Lift-and-project cutting planes for mixed 0-1 semidefinite programming

G. Iyengar^∗ M. T. Çezik^†

July 11, 2001

1 Introduction

This paper develops a cutting plane method for solving the mixed 0-1 semidefinite program (MSDP)

minimize c^T x, subject to F(x) = F_0 + ∑_n i=1 x_iF_i ⪰ 0, x_i ∈ {0, 1}, i = 1, . . . , p, (1)

where the decision variable x ∈ R^n and F_i = F^T_i ∈ R^{m×m} for i = 0, . . . , n. We assume that the linear inequalities 0 ≤ x_i ≤ 1 for 1 ≤ i ≤ p are already present in the semidefinite constraint F(x) ⪰ 0. The affine semidefinite constraint F(x) ⪰ 0 in (1) is called a linear matrix inequality (LMI).

In the early 1990s, Nemirovski and Nesterov [34] developed interior point algorithms for solving self-dual homogeneous conic programs, which include semidefinite programs (SDPs), second-order cone programs (SOCPs) and linear programs (LPs) as special cases. Amongst these SDPs are the most general in the sense that LPs and SOCPs can be reformulated as SDPs. Conic constraints include a large variety convex constraints such as linear constraints, convex quadratic constraints, linear fractional constraints, eigenvalue constraints etc. (see [1, 34, 30] for details). As a consequence, conic programming models have found applications in several, rather disparate, fields such as robust control [13, 18], combinatorial optimization [1, 20, 21, 23, 16], robust optimization [8, 9, 17, 19], and finance [29, 7]. Although the initial focus was on SDPs, recently there has been a growing interest in SOCP models [30, 10]. This recent popularity of SOCPs is a consequence of the fact that they provide a good trade-off between computational complexity and modeling flexibility.

∗IEOR Department, Columbia University, New York, NY 10027. †Bell Laboraoties, Lucent Technologies, Red Bank, NJ

In many of these applications of conic programming discrete valued decision variables arise naturally. Consequently, one is led to mixed 0-1 conic programs that can then be reformulated as MSDPs. For instance, several combinatorial optimization problems such as the TSP [16, 14], the max-cut [22] and graph-partitioning [23] can be formulated as MSDPs. The SDP relaxations for these problems are obtained by relaxing the 0-1 constraints on the decision variables. Robust optimization problems with discrete decision variables can, under appropriate conditions, be reformulated as mixed 0-1 conic programs [8]. A special is robust mixed 0-1 LPs (MLP) where the robustness is with respect to an uncertain constraint matrix [9]. Mixed 0-1 SOCPs also appear in portfolio selection problems with fixed transaction costs [29]. MSDPs arise in model predictive control of constrained hybrid systems with logical and switching constraints [6]. Another source of MSDPs is the Lovász-Schrijver semidefinite lifting of MLPs [31]. Since semidefinite lifting is tighter than linear lifting, the MSDP formulation may generate deeper cuts. Such SDP-based cuts could be particularly useful in solving MLPs that have a relatively small number of binary variables but with a large integrality gap. The MSDP formulation allows valid conic constraints, such as norm constraints, to be used for cut generation and can also be used to generate more general cuts such as convex quadratic cuts. We investigate the performance of convex quadratic cuts in an upcoming publication [25].

Currently MSDPs are approximately solved by relaxing the binary constraints and suitably rounding the fractional solution – very similar to the early attempts to approximately solve MLPs by relaxing the binary constraints. As the techniques for solving LPs matured, problem specific cutting planes [33] and branch-and-cut methods were developed that solved the MLPs by solving a series of LPs. Subsequently cutting plane methods for general MLPs were developed [4, 5]. We expect a similar trend for mixed 0-1 conic programs. In fact, Helmberg and Rendl [24] have recently investigated the performance of problem specific cutting planes for the max-cut and related quadratic optimization problems. Several SDP-based branch-and-cut algorithms have also been proposed for the max-cut and related combinatorial optimization problems [24, 32]. In this paper we present a lift-and-project technique for generating cuts for general MSDPs. This work motivated by the successful employment of the lift-and-project cutting plane and branch-and-cut methods for general MLPs [4, 5]. We explore extensions of Chvátal-Gomory cutting planes to mixed 0-1 conic programs in an upcoming publication [27].

Our contributions in this paper are as follows:

(a) We extend the Balas, Ceria and Cornuéjols [4] lift-and-project procedure for polyhedral sets to sets described by LMIs, and show that the convex hull of feasible set of (1) can be sequentially generated.

(b) We extend the relaxations of Lovász and Schrijver [31] and Sherali and Adams [37] to MSDPs. (c) We develop a disjunctive programming based representation for the projected set and characterize the set of valid inequalities of the projected set. Using this representation we show that the “deepest” cut is the solution of an SDP. We also show how to lift a cut generated in the space of fractional variables to one that is valid in the space of all variables.

In a related work, Stubbs and Mehrotra [39] develop a lift-and-project cutting plane method for mixed 0-1 convex programs. Thus, cut generation for (1) can be viewed as special case of their problem. On the other hand, (1) has a lot more structure that can be exploited to improve cut generation. For example, unlike in the general case, SDP duality yields a compact characterization of the set of valid cuts that can then be used to choose an appropriate cut. Moreover, the existence of efficient solution algorithms is making SDP a modeling tool with wide applicability, and therefore, the methods developed here are interesting in their own right.

This paper is organized as follows. In Section 2, we begin with the extension of the Balas, Ceria and Cornuéjols lifting-and-project procedure to MSDPs. Next, we develop a disjunctive programming based representation for the projected set and the dual set of supporting inequalities. In this section we also develop the natural extensions of the Sherali and Adams lifting and the semidefinite lifting of Lovász and Schrijver. Section 3 describes cut generation and cut lifting. Section 4 discusses the results of our preliminary experiments with the lift-and-project cutting planes.

2 Sequential convexification and disjunctive programming

Denote the feasible region of the MSDP (1) by K^∘, i.e.

K^∘ = { x ∈ R^n : F(x) = F_0 + n∑ i=1 x_iF_i ⪰ 0, x_i ∈ {0, 1}, 1 ≤ i ≤ p } . (2)

Denote the convex set obtained by relaxing the 0-1 constraint by K, i.e. K = { x ∈ R^n : F(x) = F_0 + n∑ i=1 x_iF_i ⪰ 0 } . (3)

Recall that the inequalities 0 ≤ x_i ≤ 1, i = 1, . . . , p, are assumed to be present in the linear matrix inequality F(x) ⪰ 0.

In this section, we develop extensions of the results of Balas, Ceria and Cornuéjols [4] for polyhedra to sets described by LMIs. We first present a lift-and-project convexification procedure that after p steps yields the convex hull conv (K^∘) of the feasible set K^∘ of the MSDP (1). Next, we show that the set P(K) resulting from a single application of the lift-and-project procedure can itself be efficiently described by LMIs. SDP duality then yields a characterization of valid inequalities of the projected set P(K). The cutting plane algorithm described in Section 3 solves a semidefinite program to choose the “deepest” inequality separating the iterate x̄ from the projection P(K). In addition, we present some tighter projections that can also be used to generate cuts.

2.1 A lift-and-project procedure Step 0. Select an index j ∈ {1, . . . , p}.

Step 1. Multiply F(x) ⪰ 0 by x_j and (1 − x_j ) to obtain the nonlinear system, x_j(F_0 + ∑_n i=1 x_iF_i) ⪰ 0, (1 − x_j )(F_0 + ∑_n i=1 x_iF_i) ⪰ 0. (4)

Step 2. Linearize (4) by substituting y_i = x_jx_i, for i ≠ j, and x_j for x^2_j . The linear system in (x, y) is as follows, x_j (F_0 + F_j) + ∑ i≠j yiFi ⪰ 0, ∑_n i=1 x_iF_i − x_j (F_0 + F_j) − ∑ i≠j yiFi +F0 ⪰ 0. (5) Let M_j (K) = {(x, y) : (x, y) satisfy (5)}.

Step 3. Project the M_j (K) onto the x space. Call the projection P_j(K), i.e. P_j (K) = {x : (x, y) ∈ M_j (K)}. (6) The properties of this procedure are summarized in the results below. Lemma 1 For any j ∈ {1, . . . , p}, P_j(K) = conv (K ∩ {x ∈ R^n : x_j ∈ {0, 1}}). Proof: Suppose int(conv (K^∘)) ≠ ∅. Then strong duality holds for linear optimization over the set K defined by the LMI F(x) ⪰ 0. Therefore, the result follows from Theorem 2.1 in [4].

Corollary 2 gives an alternative proof that does not require the constraint qualification. Next, define P_{j1j2} (K) = P_{j1} (P_{j2} (K)). The following result establishes that the order of the lifting is immaterial, i.e. P_{j1j2} (K) = P_{j2j1} (K). Lemma 2 For all j_1, j_2 ∈ {1, . . . , n}, j_1 ≠ j_2, P_{j1} (P_{j2} (K)) = P_{j2} (P_{j1} (K)) = conv (K ∩ {x_{j1} , x_{j2} ∈ {0, 1}}) .

More generally, for any t ∈ {1, . . . , p}, P_{j1,...,jt} (K) = conv (K ∩ {x ∈ R^n : x_j ∈ {0, 1}, j = j_1, . . . , j_t}) .

Proof: Since P_{j1j2} (K) = P_{j1} (P_{j2} (K)), it follows that P_{j1j2} (K) = conv ((P_{j2} (K) ∩ {x : x_{j1} = 0}) ∪ (P_{j2} (K) ∩ {x : x_{j1} = 1})) .

From Lemma 1, we have

P_{j2} (K) = conv ((K ∩ {x : x_{j2} = 0}) ∪ (K ∩ {x : x_{j2} = 1})) .

Therefore,

P_{j1j2} (K) = conv ( K^{00}_{j1j2} ∪ K^{01}_{j1j2} ∪ K^{10}_{j1j2} ∪ K^{11}_{j1j2} ) = conv (K ∩ {x : x_{j1} , x_{j2} ∈ {0, 1}) ,

where K^{α1α2}_{j1j2} = K ∩ {x : x_{j1} = α_1, x_{j2} = α_2}. A similar analysis establishes the general result. The following corollary immediately follows.

Corollary 1 P_{1,...,p}(K) = conv (K ∩ {x : x_i ∈ {0, 1}, 1 ≤ i ≤ p}) = conv (K^∘).

Corollary 1 implies that p iterations of the lift-and-project procedure results in the convex hull of K^∘. In Section 2.3 we establish that, in the worst case, conv (K^∘) is described by 2^p (m × m) LMIs. Thus, this algorithmic description of the convex hull has little computational value.

An alternative is to use the projection P_j (K) ⊂ K to generate a small number of convex constraints that “cut” x̄, the optimal over the current relaxation of K, from P_j(K), and therefore, a fortiori, from conv (K^∘). In this work, we focus on linear cuts. Quadratic cuts and other convex cuts are studied in a upcoming publication [25].

2.2 Disjunctive programming The projection P_j(K) = conv((K ∩ {x : x_j = 0}) ∪ (K ∩ {x : x_j = 1})). Therefore, it is the convex hull of the disjunction of sets K^α_j = K ∩ {x : x_j = α}, α = 0, 1, that are both defined by LMIs. The following result extends the disjunctive programming results for unions of polyhedra [3, 4] to sets described by LMIs.

Theorem 1 Let K = {x ∈ R^n : F(x) = F_0 + ∑_n i=1 x_iF_i ⪰ 0}. Then x ∈ conv(K ∩ {x : x_j ∈ {0, 1}}) if and only if there exists (y_0, y), (z_0, z) ∈ R^{n+1} such that 1 x = y^0 y + z^0 z (7)

and z_0F_0 + ∑_n i=1 z_iF_i ⪰ 0, y_0F_0 + ∑_n i=1 y_iF_i ⪰ 0, z_j = 0, −y_0 +y_j = 0. (8)

Proof: Fix x ∈ P_j (K). Then, x = λx^1 + (1 − λ)x^0 where x^i ∈ K^i_j = K ∩ {x : x_j = i} and λ ∈ [0, 1]. Define (y_0, y) = (λx^1, λ) and (z_0, z) = ((1 − λ)x^0, (1 − λ)). It is easy to establish that (y_0, y) and (z_0, z) satisfy (8).

To prove the other direction, suppose x satisfies (7)-(8) for some (y_0, y) and (z_0, z). Since the inequalities x_j ≤ 1 are present in the LMI F(x) ⪰ 0, we have y_0, z_0 ≥ 0. First consider the case where min{y_0, z_0} > 0. Define x^1 =^1_{y0} y, λ = y_0 and x^0 =^1_{z0} z. Then x = λx^1 + (1 − λ)x^0 where x^i satisfies F(x^i) ⪰ 0, and x^1_j = 1 − x^0_j = 0. Thus, x ∈ P_j(K).

Next, assume y_0 = 0, i.e. z_0 = 1. Define d = y and z = x^0. Then x = d + x^0, where x^0 ∈ K ∩ {x : x_j = 0} and d satisfies, ∑_n i=1 d_iF_i ⪰ 0, d_j = 0,

i.e. d is in the recession cone of K ∩ {x : x_j = 1}. Thus, x ∈ P_j(K).

Since the recession cones of K^i_j, i = 0, 1, are the same, the result is established. This theorem yields an alternative proof for Lemma 1.

Corollary 2 The projected set P_j (K) = conv (K ∩ {x : x_j ∈ {0, 1}}).

Proof: From Theorem 1 we have that x ∈ conv (K ∩ {x : x_j ∈ {0, 1}}) if and only if there exist (y_0, y) and (z_0, z) satisfying (7)-(8).

Since z_j = 0, it follows that y_j = x_j, y_0 = y_j = x_j and z_0 = 1 − y_0 = 1 − x_j . Eliminating (z_0, z), y_0 and y_j from (8), we have that x ∈ conv (K ∩ {x : x_j ∈ {0, 1}}) if and only if ∑_n i=1 x_iF_i − x_j(F_0 + F_j) − ∑ i≠j yiFi +F0 ⪰ 0, x_j(F_0 + F_j) + ∑ i≠j yiFi ⪰ 0. Since this pair of LMIs is identical to (5), the result follows.

Let vec : R^{m×m} → R^{m2} denote the function that maps a matrix A ∈ R^{m×m} to a long vector a ∈ R^{m2} obtained by stacking the columns of matrix into a vector. Define f_i = vec(F_i) for i = 0, . . . , n, and F ∈ R^{n×m2} as follows,

F = f^T_1 . . f^T_n

. (9)

The following theorem gives a dual characterization for the projected set P_j (K).

Theorem 2 If int(conv (K^∘)) ≠ ∅, then P_j (K) = {x : α^T x ≥ β, ∀ (α, β) ∈ P_j (K)^∗} where

(α, β) ∈ P_j(K)^∗ if there exist u_0, v_0 ∈ R, and U, V ⪰ 0 satisfying

α −u_0e_j −Fu = 0, α −v_0e_j −Fv = 0, f^T_0 u = β, +v_0 +f^T_0 v = β,

(10)

where e_j is the j-th standard basis vector, u = vec(U), v = vec(V), f_0 = vec(F_0) and F ∈ R^{n×m2} is given by (9).

Proof: Fix x ∈ P_j (K) and (α, β) ∈ P_j (K)^∗. From (7)-(8), we have

α^T x = α^T x − (α − u_0e_j − Fu)^T z − (f^T_0 u − β)z_0 − (α − v_0e_j − Fv)^T y − (v_0 + f^T_0 v − β)y_0, = α^T (x − y − z) + u^T (z_0f_0 + z^T F) + v^T (y_0f_0 + y^T F) + u_0(e^T_j z) + v_0(e^T_j y − y_0) + β(z_0 + y_0),

= α^T (x − y − z) + Tr ((z_0F_0 + n∑ i=1 z_iF_i)U) + Tr ((y_0F_0 + n∑ i=1 y_iF_i)V)

+ u_0(e^T_j z) + v_0(e^T_j y − y_0) + β(z_0 + y_0), ≥ β. Thus, P_j(K) ⊆ {x : α^T x ≥ β, ∀ (α, β) ∈ P_j (K)^∗}.

Fix μ ∈ R^n such that h(μ) = inf_{{x∈Pj (K)}} μ^T x > −∞. To prove the reverse inclusion, it is sufficient to show that (μ, h(μ)) ∈ P_j (K)^∗. Consider the SDP

inf μ^T x, subject to x ∈ P_j (K).

(11)

The dual of this SDP is given by sup β, subject to (μ, β) satisfy (10).

(12)

Since int(conv (K^∘)) ⊆ P_j (K), it follows that strong duality holds and the objective values of (11) and (12) are the same. Therefore, we have that (μ, h(μ)) satisfies (10) for all μ such that h(μ) > −∞. Remark 1 The condition int(conv (K^∘)) ≠ ∅ is a mild constraint qualification and holds for most problems. Moreover, since we only need the constraint qualification to ensure strong duality, it can be replaced by any other condition that ensures strong duality.

Theorem 2 establishes that the set of valid inequalities P_j (K)^∗ is described by LMIs. In Section 3, we show that optimal cut selection reduces to optimizing a linear function over P_j (K)^∗, i.e. an SDP.

2.3 Higher order liftings The previous section extends the Balas, Ceria and Cornuéjols [4] lifting to MSDPs. The linear nature of the constraints in (1) allows one to define analogs of the Sherali and Adams lifting [37, 38] and the Lovász and Schrijver lifting [31] for MSDPs.

The following results extend the Sherali and Adams’ construction.

Theorem 3 Let K = {x ∈ R^n : F(x) = F_0 + ∑_n i=1 x_iF_i ⪰ 0}. Then x ∈ P_{jk}(K) if and only if there exists (y^l_0, y^l) ∈ R^{n+1}, l = 0, . . . , 3 such that 1 x = 3∑ l=0 y^{l0} y^l

(13)

and y^l_0F_0 + ∑_n i=1 y^l_iF_i ⪰ 0, l = 0, . . . , 3, ∑_3

l=0 y^l_0 = 1,

y^l_j = 0, l = 0, 1 y^l_j = y^l_0, l = 2, 3 y^l_k = 0, l = 0, 2 y^l_k = y^l_0, l = 1, 3.

(14)

Theorem 4 If int((conv (K^∘))) ≠ ∅, then a linear inequality α^T x ≥ β is valid for P_{ij}(K), i.e. (α, β) ∈ P_{ij}(K)^∗, if and only if there exist u^l ∈ R^2, and V^l ⪰ 0, such that

α − Eu^l − Fv^l = 0, l = 0, . . . , 3, (e^l)^T u^l + f^T_0 v^l = β, l = 0, . . . , 3,

(15)

where v^l = vec(V^l), F is given by (9), e^l ∈ R^n such that

e^l_j = 0, l = 0, 1 e^l_j = 1, l = 2, 3 e^l_k = 0, l = 0, 2 e^l_k = 1, l = 1, 3.

and E ∈ R^{n×2} such that E_{pq} = 1, (p, q) ∈ {(1, j), (2, k)}, 0, otherwise.

From these two results, it follows that 2^t auxiliary variables (y^l_0, y^l) are required to characterize P_{j1,...,jt} (K). Or equivalently, the corresponding dual set P_{j1,...,jt} (K)^∗ is described by 2^t semidefinite matrices. Thus, the complexity of linear optimization over the set P_{j1,...,jt} (K)^∗ quickly become prohibitive.

Suppose x ∈ P_{jk}(K). By Theorem 3 we have that x =

∑_3 l=0 y^l where y^l satisfies (14). Define λ_j = (y^0 + y^1_0 ) ∈ [0, 1], λ_k = (y^0 + y^3_0 ) ∈ [0, 1] and x^{j0} =^1_{(y0 +y10 )} (y^0 + y^1) x^{j1} =^1_{(y20 +y30 )} (y^2 + y^3) x^{k0} =^1_{(y0 +y20 )} (y^0 + y^2) x^{k1} =^1_{(y10 +y30 )} (y^1 + y^3) Then we have that x^{j0} ∈ K^0_j , x^{j1} ∈ K^1_j , x^{k0} ∈ K^0_k, x^{k1} ∈ K^1_k, (16) x = λ_j x^{j0} + (1 − λ_j)x^{j1} = λ_kx^{k0} + (1 − λ_k)x^{k1}, (17) and (1 − λ_j)x^{j1}_k = y^3_k = (1 − λ_k)y^{k1}_j . (18) Define P̄_{jk}(K) to be the set of x that satisfy (16)-(18). Then P_{jk}(K) ⊆ P̄_{jk}(K) ⊆ P_j(K) ∩ P_k(K). The following lemma generalizes this idea to develop a new relaxation of K^∘. Lemma 3 Fix B ⊆ {1, . . . , p} and define P̄_B (K) be the set of x such that there exists (Y^0, Y^1) ∈ R^{(n+1)×|B|} satisfying 1 x = (Y^0 + Y^1)1. and n∑ i=0 Y^0_{ij}F_i ⪰ 0, j ∈ B, n∑ i=0 Y^1_{ij}F_i ⪰ 0, j ∈ B, Y^0_{jj} = 0, j =∈ B, Y^1_{jj} − Y^1_{0j} = 0, j ∈ B, Y^1_B − (Y^1_B )^T = 0, Y^{1B} x^B

x^T_B 1 ⪰ 0,

where Y^1_B = (Y^1_{jk})_{(j,k∈B)} and x_B = (x_i)_{(i∈B)}. Then K^∘ ⊆ P̄_B (K) ⊆ ∩_{(j∈B)}P_j(K). It is easy to see that the dual cone P̄(K)^∗ will now be described by 2 |B| + 1 semidefinite variables. Thus, the number of semidefinite variables now grows linearly with |B| instead of exponentially. This relaxation is similar to one developed by Stubbs and Mehrotra [39].

The following lemma extends the Lovász-Schrijver semidefinite lifting to MSDPs.

Lemma 4 Fix B ⊆ {1, . . . , p} and define P̃_B (K) be the set of x such that there exists Y ∈ R^{(n+1)×|B|} such that 1 x = Y1. and n∑ i=0 Y_{ij} F_i ⪰ 0, j ∈ B, Y_{00} = 1, Y_B − Y^T_B = 0, diag(Y_B ) − Y_B1 = 0, Y^{1B} x^B x^T_B 1 ⪰ 0,

where Y_B = (Y_{jk})_{(j,k∈{0}∪B)}, diag(Y_B ) ∈ R^{|B|+1} with diag(Y_B )_i = Y_{ii} for i ∈ {0} ∪ B and x_B = (x_i)_{(i∈B)}. Then K^∘ ⊆ P̃(K) ⊆ ∩_{(j∈B)}P_j (K).

The dual cone P̃_B (K)^∗ of this projection would also be described by 2 |B|+1 semidefinite variables.

3 Cutting plane algorithm

In this section we develop a cutting plane method for solving the MSDP (1) or equivalently min{c^T x : x ∈ K^∘}. The candidate cuts are the extreme rays of the dual cone P^∗(K) of an appropriately chosen projection P(K) of the current relaxation K. From this set of candidate cuts, we choose the cut that maximally separates the current iterate.

The general outline of the cutting plane algorithm is as follows: Step 0. t = 1, K^1 = K = {x : F(x) ⪰ 0}.

Step 1. Find an extreme point x^t ∈ argmin{c^T x : x ∈ K^t}. If x^t_i ∈ {0, 1} for all i = 1, . . . , p, stop. Step 2. Choose a projection P(K) such that x^t ∉ P(K) and select the inequality (α, β) ∈ P(K)^∗ that maximally separates x^t from P(K).

Step 3. Set K^{t+1} ← {x : α^T x ≥ β} ∩ K^t, and t ← t + 1. Go to Step 1. The following lemma characterizes the projections admissible in Step 2.

Lemma 5 Suppose x^t ∈ argmin{c^T x : x ∈ K^t} is an extreme point of K^t and let E = {i ≤ p : x^t_i ∈ (0, 1)}. Then the following are true.

(a) If j ∈ E, then x^t ∉ P_j (K)

(b) If B ∩ E ≠ ∅, then x^t ∉ P̄_B (K)

(c) If B ∩ E ≠ ∅, then x^t ∉ P̃_B (K)

The proof of this lemma is left to the reader.

Let dist(x^t, P(K)) denote the distance of the current iterate x^t from the projection P(K), i.e.

dist(x^t, P(K)) = min_{{x∈P(K)}} ‖x − x^t‖,

for some norm ‖·‖. Since P(K) = {x : α^T x ≥ β, ∀(α, β) ∈ P(K)^∗}, minimum norm duality theorem implies that dist(x^t, P(K)) = maximize β − α^T x^t, subject to (α, β) ∈ P^∗_j (K), ‖α‖_∗ ≤ 1,

(19)

where ‖·‖_∗ is the dual norm of ‖·‖. Thus, the “deepest” cut in the ‖·‖-norm is given by the optimal solution of the optimization problem (19).

Suppose the projection P(K) = P_j (K), the analog of the Balas, Ceria and Cornuéjols projection. Then the cut generation program is given by

maximize β − α^T x^t, subject to α − u_0e_j − F vec(U) = 0, α − v_0e_j − F vec(V) = 0, f^T_0 vec(U) = β, v_0 + f^T_0 vec(V) = β, ‖α‖_∗ ≤ 1, U, V ⪰ 0.

(20)

When the dual norm is either L_1-norm or the L_∞-norm, the constraint ‖α‖_∗ ≤ 1 is a linear constraint and, therefore, the cut generation problem (20), or more generally (19), is an SDP. On the other hand, if the distance is measured in terms of the L_2 norm then the constraint ‖α‖_2 ≤ 1 ⇔ 1 − α^T α ≥ 0 ⇔ I α α^T 1 ⪰ 0,

i.e. the corresponding cut generation program is still an SDP. In fact, cut generation is an SDP for all L_p-norms with p even (see Section 6.2.3 of [34] for details). In practice (20), or more generally (19), is solved as a conic program over the intersection of linear, second-order and semidefinite cones of appropriate dimensions.

3.1 Cut lifting For large problems, i.e. where the dimension m of the LMI F(x) ⪰ 0 is large, the computational complexity of the cut generation program (19) can be quite large. A computationally efficient alternative is to first project the feasible set into the space of fractional variables, generate the cut in this lower dimensional space and then “lift” the cut. Although the projection would compromise the quality of the cut, the saving in complexity more than offsets this loss. Cut lifting is also important in a branch-and-cut setting since it allows one to “lift” a cut generated at a specific node of the branch-and-cut tree to one that is valid for all the nodes.

In the rest of this section we describe a cut-lifting procedure that lifts cuts generated in the fractional sub-space. Let E be the set of fractional components of x^t, i.e. E = {i ∈ {1, . . . , p} : 0 < x^t_i < 1} ∪ {i ≥ p + 1 | x^t_i > 0}. Without loss of generality, one can assume that x^t_j = 0 for all j /∈ E, since one can complement the variables x^t_k = 1 by redefining

F_0 ← F_0 + F_k, F_k ← −F_k

Modify the constraint matrices in the cut generation SDP (20) as follows: (a) From the matrix F defined in (9), remove all the rows f^T_i corresponding to i ∈ {1, . . . , n}\E. (b) From the matrix F remove all the columns corresponding to the inequalities 0 ≤ x_i ≤ 1, i ∈ {1, . . . , n}\E. (c) From the vector f_0 remove all the components corresponding to the inequalities 0 ≤ x_i ≤ 1, i ∈ {1, . . . , n}\E. Denote the modified matrix and vector by F_E and f_E respectively, and let x^t_E = (x^t_i)_{(i∈E)}.

Define the restricted cut generation SDP as follows,

maximize β − (α_E)^T x^t_E, subject to α_E − u_0e_j − F_E vec(U) = 0, α_E − v_0e_j − F_E vec(V) = 0, f^T_E vec(U) = β, v_0 + f^T_E vec(V) = β, ‖α_E ‖_∗ ≤ 1, U, V ⪰ 0.

(21)

The following lemma establishes the main result of this section.

Lemma 6 Let (ᾱ_E, β̄_E ) be an optimal solution for the modified cut generation SDP (21). Then

(ᾱ^E, β̄^E ) can be augmented to an optimal solution (ᾱ, β̄) of the SDP,

maximize β − α^T x^t, subject to α − u_0e_j − F vec(U) = 0, α − v_0e_j − F vec(V) = 0, f^T_E vec(U) = β, v_0 + f^T vec(V) = β, U, V ⪰ 0, ‖α_E‖_∗ ≤ 1.

(22)

Remark 2 Notice that the cut obtained by lifting, although a supporting hyperplane, will not be optimal for the original cut generation SDP (20).

Proof: The proof follows by extending the results in [4] for polyhedral sets to the sets described by LMIs.

3.2 Comments on the cutting plane algorithm There are several unresolved issues with this cutting plane algorithm. To begin with, unlike in the case of MLPs, the SDP in Step 1 of the proposed cutting plane algorithm is solved using an interior point method. Thus, the iterate x^t is not guaranteed to be extreme. As a result even if the set E of fractional binary components of the iterate x^t is non-empty, one might be unable to choose a projection P(K) such that x^t ∉ P(K). This can be partially remedied by using Pataki’s algorithm to generate a sub-optimal extreme point [35]. On a positive note, however, in our preliminary computational experiments with this cutting plane method we never encountered this problem.

There is no analog of the dual simplex method for restarting the solution of a general SDP over the restricted set obtained by adding a cut. Helmberg and Rendl [24] and Mitchell [32] have proposed restart strategies for the specific case of max-cut and related quadratic optimization problems. Both these approaches employ variants of the dual-scaling interior point algorithms to update the solution.

In addition, since the semidefinite relaxations typically have uncountably many extreme points, the proposed cutting plane procedure is unlikely to be finitely terminating. Branching is, therefore, inevitable. The success of branching will hinge on efficient strategies for restarting the SDP after branching. Although Helmberg and Rendl [24] and Mitchell [32] have proposed restart strategies for the specific case of max-cut and related problems, good warm start strategies for general MSDPs are not known. We report on the computational performance of some simple restart strategies for general MSDPs in a upcoming publication [26].

4 Computational results

In this section, we discuss the results of our preliminary computational experiments with the cutting plane methods proposed in this paper. Although any of the projections developed in Section 2 can be used to generate the cuts, we restricted ourselves to P_j (K), the analog of the Balas, Ceria and Cornuéjols projection developed in Section 2.1. We considered three sets of MSDPs. The first set consists of {+1, −1}-SDPs resulting from the semidefinite formulation of the max-cut problem [22]. The second set consists of pure 0-1 SDPs resulting from the semidefinite formulation of the traveling salesman problem [16, 14] and the third set is that of MSDPs resulting from Lovász-Schrijver lifting of MLPs. The conic programs encountered during the cutting plane algorithm were solved using SeDuMi [40], a MATLAB based software package for solving self-dual conic programs. The choice of MATLAB as the computing environment was motivated by the fact that the primary objective here was to investigate the “quality” of the cuts and experiment with several strategies for variable selection and cut lifting – the design of efficient codes being the next step. Since the run times for MATLAB-based codes are not comparable to C or FORTRAN-based codes, we have not reported the run times for our computational experiments.

4.1 Computational results for max-cut We solved the following pure {+1, −1}-SDP formulation of the max-cut,

maximize ∑ ij W_{ij}(1 − X_{ij} ), subject to diag(X) = 1, X ⪰ 0, X_{ij} ∈ {−1, +1}, (23)

where W is the Laplacian matrix of weights [22]. The max-cut instances were generated randomly with the weights chosen independently and identically from a uniform distribution on [1, 100]. In every iteration we chose the “most” fractional variable, i.e. one closest to 0.5, as our disjunction variable and generated only one disjunctive cut.

The results of are summarized in Table 1. The first column in Table 1 lists the size of the problem instance and the second column displays the integrality gap of the initial SDP relaxation. Column 3 lists the number of disjunctive cuts needed to solve the instance to optimality.

As can be seen in Table 1, all the instances were solved to optimality with a modest number of cuts. This is a consequence of the experimental fact that a single disjunctive cut was often enough to drive the fractional variable to one of its boundaries in the next iteration. The cutting plane algorithm is also helped by the small initial integrality gap. The total number of cuts required to solve the problem goes up with the size of the problem and the integrality gap of the initial SDP

Instance SDP gap (%) Number of cuts Random n = 5 2.81 36 n = 5 2.13 21 Random n = 10 1.87 217 n = 10 1.29 153 n = 10 0.81 164 n = 10 1.63 49

Random n = 15 0.63 261 n = 15 1.28 375 Random n = 20 1.14 297 n = 20 2.14 334 Random n = 40 3.39 450 n = 40 4.40 532

Table 1: Computational results for max-cut.

relaxation. The rate of improvement in the objective function decreases as more cuts are generated and on termination only 40% of the cuts are active.

An obvious criticism of these computational results is the size of the test problems. The primary bottleneck limiting problem sizes is the complexity of the Cholesky factorization step in the interior point algorithm. In the worst case, the complexity of this step is O(n^6), where n is the number of nodes in the graph. However, for problems where the constraint matrices F_i are relatively sparse – as is the case with max-cut – sparse matrix techniques and iterative methods can speed up this step [11, 15]. The results of Helmberg and Rendl [24] lead us to speculate that disjunctive cuts together with suitably designed interior point algorithms could yield an efficient cutting plane algorithm for solving max-cut and related quadratic optimization problems.

4.2 Computational results for the traveling salesman problem We solved the following pure 0-1 SDP formulation for the TSP,

minimize Tr(C^T A), subject to A1 = 21, diag(A) = 0, (2 − h_n)I +^{hn}_n 11^T − A ⪰ 0, A = A^T ∈ {0, 1}^{n×n},

(24)

where h_n = 2(1 − cos(^{2π}_n )). This formulation was developed by Cvetković et al [16] (see also [21]). For other tighter semidefinite formulations of the TSP see [14].

(%) gap closed (%) gap Instance SDP gap (%) 25 cuts 50 cuts B-and-B B-and-C burma14 4.45 20.3 25.0 0.00 0.00 ulysses16 7.30 5.7 6.3 2.92 1.42 gr17 13.2 12.0 13.8 9.88 9.06 ulysses22 9.78 7.70 7.85 7.27 0.00 gr24 3.30 19.05 21.43 23.42 7.20 fri26 5.12 5.26 7.02 17.71 2.45 bayg29 3.54 12.50 13.89 4.53 4.53 bays29 3.56 12.50 13.89 17.02 9.60 Random n = 16 11.27 31.25 31.25 4.93 0.00 n = 16 3.11 50.00 100.00 7.77 0.00 n = 16 1.33 100.00 100.00 0.00 0.00 Random n = 20 6.84 38.46 46.15 6.84 5.78 n = 20 6.70 42.86 42.86 18.66 6.70 n = 20 6.77 44.45 55.56 6.77 5.26 Random n = 25 3.39 50.00 66.67 16.95 0.00 n = 25 4.24 60.00 80.00 20.95 0.00 n = 25 3.39 80.00 90.00 4.75 2.03 Random n = 30 0.69 100.00 100.00 2.76 0.00 n = 30 0.86 100.00 100.00 2.59 0.00 n = 30 0.77 50.00 100.00 3.07 0.00 Random n = 35 1.04 100.00 100.00 7.81 0.00 n = 35 0.51 100.00 100.00 3.54 0.00 n = 35 1.39 75.00 100.00 21.53 0.00

Table 2: Computational results for the TSP

In every iteration of the cut generation procedure, we chose the “most” fractional variable, i.e. one closest to 0.5, as our disjunction variable and generated only one disjunctive cut. The cutting plane algorithm was run for a maximum of 50 iterations. The results of our experiments with TSP instances are summarized in Table 2. The first column lists the name of the TSP instance – the first eight are instances from the TSPLIB and the rest random. The random TSP instances were solved using CONCORDE [2]. The second column lists the integrality gap of the initial SDP relaxation. Columns 3 and 4 list the fraction of the gap closed after the addition of 25 and 50 cuts respectively. There was, on average, a 48.47% reduction in the integrality gap with the first 25 cuts, whereas an additional 25 cuts decreased the gap by only, on average, an additional 9.02%. Unlike in the case of max-cut, the disjunctive cuts were not able to fix the fractional variables to the boundary. In fact, the cuts tend to become almost parallel to the objective function and the performance degrades rapidly. The cutting plane method performs considerable better on random instances in comparison to the benchmark instances from the TSPLIB.

Since the pure cutting plane method did not make much progress in solving the TSP instances, we resorted to branching. Columns 5 and 6 in Table 2 list the relative gaps of the solutions obtained from a pure branch-and-bound (B-B) and the branch-and-cut (B-C) procedure respectively. The experiments were stopped after 50 nodes unless the optimal solution was encountered earlier. We employed a depth-first search branching rule and branched on the fractional variable closest to 1. Once the variable was chosen, we always branched on x_j = 1 first. At every node we also maintained a feasible tour by a simple rounding procedure (for details of the rounding procedure see [14]). The gaps reported correspond to the best tour encountered in the course of the algorithm. In the B-C procedure we branched whenever the improvement in the objective on the addition of the disjunctive cut was less than 0.1%.

Even with a limit of 50 nodes, the B-C procedure produces surprisingly nice results. The average gap of the B-C solution is 4.3% for the TSPLIB instances and 1.14% for the random TSP instances. The performance of the B-C procedure is significantly superior to the B-B procedure – especially in case of random TSP instances. Since the number of branching nodes was restricted, the performance of both the B-B and B-C is poor when the gap of the initial SDP relaxation is large. This partially explains the poor performance on the TSPLIB instances.

The size of the TSP instances is limited primarily because of two computational issues. The first, as in the case of the max-cut instances, is the complexity of the Cholesky factorization in the interior point solver. The second issue is the absence of warm start techniques for the SDP solver which severely limits the number of nodes in the branch-and-cut tree. In turn, this limits the problem size since the typically large integrality gap of the initial SDP relaxation for large problems requires one to search over a large number of branch-and-cut nodes. Several warm start methods for SDP-based branch-and-cut procedures for max-cut and related combinatorial problems have been proposed recently [24, 32]. There is a possibility that this method could be extended to the TSP and other MSDPs [26].

Although SDP relaxations could be used to evaluate lower bounds in a branch-and-bound setting, it is unlikely that this SDP-based method would be able to compete with the LP-based methods for solving the TSP. The purpose of these computational experiments was simply to study the performance of SDP cuts on a hard combinatorial problem.

4.3 Semidefinite lift-and-project cuts for mixed 0-1 linear programs In this section we compare the performance of disjunctive cuts generated from the semidefinite lifting [31] of the mixed 0-1 linear programs with that of the disjunctive lift-and-project cuts introduced by Balas et al [4]. We will refer to disjunctive cuts generated from the semidefinite lifting as semidefinite cuts and those generated by the lift-and-project algorithm introduced by Balas et al as linear cuts. Since semidefinite lifting provides a tighter relaxation for the feasible set of the mixed 0-1 linear program, we hypothesized that semidefinite cuts would be “deeper” and, therefore, fewer cuts would be needed to achieve a certain gap. Our computational experiments support this hypothesis.

Consider a generic mixed 0-1 linear program,

minimize c^T x, subject to A_0x = b_0, A_1x ≤ b_1, x ≥ 0, x_i ∈ {0, 1}, i = 1, . . . , p,

(25)

where x ∈ R^n. Let x̄ be the optimal solution LP obtained by relaxing the binary constraints.

Fix a subset B ⊆ {1, . . . , p}. Then the semidefinite lifting K_B of K^∘ with respect to the variables in B is given by (x ∈ R^n, Y ∈ R^{n×|B|}) that satisfy,

A_0x = b_0, A_1Y_k − b_1x_k ≤ 0, k ∈ B, −A_1Y_k + A_1x − b_1x_k ≤ b_1, k ∈ B, Y ≥ 0, Y_k − x ≤ 0, k ∈ B, Y_{ik} − x_k ≤ 0, i ≤ p, k ∈ B, −Y_{ik} + x_i + x_k ≤ 1, i ≤ p, k ∈ B, Y^{BB} x^B x^T_B 1 ⪰ 0,

(26) where Y_k is the k-th column of the matrix Y, x_B = (x_i)_{(i∈B)} and Y_{BB} = (Y_{ij} )_{(i,j∈B)}. (See [31] for the details of this semidefinite lifting.) Thus, we have a semidefinite programming relaxation for the mixed 0-1 linear program (25). We employ this semidefinite formulation to generate disjunctive cuts separating the current LP optimal x̄ from K^∘. This cut is added to the constraint set of (25) and the process is repeated.

As remarked in Section 3, the complexity of cut generation in the full binary space can often be quite high. Since the number of fractional variables in x̄ is often much smaller than the total dimension n, cut lifting is an attractive alternative.

Let E = {i ≤ p : x̄_i ∈ (0, 1)} ∪ {i > p : x̄_i > 0} denote the set of fractional components of the current LP optimal x̄. We restricted the MLP (25) to E as follows,

minimize c^T_E x_E , subject to A^E_0 x_E = b^E_0 , A^E_1 x_E ≤ b^E_1 , x_E ≥ 0, x_i ∈ {0, 1}, i ∈ E ∩ {k : k ≤ p}, where the constraint matrices A^E_0 , A^E_1 are obtained by removing the columns corresponding to Ē and b^E_0 = b_0 − ∑ {i∈Ē:x̄_i=1} Ai, b^E_1 = b_1 − ∑ {i∈Ē:x̄_i=1} Ai, where Ē = {i : i ∉ E}. Next, we constructed the semidefinite lifting of this restricted mixed 0-1 LP with respect to B ⊆ E ∩ {i ≤ p}. To control the complexity of semidefinite cut generation, we restricted ourselves to |B| ≤ 10 (this restriction was not imposed on linear cut generation). For every k ∈ B we generated the “deepest” disjunctive cut maximally separating the projected iterate x̄_E . The cuts were lifted to the entire space by using a lifting procedure similar to one described in Section 3 and added to the matrix [A_1 b_1]. The algorithm iterated for maximum of 50 cut generation steps unless an optimal solution was found earlier. In order to further reduce the complexity of semidefinite cut generation, we removed inactive cuts after every 10 iterations of the algorithm.

For the purpose of benchmarking and comparison, the test problems were also solved using the linear lift-and-project cuts developed by Balas et al [4]. These linear lift-and-project cuts were generated using the normalizations ‖α‖_1 ≤ 1 and ‖α‖_2 ≤ 1. The second normalization results in a second-order cone program. One cut was generated for every k ∈ E ∩ {i ≤ p} and we did not prune any inactive cuts.

The first set of test problems consists of a set of pure 0-1 programs. Table 3 describes these problems in terms of the number of constraints, the number of variables, the value of the initial LP relaxation and the value of the integer optimal solution. The LSB and LSC problems capital

Problem name Const. Vars LP optimal IP Optimal Gap LSB 28 35 521.05 550 5.26 LSC 12 44 56.61 73 22.45 PE4 10 20 -6155.33 -6120 0.57 PE5 10 28 -12462.10 -12400 0.50 PE6 5 39 -10672.34 -10618 0.51 PE7 5 50 -16612.82 -16537 0.45 Stein27 118 27 13 18 27.78 Stein45 331 45 22 30 26.67

Table 3: Description of pure 0-1 problems

Problem name Semidefinite cuts Linear cuts: ‖α‖_2 ≤ 1 Linear cuts: ‖α‖_1 ≤ 1 Cuts Iter % closed Cuts Iter % closed Cuts Iter % closed LSB 120 32 100 182 35 100 477 45 100 LSC 520 50 94 627 50 90 767 50 89 PE4 104 25 100 175 31 100 265 42 100 PE5 250 40 100 305 45 100 348 50 98 PE6 342 42 100 442 50 97 540 50 89 PE7 470 50 100 576 50 91 688 50 78 Stein27 430 50 92 546 50 82 646 50 72 Stein45 467 50 84 620 50 73 890 50 57

Table 4: Performance of cutting plane algorithms

budgeting problems taken from Lemke and Spielberg [28]. The PE problems are also capital budgeting problems taken from [36]. The Stein problems are taken from MIPLIB3.0 [12].

Table 4 contrasts the performance the semidefinite cuts with linear cuts generated with the two different normalizations. In Table 4 the column labeled Cuts lists the number of cuts generated by the cutting plane algorithm, the column labeled Iter lists the number of iterations and the column labeled % closed lists the fraction of the initial integrality gap closed by the cutting plane algorithm. From the computational results, it is clear that the performance of the semidefinite cuts is superior to that of linear cuts with either of the two normalizations. Also, the performance of linear cuts with L_2-normalization is considerably better than linear cuts with L_1-normalization. In fact, when the number of binary variables is small, the performance of linear cuts with L_2-normalization is very close to that of semidefinite cuts. The performance of the semidefinite cuts does not appear to be affected by the number of binary variables but begins to degrade sharply as the number of

Problem name Const Int Vars Cont Vars LP Opt IP Opt Gap CTN1 102 83 83 219.21 245.64 10.76 CTN2 153 124 124 371.84 410.35 9.39 CTN3 206 167 167 450.26 472.14 4.6 Danoint 664 56 465 62.64 65.67^a –

Table 5: Description of mixed 0-1 problems (^aBest known solution)

constraints in the problem increases. It should be noted that, although we tried to control the complexity of the semidefinite cut generation, it is still significantly higher than that linear cut generation.

The next class of problems are mixed 0-1 problems. The first three problems are fixed charge capacitated transportation problems of the form,

minimize ∑ ij c_{ij}x_{ij} + ∑ ij v_{ij} y_{ij}, subject to ∑ j y_{ij} − ∑ j y_{ji} = b_i, for all i, y_{ij} ≤ u_{ij}x_{ij} , for all arcs (i, j), y ≥ 0, x_{ij} ∈ {0, 1}, for all arcs (i, j), where the underlying graph is directed bipartite graph. The problems were randomly generated as follows. The size of each of two node sets in the problems CTN1, CTN2 and CTN3 were 10, 15 and 20, and densities 45%, 30% and 30% respectively. The fixed cost c_{ij} for each arc was a randomly generated integer in [−20, 20], the variable cost v_{ij} was a real number in [0, 2], the capacity u_{ij} was an integer in [1, 20], and the supplies b_i were generated as integers in [−20, 20] with the constraint that ∑ i b_i = 0. The last problem Danoint is a fixed charge network design problem taken from MIPLIB3.0 [12]. Table 5 describes the problems in terms of the number of integer variable, the number of continuous variables, the value of initial LP relaxation and the value of IP optimal. All the problems, except Danoint, were solved using CPLEX6.0. The value listed in the IP Optimal column for Danoint is the value of the best known integer solution. All the CTN problems were solved using the cutting plane algorithm described above. The semidefinite cut generation was modified for solving the Danoint problem – instead of lifting all of the initial linear constraints, we only lifted those that were active. This modification reduced the complexity of semidefinite cut generation without compromising the efficiency of the cuts significantly. The linear cut generation was not modified, i.e. we used all of the initial linear constraints in the cut generation program.

Table 6 summarizes the performance of the semidefinite cuts on these mixed integer programs. The pattern of performance is similar to that obtained for pure 0-1 programs. In general, employing semidefinite cuts reduces both the number of iterations and the number of cuts required. Linear

Problem name Semidefinite cuts Linear cuts: ‖α‖_2 ≤ 1 Linear cuts: ‖α‖_1 ≤ 1 Cuts Iter % closed Cuts Iter % closed Cuts Iter % closed CTN1 212 24 100 254 28 100 540 32 100 CTN2 289 32 100 378 42 100 613 50 95 CTN3 264 36 100 476 45 100 765 50 96 Danoint 445 50 91 647 50 66 876 50 54

Table 6: Performance of cutting plane algorithms

cuts with L_2-normalization perform better than linear cuts with L_1-normalization. Although the performance of semidefinite cuts degrades as the number of linear constraints increases, they still perform significantly better than linear cuts.

The computational experiments, although preliminary, suggest the conclusion that the quality of semidefinite cuts is significantly superior to that of linear cuts. However, the complexity of semidefinite cut generation is a couple of orders of magnitude higher than that of linear cut generation. Since semidefinite cuts are not likely to be facet defining, we suspect that the superior behavior of these cuts is a consequence of the fact that the convex hull of the integer feasible solution is significantly smaller than the initial linear relaxation. We expect the performance of linear cuts to improve and, in fact, be better than semidefinite cuts when the integrality gap is sufficiently small and facet defining cutting planes become important. This suggests that a branch-and-cut algorithm should employ semidefinite cuts in the initial stages and then revert to linear cuts. We are currently investigating the performance of such branch-and-cut procedures.

References

[1] F. Alizadeh. Interior point methods in semidefinite programming with applications to combinatorial optimization. SIAM J. Optim., 5(1):13–51, 1995.

[2] D. Applegate, R. Bixby, V. Chvátal, and W. Cook. On the solution of traveling salesman problems. ICM III:645–656, 1998.

[3] E. Balas. Disjunctive programming. Annals of Discrete Mathematics, 5:3–51, 1979.

[4] E. Balas, S. Ceria, and G. Cornuéjols. A lift-and-project cutting plane algorithm for mixed 0-1 programs. Mathematical Programming, 58:295–324, 1993.

[5] E. Balas, S. Ceria, and G. Cornuéjols. Mixed 0-1 programming by lift-and-project in a branchand-cut framework. Management Science, 42:1229–1246, 1996.

[6] A. Bemporad and M. Morari. Predictive control of constrained hybrid systems. In Nonlinear model predictive control (Ascona, 1998), pages 71–98. Birkhäuser, Basel, 2000.

[7] A. Ben-Tal, T. Margalit, and A. Nemirovski. Robust modeling of multi-stage portfolio problems. In High performance optimization, pages 303–328. Kluwer Acad. Publ., Dordrecht, 2000.

[8] A. Ben-Tal and A. Nemirovski. Robust convex optimization. Math. Oper. Res., 23(4):769–805, 1998.

[9] A. Ben-Tal and A. Nemirovski. Robust solutions of uncertain linear programs. Oper. Res.

Lett., 25(1):1–13, 1999.

[10] H. Y. Benson and R. Vanderbei. Using LOQO to solve second-order cone programming problems. Technical report, SOR, Princeton University, 1998.

[11] S. Benson, Y. Ye, and X. Zhang. Solving large-scale sparse semidefinite programs for combinatorial optimization. Technical report, Dept. of Mgmt. Sc., Univ. of Iowa,, 1997.

[12] R. E. Bixby, S. Ceria, C. M. McZeal, and M. W. P. Savelsberg. A mixed integer programming library: MIPLIB3.0. Available at http://www.caam.rice.edu/∼bixby/miplib/miplib.html.

[13] S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan. Linear matrix inequalities in system and control theory. SIAM, Philadelphia, PA, 1994.

[14] M. T. Çezik. Semidefinite methods for the traveling salesman and other combinatorial problems.

PhD thesis, IEOR Dept., Columbia University, 2000.

[15] C. Choi and Y. Ye. Solving sparse semidefinite programs using dual scaling algorithm with an iterative solver. Technical report, Dept. of Mgmt. Sc., Univ. of Iowa, 2000.

[16] D. Cvetković, M. Čangalović, and V. Kovačević-Vujčić. Semidefinite programming methods for the symmetric traveling salesman problem. In IPCO VII (Graz, 1999), pages 126–136. Springer, Berlin, 1999.

[17] L. El Ghaoui and H. Lebret. Robust solutions to least-squares problems with uncertain data.

SIAM J. Matrix Anal. Appl., 18(4):1035–1064, 1997.

[18] L. El Ghaoui and N. Niculescu, editors. Recent advances on LMI methods in control. SIAM, 1999.

[19] L. El Ghaoui, F. Oustry, and H. Lebret. Robust solutions to uncertain semidefinite programs.

SIAM Journal on Optimization, 9(1):33–52, 1998.

[20] M. Goemans. Semidefinite programming in combinatorial optimization. Mathematical Programming, 79:143–161, 1997.

[21] M. Goemans and F. Rendl. Combinatorial optimization. In Handbook of Semidefinite Programming: Theory, Algorithms and Applications. Kluwer, 2000.

[22] M. Goemans and D. P. Williamson. Improved approximation algorithms for maximum cut and satisfiability problems using semidefinite programming. Journal of ACM, 42:1115–1145, 1995.

[23] Q. Han, Y. Ye, and J. Zhang. An improved rounding method and semidefinite relaxation for the graph partition problem. Technical report, Dept. of Mgmt. Sc., Univ. of Iowa, 1999.

[24] C. Helmberg and F. Rendl. Solving quadratic (0, 1)-problems by semidefinite programs and cutting planes. Math. Programming, 82(3, Ser. A):291–315, 1998.

[25] G. Iyengar. Quadratic cuts for mixed 0-1 quadratic programs. Technical report, IEOR Dept., Columbia University, 2001.

[26] G. Iyengar. Simple restart strategies for solving mixed 0-1 semidefinite programs. Technical report, IEOR Dept., Columbia University, 2001.

[27] G. Iyengar and M. T. Çezik. Chvátal-Gomory cutting planes for mixed 0-1 conic programs.

Technical report, IEOR Dept., Columbia University, 2001.

[28] C. Lemke and K. Spielberg. A capital budgeting heuristic algorithm using exchange operations.

AIEE Transactions, 6:264–280, 1974.

[29] M. S. Lobo, M. Fazel, and S. Boyd. Portfolio optimization with linear and fixed transaction costs and bounds on risk. Submitted to Operations Research.

[30] M. S. Lobo, L. Vandenberghe, S. Boyd, and H. Lebret. Applications of second-order cone programming. Linear Algebra Appl., 284(1-3):193–228, 1998.

[31] L. Lovász and A. Schrijver. Cones of matrices and set-functions and 0-1 optimization. SIAM Journal of Control and Optimization, 1(2):166–190, 1991.

[32] J. E. Mitchell. Restarting after branching in the SDP approach to MAX-CUT and similar combinatorial optimization problems. To appear in Journal of Combinatorial Optimization.

[33] G. L. Nemhauser and L. A. Wolsey. Integer and combinatorial optimization. Wiley-Interscience series in Discrete Mathematics. John Wiley & Sons, Inc., 1999.

[34] Y. Nesterov and A. Nemirovskii. Interior-point polynomial algorithms in convex programming.

SIAM, Philadelphia, 1993.

[35] G. Pataki. Cone-LP’s and semidefinite programs : geometry and simplex-type method. In Lecture Notes in Computer Science, volume 1084, pages 162–174, 1996.

[36] C. Petersen. Computational experience with variants of the Balas algorithm applied to the selection of R&D projects. Management Science, 13:736–750, 1967.

[37] H. D. Sherali and W. P. Adams. A hierarchy of relaxations between the continuous and convex hull representations of zero-one programming problems. SIAM J. Disc. Math., 3:411–430, 1990.

[38] H. D. Sherali and W. P. Adams. A hierarchy of relaxations for mixed-integer zero-one programming problems. Discrete Appl. Math., 52:83–106, 1994.

[39] R. A. Stubbs and S. Mehrotra. A branch-and-cut method for 0-1 mixed convex programming.

Mathematical Programming, 86:515–532, 1999.

[40] J. Sturm. Using SeDuMi 1.02, a MATLAB toolbox for optimization over symmetric cones.

Optimization Methods and Software, 11–12:625–653, 1999.