
o M a1
o 2r o
° o Yat ¢
on Yaj ¢ 4
o 2W o .
° ! ° A %i+t); i=Loom
Li %ii t)
P
The constraint r | M. %jxij is not linear but it can be corverted into one by introducing a new
varlablezsumthat u, jxjie.up, xjanduy, pxj,i=j;i5n
The result now foIIows by replacing max;y 2s.g X TVT(Fo+ "N)Vx in (23) by the bound °.



There are se\eral closely related versions of the factorized uncertainty set Se that also result in
robust problemsthat can be reducedto SOCPs. Theseinclude the special casewherle thelmatrix
F is known, i.e. = = 0; and the variant of Se where Fi 1 = Fi'+ ¢ A 0, with kKFZ¢F gk -
" < 1. For details of these alternativ e formulations and their relation to probabilistic guarantees
on the performance of the optimal solution see[16].

3 Applications

In this sectionwe preseri several applications of robust corvex QCPs. We show that the uncertainty
in theseapplications can be adequately modeled by the uncertainty setsintroducedin the previous
section.

3.1 Robust mean-variance portfolio selection

Supposean investor wants to invest in a market with n assets. The random returns on the assets
is given by the random return vector

r=1+VTf+2;

wheret 2 R" is the mean return vector, f » N (O;F) 2 R™ is the vector of returns on the
factors that drive the market, V 2 R™ME" is the factor loadings matrix and 2 » N (0;D) is the
residual returns vector. Herex » N (1 ; 8 ) denotesthat x is a multiv ariate Normal random variable
with mean vector ! and covariance matrix §. In addition, we assumethat the vector of residual
returns 2 is independert of the vector of factor returns f, the covariance matrix F A 0 and the
covariance matrix D = diag (d) A 0,ie. d > 0,i = 1;:::;n. Thus, the vector of assetreturns
r» N(*;VTFV + D).

The investor's position in the market is described by a portfolio vector A 2 R", where A
denotesthe fraction of the capital investedin assetj, j = 1;:::;n. The random return r4 on
a portfolio A is given by r4 = rTA. The objective is to choosea portfolio that maximizes some
measureof \return” on the investmen subject to appropriate constraints on the assaiated \risk".

Markowitz [20, 21] proposeda model for portfolio selectionin ;X"hic?h the \return" is the expected
value E[r 4] of the portfolio return, the \risk" is the varianceVar r4 of the return, and the optimal
portfolio A® is onethat has the minimum variance amongst those that a return of at least ®, i.e.
A® is the optimal solution of the corvex quadratic optimization problem

o £ n
minimize Var r4

subjectto E[ra], ® (32)
1TA=1

The optimization problem (32) is called the minimum variance portfolio selectionproblem. Other
variants include the maximum return problem and the maximum Sharpe ratio problem.



Note that the Mar%ogvitz model implicitly assumesthat the mean return vector E[r] and the
covariance matrix Var r are known with certainty. This mean-\ariance model hashad a profound
impact on the economicmodeling of nancial markets and the pricing of assets. In 1990, Sharpe
and Markowitz sharedthe Nobel Memarial Prize in Economic Sciencesfor this work. In spite of
the theoretical successof the mean-variance model, practitioners have shied away from it. The
primary criticism leveled againstthe Markowignmodel is that the optimal portfolio A® is extremely
sensitive to the market parameters(E[r]; Var r ): sincetheseparametersare estimated from noisy
data, A" often ampli es noise.

One solution to the sensitivity of A” to the perturbation of the problem data is to considera
robust version of the Markowitz problem (32). To this end, we de ne the uncertainty structures as
follows. The covariance matrix F of the factor returns f is assumedto belongto

© 1 1 a
St = F:Fil=Fit+¢ °0;¢ =¢T;kFZC¢F gk- ~ ; (33)
the uncertainty set Sy for the matrix D is given by

a

Sd=©D:D=diag(d);di2mi;ai];i=1;::Z;n ; (34)

S, = V:V=V0+W;kWikg- Yri=1;:::;n ; (35)
. . pP—— L
where W is the i-th column of W and kwkg =  wTGw; and the meanreturns vector ! liesin
Sm=ft 1 =14+ »j»- °;i=1::;nQ: (36)

The uncertainty sets(Ss ; Sy; Sq; Sm) mimic the structure of the con denceregion around the mini-
mum mean squareestimatesof (* ;V ;F). The justi cation for this choice of uncertainty structures

and suitable choicesfor the matrix G, and the bounds¥, °;, di, di,i=1:::;n,and” arediscussed
in [16].
The robust analog of the Markowitz mean-variance optimization problem (32) is given by
o £ o
minimize Maxsy 2s,:p2s,g Var ra
subject to min¢1 55 GE[ra], ® (37)
1TA= 1

We expect that the sensitivity of the optimal solution of this mathematical program to parameter
°uctuations will be signi cantly smaller than it would be for its classicalcourterpart (32).
Sincethe return rg» N (* TA;AT(VTFV + D)A), we canwrite (37) as

©, . a ©. . a
minimize maxy2s,4 ATVTFVA + maxp,s,y A'DA

subject to  mins1 55,41 TA, ® (38)
1TA=1;
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which in turn is equivalert to the following robust quadratically constrained problem,

minimize , + %

subjectto ATVTEVA. : 8V 2S,F25
ATDA. £ 8D 2 Sg; (39)
1TA, ® 8! 2Sp;

1TA= 1

Since the uncertainty sets Sy, £ Sy £ S and Sy are special casesof the factorized uncertainty
structure proposedin (19), (39) canbereducedto an SOCP. For details on robust portfolio selection
problems and the performanceon real market data see[16].

3.2 Robust hyperplane separation

a

Let L = ©(xi;yi);i = 131,y 2 f+1; 1g, x; 2 RY, 8i, be a labeled set of training data.
The objective in the hyperplane separation problem is to choose a hyperplane (w;b), b 2 R,
w 2 RY that maximally separatesthe \negative examples”, i.e. x; with y; = j 1, from the
\p ositive examples”, i.e. x; with y; = +1. Then given this separating hyperplane (w;b), a new
samplex is classi ed as \p ositive" provided w'x + b, 0, otherwise it is classi ed as \negativ e".
Pattern classi cation using hyperplanesis called linear discrimination.

In a typical application of linear discrimination, the hyperplane (w; b) is chosenby solving the
following quadratic program [8, 19, 28].

e 1 2 |P ¢
minimize s kwk“+ C  ._; » ;
subject to w:xi +b, 1i »; ?f yi = +1; (40)
Wixi+ b, 1+ ifyi=i1
», O =210
Instead of solving (40), onetypically solvesits dual given by
o Te: 1 P | T .
maximize 1'®j 5 - &G (yixi)' (¥jX));
subjectto  |_; ®y; = O; (41)

0-®-C; i=1L:::;

The optimal vectorw® = P !:1 ®@x;, where®" is the optimal solution of the dual (41). The optimal
intercept b is set by the complemenary sladk conditions (for a detailed discussionsee[8]).

In seweral applications of linear discrimination, the training data x; is corrupted by measuremeh
noise. A simple additive model for measuremehn error is given by

Xi= %+ uj; 1=2L:::0

where %; is the true value of the training data and u; is the measuremeh noise. Typically, one

11



appropriate dual problem would be

L Te. 1P CWT . .
maximize %,®| 3 0= @@ (yilxii ui)) (i (xj i uj));
subject to ::1 ®yYi = 0; (42)
0-®-C; i=1L::::
When the perturbations due to measuremen noise are unkngwn, a consenative approac is to
repl%cethe objective function in (42) by 17® i 3 maxg k. v !;j LR (yixi i u) Ty (% i

uj)) , i.e. solve the following robust quadratically constrained problem,

maximize
subject to P1:1®| s@'Q®, ¢ 8Q2S; (43)
i=1 ®Y| = Oa
0- ®- C; i=12%L::::0
where the uncertainty set
n 0
S= Q:Q=VTV:V =Vg+ U;kUik- %Vq= [x1;:::;x]diag (y) (44)

belongsto classof factorized uncertainty structures de ned in (19). Thus, (44) can be reformulated
as an SOCP. This technique can be extendedto generalsupport vector machines [28] as well.

3.3 Linear least squares problem with deterministic and stochastic uncertain ty

Consider the following linear least squaresproblem,

min kAX | bk?; (45)
fx2RNg
whereA = [ag;:::;am]" 2 R™"andb 2 R". If m | n and the matrix A hasfull column rank, the

solution of this optimization problem is given by x® = ' ATA)i 1ATb [13]. Even when additional
linear and convex quadratic constraints are imposedon the solution x, such as kxk? - M, the
linear least squaresproblem (45) is still a convex QCP.

In many applications of least squaresproblems, the problem data (A;b) is either estimated
from empirical data or is the result of measurement, and therefore, subject to perturbations. In
order to reducethe sensitivity of the decisionx to perturbations in the data, EI Ghaoui and Lebret
formulated the following robust version of (45)

min © max a kAX | bk?; (46)
X JABIKIA bTi [A osbolk: %

where k¢kis the Frobenius norm, and showved that (46) can be reformulated as an SOCP [11].
Howewer it is not clear that the uncertainty set that appears above is natural, sinceit applies
to [A b] at once.
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In this paper, we proposethe following uncertainty structure for the rowsa; 2 R",i = 1;:::;m

of the data matrix A:
n X X o0
S= a:a=z=a’+ va+ Uy ; (47)
j=1 =1

the stochastic term, the uncertainty set (47) has the atne structure consideredin [4, 5, 6]. The
term }:1 u » modelsthe imperfect knowledgeof the stochastic perturbations in a { the decision
maker knows the total variance and modes - ! but does not know the variance of ead of the
individual modes. In typical applications, the matrix -1 = 1 1(1 1)T, or equivalertly » = (1 1)Tz
for Z » N (0;1), where the vector ! I is determined by the estimation algorithm or the signal
network.
The robust least squaresproblem corresponding to (47) is given by
Vayn n 2
min max E[@@'xi b)? ; (48)
X op fluivi)g

where eadh g; be_Iongsto a uncertainty set of the form in (47) for appropriately chosenfa{ jo=

Fora xed ain S and b2 R, the expectederror E[(a’"x j b)?] is given by
s X 2 X .
E[(@'xi b= @"'x+ V@) xjb + (W)x"-Ix: (49)
j=1 j=1

The constraint E[(a"x j b)?]- 4 for all a2 S, is equivalert to the following set of constraints,

P o
jaTxi bj- t; 8a2S,=fa:a’+ p!‘:1vla1;kvk- 1g;
e

o 1 P . . _ (50)
tc+x'Qx - £ 8Q2S,=fQ:Q= j=1®-J; j=1®- 1,® , 0;8j0:

From (48), (49) and (50), it follows that the robust optimization problem (48) is equivalent to the
following robust corvex QCP

- . . P m
minimize ~ I; &;

subject to t2+ xTQix - #; Q; 2 Shi= 1:r:;m;

. 51
aiTxi b - t; a 2Sy;i=1:m; 1)
alxi b, it; a&2Shi=21::;m:
The set Sil, i = 1;:::;m, is a special caseof the atne uncertainty set de ned in (15) and S‘Z,

problem (51) can be reducedto an SOCP.

13



3.4 Equalizing uncertain channels

By suitably sampling the input and output signals, the input-output relation of any linear time-
invariant communication system can be written as follows [25]:

i 1

Yk = hiXy; i + Sk;

i=0
i 1

hoXk + hixk; i + Sk; (52)
i=1

where fxy;k , Og are the samplesof the input signal, fyx;k , Og are the samplesof the output
signal, fh;j;i = 0;:::; mgis the impulse responseof the channel, and fsi; k , 0g are the samplesof
the channel noise. We assumethat the channel impulse responseis nite, i.e. m < 1 . The term

i”;alhixkI i is called the inter-symbol interference (ISI). In order to recover the input sequence
one hasto remove the ISI and the e®ectsof the noise.

The Z -transform W (z) of any sequence wy : k , Ogis de ned by
X .
W(z) = w;z'; (53)
|

where z is a complex number. Under fairly generalconditions [25], the sequencefwy : k , Og can
be recovered from fW(z) : jzj = 1g. Therefore, we will treat the sequenceand its Z -transform as
equivalent. Taking the Z -transform of both sidesof (52), we get

Y(z) = H(2)X (2) + S(2); (54)

whereY (z), H(z), X (z) and S(z) are the Z -transforms of fyyg, fhyg, fxxg and f syg respectively.
From (54) we have that . <
z
H Y@= X@+ 5
i.e. onecanremove the ISI by processingthe output sequencehrough a linear time-invariant Iter
with impulse responseG(z) = ﬁ [25].

The processof removing ISI using a linear time-invariant “Tter is called channel equalization.
Thus, (55) describesa technique for channel equalization. This technique, although simple, is not
practical becausethe impulse response G(z) is in nite, i.e. an in nite number of output samples
are required to reconstruct one input sample.

Channel equalization using nite impulse response(FIR) Tters is possibleprovided the output
signal is sampledat a faster rate [24]. Oversamplingthe output signal at a rate p times faster than
the input is equivalent to p parallel input-output channelsthat all seethe sameinput sequence.
Let Hj(z) = ,”;bl hjiZi, j = 1;:::;p denote the channel responsesof the p parallel input-output
channelsobtained by oversamplingthe output. Then, the output Y;j(z) of the j -th channelis given

by

(55)

Yi(2) = Hj(9)X(2) + S (D): (56)
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P .. 4
Supposethe output Yj(z) is passedthrough a Tter with impulse response G;(z) = i":‘ol giz',
n < 1, and the output signalsadded together. Then, the e®ectie input-output relation is given
by ,
xe xXP
Y(2) = Gj(2)Hj(z) X(z)+ Gj(2)S;(2): (57)
j=1 j=1

P .
Supposewe require the e®ectie input-output channel be D (z) = J!'zé djz, for somel - m+ n.

Gj(2)Hj(2) = D(2);
j=1

or equivalertly

xP
i=1
where
2 3
ho 0 0 0
2 L 2 3
do . 0 gjO
d; h g1
d=§ T = 07 gj=§.
hjimi 1 hj1
dm+ni2 0 hj2 Ginj1
haMil h]3
0 R L 0 hjm1
I {z —}
(n+mj 1)En

Under fairly generalconditions [24, 23] the system of equations (58) has a solution provided p, 2,

In practice, the channel responsesare estimated by transmitting a known nite length training
sequenceand, therefore, the estimatesare subject to statistical errors. We model the uncertainty
in the channel responseas follows,

hi=hj+u»; j=1::p (59)
where F\j is the true value of the j-th channel response, h; is our estimate of the j-th channel

tainty structure (59) re°ects our limited knowledge of the noisein ead of the p parallel channels.
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P
The total noisevarianceis P, u?Tr(- ;) = 3 but the noise variance of the individual channels
is not known. The Tters fg;;j = 1;:::;pg are now chosenby solving the robust optimization
problem

| e 2
min max E °  Tp05i d°
fgjj=1;mpgfukuk. ¥2g i=1 ]
o XP xXP 02°
= min max E ° Thogii d+ u T i°
fgj:j=1;:pgfukuk- ¥2g o i 9 o I, 9
j=1 j=1
oXP xXP o2
= min max E ° Tpgij d+ UTg»°
fgj:j=1;:pgfukuk- ¥g o Jg] . S
j=1 j=1
1 3
o TEe 22 ne g go”
= min °  Thgji d° + max UrTr TgTg-j ;
fgji=1;:pg - ! fu:kuk- ¥2g . _ 1
i=1 i=1
1 3
2 e 22 n o
= min ° Thogi d° + max i(urmi)g 60
fgj:i=1;:1pg =1 'gj fu:kuk- ¥2g -1 gj( J J)gj ( )

' ¢
where o is set by the identity gjojg; = Tr'Tgj Tg-j - From (60) it follows that the robust
equalization problem is equivalent to the following robust corvex QCP

minimize £+ ©;
o o2

subjectto °Tgj d° - % (61)
9'Qg - °; 8Q 2 S;

n XP 0
S= Q:Q=diag(Q1;:::;Qp);Qj = ®nj; @ - L® , 0j=1L::p ; (62)
j=1
belongsto the classof polytopic uncertainty setsdescribed in (8). Therefore, (61) can be reformu-
lated asan SOCP.

3.5 Robust estimation in uncertain statistical models

Supposex 2 R" is a Gaussianrandom variable with a priori distribution x » N (*;8) with an
unknown mean! and covariance

o

: o1 12
§2S, = §:81t=8i1'+¢°0;¢ =¢T;°82¢8 53" " : (63)

We will assumethat © < 1. The structure (63) is precisely the con dence region assaiated with
the maximum likelihood estimate of the covariance 8 of x. See[16] for detalils.
Supposea vector of measuremets y 2 R™ is given by the linear obsenation model

y = Cx +d; (64)
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where C 2 R™MEM js the known regressionmatrix, and the disturbance vector d » N (0;D),
independert of x, with

D=VTEV:F=Fo+¢ © 0:kNi 2¢ Ni 2k - ":
D2S,= D: ot ’ e (65)
V=Vog+W;kWik- Y%i=1:::;m;ke¢ k-

The uncertainty set (19) is quite general. For example, one can control the rank of the covariance
matrix D by appropriately setting the dimension of Fy and model any norm-like perturbation by
suitably choosing N .

Given the vector of obsenations y and an a priori unbiasedestimate * of the meanvector ! ,
we considera linear unbiased estimator of the form

b= (i KC)L +Ky; (66)

where the gain matrix K 2 R"™ is to be determined. Since?! is unbiased, the estimate b is also
unbiased. The covariance P of the a posteriori estimate b is given by

P E[(bi t)bi 1) ]=(i KC)'8(Ii KC)+KTDK: (67)

The non-robust version of this measuremeh model (i.,e. 8 = §pand D = Dg for xed 8§
and Do) is the well-known Gaussianlinear stochastic model [14]. The robust measuremeh model
dewveloped hereis a variant of the model proposedby Cala ore and ElI Ghaoui [9] wherethe a priori

covariance 8 was known exactly and the noise covariance
a

© . ,
D2 D:Dit=Di*+LeR +RT¢ "LT° O;k¢ k- 1 :
They show that the problem of choosing the gain matrix K to minimize the worst-casevalue of
Tr(P) or det (P) can be reducedto an SDP.
In this paper, we are interested in minimizing the worst-casevariance along a given xed set of

min max max v/ (i KC)T§(Ij KC)vj+ Vv/KTDKv j ; (68)
K fD2Sgfl j- kg

or equivalertly, the robust quadratically constrained problem,

minimize ©,
subjectto v (Ii KC)T§ (i KC)vj - %; § 2Sy;j = 1L;::3k; (69)
vaKTDKvJ-- °j %; 8D 2 Syj =15k
If we x K, from Lemma 3 in [16] it follows that
© a 1 - 1
T - T . — >
max v; (i KC)'8(lj KC)v; = i
§ 25, p (i )y 8 Vi ﬁvf(li KC)"8o(li KC)vj; ~ <L

Thus, "~ < 1 implies that the rst constraint in (69) can be reformulated as a collection of SOC
constraints. Fix anindex j and let y; = Kv . Sincethe uncertainty set S belongsto the to the
classof factorized uncertainty setsde ned in (19), Lemma 3 implies that that the robust quadratic
constraint v KTDKv j = yDy; - °j #, for all D 2 Sy, can be reformulated as a collection of
linear and SOC constraints. Thus, the robust problem (69) can be transformed into an SOCP.
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4 Conclusion

In this paper we study robust convex quadratically constrained programs. Ben-Tal and Nemirovski
initiated the study of these problems and shawved that for generalizedellipsoidal uncertainty sets
theserobust problems can be reformulated as SDPs[4] (seealso[6]). In this work, our focuswason
identifying uncertainty structures that allow an SOCP reformulation for the corresponding robust
convex QCPs. In Section 2 we proposedthree di®erer classesof uncertainty setsthat meet this
criterion.

Adding robustnessreducesthe sensitivity of the optimal decisionto °uctuations in the param-
eters and can often result in signi cant improvemen in performance [3, 16, 27]. Typically, the
complexity of the deterministic reformulation of the robust problem is higher than the non-robust
version of the problem. Howewer, sincethe worst casecomplexity of corvex QCPs is comparable
to that of SOCPs, the results in this paper show that one can add robustnessto corvex QCPs
with a relatively modestincreasein the computational e®ort. Moreover, the examplespresened in
Section 3 show that the natural uncertainty setsfor optimization problems arising a wide variety
of application areasbelongto the classesntroducedin Section 2.

An important issuewith regardsto robustnessis that of parametrization of the uncertainty
structures, i.e. setting the parametersthat de ne the uncertainty structures. In somecasessuc as
the polytopic uncertainty (8), the parametrization is clear{ the uncertainty setis de ned by scenario
analysis. However, in others, sud asthe factorized uncertainty set (19), the parametrization is not
obvious { in [16] it is shavn that the factorized uncertainty set is parametrized by the con dence
regionscorresponding to statistical technique usedto estimate the parametersof the original non-
robust problem.

References

[1] F. Alizadeh. Interior point methods in semide nite programming with applications to combi-
natorial optimization. SIAM J. Optim., 5(1):13{51, 1995.

[2] F. Alizadeh and D. Goldfarb. Second-ordercone programming. To appear in Math Program-
ming.

[3] A. Ben-Tal and A. Nemirovski. Robust truss topology designvia semide nite programming.
SIAM J. Optim., 7(4):991{1016,1997.

[4] A. Ben-Tal and A. Nemirovski. Robust convex optimization. Math. Oper. Res, 23(4):769{805,
1998.

[5] A. Ben-Tal and A. Nemirovski. Robust solutions of uncertain linear programs. Oper. Res.
Lett., 25(1):1{13, 1999.

18



[6] A. Ben-Tal and A. Nemirovski. Lectures on modern convex optimization. Scciety for Indus-
trial and Applied Mathematics (SIAM), Philadelphia, PA, 2001. Analysis, algorithms, and
engineeringapplications.

[7] S. Boyd, L. ElI Ghaoui, E. Feron, and V. Balakrishnan. Linear matrix inequalities in system
and control theory. SIAM, Philadelphia, PA, 1994.

[8] C. J. C. Burges. A tutorial on support vector machines for pattern recognition. Data Mining
and Knowledge Discovery, 2:121{167,1998.

[9] G. Cala ore and L. El Ghaoui. Minim um variance estimation with uncertain statistical model.
In Proc. of 40th Conf. Dec. and Cont., 2001.

[10] V. K. Chopra and W. T. Ziemba. The e®ectof errors in means,variancesand covarianceson
optimal portfolio choice. J. Portfolio Manag., (Winter):6{11, 1993.

[11] L. El Ghaoui and H. Lebret. Robust solutions to least-squaresproblems with uncertain data.
SIAM J. Matrix Anal. Appl., 18(4):1035{1064,1997.

[12] L. El Ghaoui, F. Oustry, and H. Lebret. Robust solutions to uncertain semide nite programs.
SIAM Journal on Optimization, 9(1):33{52, 1998.

[13] G. H. Golub and C. Van Loan. Matrix Computations. John Hopkins Press,3rd edition, 1996.
[14] P. J. Huber. Robust Statistics. John Wiley & Sons,1981.

[15] G. lyengar and D. Goldfarb. Robust portfolio selection problems. Submitted to Math Pro-
gramming.

[16] G. lyengar and D. Goldfarb. Robust portfolio selection problems. Tecnical Report TR-
2001-05,Computational Optimization Researt Center (CORC), IEOR Department, Columbia
University, 2001. Available at http://www.c orc.ieor.columbia.adu/r eports/te chreports.html.

[17] M. S. Lobo, M. Fazel,and S. Boyd. Portfolio optimization with linear and xed transaction
costsand bounds on risk. Submitted to Operations Resarch, June 2000.

[18] M. S. Lobo, L. Vanderberghe, S. Boyd, and H. Lebret. Applications of second-ordercone
programming. Linear Algebma Appl., 284(1-3):193{228,1998.

[19] O. L. Mangasarianand D. R. Musicant. Robust linear and support vector regression. IEEE
Trans. PAMI, 22,9 2000.

[20] H. M. Markowitz. Portfolio selection. J. Finance, 7:77{91, 1952.

[21] H. M. Markowitz. Portfolio Seletion. Wiley, New York, 1959.

19



[22] Y. Nesteros and A. Nemirovskii. Interior-p oint polynomial algorithms in convex programming.
SIAM, Philadelphia, 1993.

[23] D. Pal, G. N. lyengar,and J. M. Ciox. A new method for channel shortening with applications
to discrete multi-tone - part i : Theory. Submitted to IEEE Transactionson Communications.

[24] D. Pal, G. N. lyengar, and Ciox J. M. A new method of channel shortening with applications
to discrete multi-tone (dmt) systems.In Proceeding of the IEEE International Conference on
Communications, volume 2, pages763{768, 1998.

[25] J. G. Proakis. Digital Communication. McGraw-Hill, 4th edition, 2000.
[26] L. Vanderbergheand S. Boyd. Semide nite programming. SIAM Reveiw; 38:49{95, 1996.

[27] L. Vanderberghe, S. Boyd, and M. Nouralishahi. Robust linear programming and optimal
corntrol. In Proceadings of the 15th IFAC World Congresson Automatic Control, 2002.

[28] V. Vapnik. Statistical Learning Theory. John Wiley and Sons,Inc., New York, 1998.

20



